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The model

Let
@ Y = (Y:)r>0 be a Lévy process in RY d eN,

o (T;:j € N) Poisson arrival moments independent of Y. (We assume X = 1)

Definition. Given c € [0,1), we define X = (X):>0 by setting

DAL ift < Tu,
t = cXr-+Ye— Y1, for t € [Ty, Tht1)

where n € N.

X is obtained from Y by resetting )
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Constant drift

We consider Y; = x + t.

Y:

X—|—T1

We multiply the position of the process at time Ty by a factor ¢ € [0,1).
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Additive-increase and multiplicative-decrease process

Xe
x+T1

(X + T1)C

In the ideal TCP congestion avoidance algorithm: when a congestion signal is received
(e.g. missing packets are detected), then the window transferring size is proportionally
decreased and retransmission starts again. Otherwise, it grows with constant speed.
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Search process
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Total resetting vs partial resetting
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Goals

We aim at:
@ convergence of X;: to X as t — oo,
@ moments (and convergence) of X; and X,
o distribution/density of p(t; x,y) ~ X¢, p(y) ~ Xoo,
@ asymptotics of p(t;x,y) as t — oo and y = y(t),

o estimates of p(t; x,y).

Tomasz GrzywnyWroctaw University of Scie
Tomasz Grzywny Resetting 9/41



The semigroup

For Y = (Y:)t>0 that is absolutely continuous we let

Tef00 = EF(Y) = [ polex () dy.

For X = (X¢)t>0 we let

PLF(x) = EXF(X;) = / Pt X))y
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The generator

Let (L, D(L)) be the generator of {T:} on Go(RY).
Fact. Let c € (0,1). The generator (G, D(G)) of {P:} is

Gf(x) = Lf(x) + f(cx) — f(x)
and D(G) = D(L).

Formally,
* * 1
G f(y) = L'f(y) + ~f(y/c) = f(y)
as well as (heat equation, Fokker-Planck equation)
9t p(t; x,y) = Ge p(t: X, ¥), 9 p(t;: x,y) = Gy p(t; x, y)

and (harmonicity)
G p(y) =0.
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Additive-increase and multiplicative-decrease process

Literature:

Ott, Kemperman, Mathis (1996)

Dumas, Guillemin, Robert (2002)

Guillemin, Robert, Zwart (2004)

Kemperman, Ott (2008), Leeuwaarden, Ldpker (2008)
Leeuwaarden, Ldpker, Ott (2009)

Baccelli, Carofiglio, Foss (2008)

[

Question: can we replace drift with other stable subordinator or multi-dimensional
process?

Comment: one-dimensional Brownian motion + resetting 4+ other mechanisms
o Bello, Chechkin, Hartmann, Palmowski, Metzler (2023)

Kolb, Wiibker (2024)

Dybiec, Zbik (2024) (Levy fiights)

@ Boxma, Kella, Perry (2025)

Colantoni, D’Ovidio, Pagnini (2025)
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One-dimensional Gaussian case

Inverting (Bello, Chechkin, Hartmann, Palmowski, Metzler (2023)):

o1 )i WSS S
p(tix,y)=e \/ﬁexp( ot )+e g(nfl)”—(n+l)x

and
N SRR VIV GNP
)= e S ey

where 1 F; denotes the Kummer confluent hypergeometric function, and (a; q) is the
g-Pochhammer symbol

Gao=1 (aan=]]0-2¢) (a)0=]]0 ).
Jj=0 j=0
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One-dimensional Gaussian case

Transition density p(t; x, y) for x =5 and t = 1 on the left panel and t = 10 on the right
panel.
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Perturbation formula and series

The perturbation formula gives

ot
p(t;x,y) = e ‘po(t; x,y) +/ /d e °po(s;x,z)p(t —s;cz,y)dzds.
o Jr

Fact. The unique probabilistic solution can be written in the form
(oo}
p(tix,y) =e "> pi(tix,y)
j=0
where

t
pi+1(t;x,y) = / /d po(s; x, z)pj(t — s; cz,y) dz ds.
o Jr
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Total reseting

Ifc=0

Fact .
p(tix,y) = e ‘po(t; X,y)+/ e ’po(s;0,y) ds.
0
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Strictly a-stable processes

We assume that Y is a strictly a-stable process in R? with a € (0,2] that admits a
transition density.

Then

Po(t, X, y) _ (271_)711/ e*"(}’*x,z)e*t\u(z) dz
Rd

and

tW(z) = W(t/z), po(tu; x,y) =t~ “po(u; t %, 71 *y).
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Strictly a-stable processes

Main examples:

— Brownian motion in R¢
V(z) = |z|2 .

— isotropic a-stable process in RY with « € (0,2)

V(z) = |z|*.

— cylidrical a-stable process in R? with o € (0, 2)

V(zy,...,zq) = |z|* + ...+ |z4|”.

— a-stable subordinator with « € (0,1)
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Strictly a-stable processes with partial resetting

Recall that

p(tix,y) =e > pi(tix,y).
j=0

Let m = c“.

Foral/neN,t>0,x,y€Rd,

1
pa(t; x,y) = t"/ po(tu; c"x, y)Py(u) du
0
where (P, : n € N) are defined by

Pi(u) = 72— Tma(s),

Poi1(u) = (u— m™h)] / de.
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Strictly a-stable processes with partial resetting

For all t > 0, x,yeRd,

e . 1 .
p(t;m/)=e’tpo(t;xay)+e’tzt’/ po(tu; Ix, y)Pj(u) du.
j=1 70

Foralln€N, t >0,y € R,
p(t;0,y) :/ po(u; 0, y)pe(du)
0

where

pe(du) = e t5(du) + e " i P (%) =

j=1

Remark: For ¢ = 0 we have Pj.1(v) = (1 — v)//jl.
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Strictly a-stable processes with partial resetting

pe(du) = e 6e(du) + €7 PP, G) dTu

Jj=1

The family of probability measures (u: : t > 0) converges weakly to a probability measure
W which is uniquely characterized by its moments, that is

Rl k!
u“p(du) = ————, k € No = NU{0}.
| et = 0 =NU{0)}
In fact, the measure . has moments of all orders v € R, and

i = A _ [T~ _ y+1) — T
dim [ ) = [ aruan) = 20— m)

where
(m; m)eo

Fm(x)=(1- m)lfx (e m)”
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Strictly a-stable processes with partial resetting

For every x,y € R,

lim p(t;x,y)Z/ooo po(u; 0, y) p(du) = p(y).

t—+o0
Moreover, for every x € R9,

lim sup |p(t;x,y) — p(y)| =0.

t—+o0 yERd

Furthermore, for every x € RY,

lim /Rd lp(t:x,y) = p(y)| dy = 0.

t—+o00
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Strictly a-stable processes with partial resetting

Corollary (Moments of the ergodic measure)

For every v € R,

[ ety = FOLE D g,

Corollary (Ergodic measure by S-potentials of Y)

For every y € R,

0) = i ST ey
A (m, m)oo £ (m, m) /

where, for 3 > 0,

B)(}’)=/ e " po(u; 0,y) du.
0
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Strictly a-stable processes with partial resetting

We have
o p € (R, pe C((0,00) x RY x RY),

© O0:p(t;x,y) = Gep(t;x,y) = Gy p(t;x,y) and G"p(y) = 0.

The process (X:)¢>o gives a strongly continuous semigroup on L2(R?, p(y)dy).

o there is g € C§°(RY) such that Gg # G®g in L2(RY, p(y)dy), where

(Gf, g), —<ng>d

The process (X:¢):>0 has NESS (non-equilibrium stationary states).
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Brownian motion with partial resetting

@ Brownian motion in R, d € N. Then

1 |y|17d/2 e km%k(kfd/2) L1,
PY) =~ 2 (1) Kaja—1(m~2"yl)
(m, m)ss (2)4/ — (m, m)
and . )
d—1
lim ) 1 (2m) 7 .
ly|—=+oc0 |y|7Te*b’| 2 (m, m)oo
@ Brownian motion in R. Then
2
1 1 - C mET ok
and 1 1
lim M=z -
Iyl oo Py 2 (m, m)oo

Not really possible to repeat for the isotropic a-stable process with « € (0, 2).
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Isotropic a-stable process with resetting and a € (0, 2)

29T ((d+a)/2)
TR (a2 Y

For any fixed k1, k2 € (0,1),

Recall m = c®. Here v(y) = |79,

P (t; x,y)
v(y)

lim sup
‘yf'ﬁf‘x’ me(0ral
° |x|<rzly|

v

We have

(1—m) —1‘:0.

ply) _ 1 and

ly|—-+oo I/(y) T 1—m P(y) ~1A l/(y) .

Furthermore, for any fixed 5, r > 0, we get on [6,00) x B, x R? that

p(tix,y) = p(y).

A\
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Other processes with jumps

We obtain similar results for
— cylidrical a-stable process in RY with « € (0,2),

— a-stable subordinator with « € (0, 1).
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Brownian motion with partial resetting

For r € [0,1), we set

A= s

Theorem (A)
Let 6 > 0. Then

p(£:0,y) = e~ (amt) Fe <1 " (Illyt\z) s0(%) "

as t — +oo in the region

()

Iyl
>1+9.
4t2 — i
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Brownian motion with partial resetting

Let 6 > 0. Then
p(t;0,y)

= — 0.
|y|7Te*|Y\

as t — +oo in the region

Iyl

4t2 21+3.

N

Theorem (B)
Let 6 > 0. Then

p(t:0,y) = %m(zwy%yr%efly' (1+0(™)

as t — oo in the region

lyl?
m?+ 6 < e <1-04.

o

Iyl

Remark: For ¢ =0, and > = 1 we have additional %
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Relativistic processes with total resetting

Let a € (0,2), M > 0 and Y; be the relativistic stable process, i.e.,

a/2
W(z) = (MZ/“ + |z|2) ~ M, zeR%

e If M <1 then

d+¢1 1 1/a
M
e ]

p(t, x,y) aM
k) ) 2d7§¥+1 d r(l _ 7)(1 _ M)2 |y| d+01+1

e If M =1 then

el 202
p(t,x,y) ~ T dra— 1 d— atl / (57 1) ds,
2 =yl 0

2

where 1) is the density of the a/2-stable subordinator.
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Constant drift with resetting

We consider Y: = x + t and a sequence
(¢:jEN)

of independent random variables with values in [0, 1].
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General framework

Assumptions (semi-group & scaling):
Chapman—Kolmogorov equations: for all s;t > 0, x ¢ M and A € .Z,
Po(s + t; x, A) :/ po(si x, dz)po(t; z, A).
M
The following scaling condition: for all £ > 0, x € M and .#-measurable functions
f:M—|[0,00],

/M po(t: x,dy)F(y) = /M Po(1: D1 2(x), dy) F(De(y)).

Dilations: {D; : t > 0}, that is, ;9 = Dg, s,t > 0.
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General framework
Let (m; € [0,1] : j € N)" be a sequence of independent random variables.

We study
p(t:x, A) = e "> E[pno(t; x, A)]
n=0

where, for k € Np,

PO,k(t; X, A) = pO(t7 X, A)

Pri1k(t; x, A) = / ds (/ po(s; x,dz)pnkr1(t — S;kaﬂ(z),A)) , n € No.
R M

* .
mj =0 only if QI(XO) = xo for all t >0, and Po(t, X5 M) =1 Tomasz GrzywnyWroctaw University of Scie
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Splines

The main object

Moments

M., (t) = /00o T pe(du) = e Y HA(Y,)):

Jj=0

Assume that (m; € [0,1] : j € N) is asymptotically K-periodic (in distribution)”, and
satisfies
E[mjo+jK] <1 for all j € Np.

We have p: = p ast — oo.

P . . ..
otherwise there exist non-trivial counter-examples Tomasz GrzywnyWroctaw University of Scie
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Properties of

@ 4 is determined by its natural moments,

lim /ooo o e (du) = /OOO o p(du).

t— oo
oo
| = / e Stdt
0

where &; is a certain Markov additive process (MAP). More precisely,

@ 1 can be expressed by

p(du) = % S Pl € dule(0) = il

Other properties under additional constraints on (m; : j € Np).
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Examples

As before in RY or R take the distribution of:

constant drift (understanding splines),
Brownian motion,

isotropic a-stable process, a € (0, 2),
cylidrical a-stable process, a € (0, 2),

a-stable subordinator, « € (0,1).

Tomasz Grzywny

Resetting
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Examples

In R? for x = (x1, X2, x3) and t > 0 consider §;(x) = (tx1, t*x2, t3x3) and
IxIl = bal 4+ /el + ¥/Ixsl.
Then,
[16: 0 = tlx]I-
For Q=1+2+3=6and a € (0,2), let

)= [ et

There is an « strictly stable semigroup of symmetric measures on L2(R3)":

[, e ) = [ | ot D). a0 (@),

where ©; = d,1/o. Then apply Dziubanski (1991).

* S -
stability in the sense that 7. = (\)tl/(‘ 1 Tomasz GrzywnyWroctaw University of Scie
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Brownian motion with partial resetting (with sequence of ¢;)

T i Mﬂ.

f
M : } '*'Jr Q—M—H‘p
W 25 5.0 | 10.0

T
N “‘l | ‘ .IW'W E.U W‘l«".‘f
k‘\w‘j‘l‘ M/H . ,‘w | "dwfm iI hﬂ# W

¥

"
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Moment analysis of

For all n € N and v € R,

! ~ _ 1 1 — mkY
/Oupn(u)duf(m;m)n (H — )

1
_T(y+1) Tw(n+y+1) 1

Tm(y+1) T(n+v+1) Tw(n+1)

For all t >0 and v € R,

= Lt TOFD) NPT Ta(fty+1)
/ouut(du)—e )jz:;r(j .

Fm(y+1 +y+1) Tw(+1)
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Moment analysis of

For all t > 0 and k € N,

(e <] B kl t Ug_ 1 uy
/ u"pe(du) = efti/ / / e duo... duk_1
0 (m; m)k mt J muy_q muy

Il

X
—
| |
3

™

A

T

E
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Isotropic a-stable process with resetting and a € (0, 2)

The idea of the proof of the asymptotics is based on the representation

p(t;0,y) = /00o po(u; 0, y) pe(du) = v(y) /Ooo po(#(oy’)y)u pe(du)

and the following asymptotic result

im  Po(u:0.y)

=1.
uly|—e—o+  uv(y)
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