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energy-momentum relation in relativity theory

Evin = V/P?c2 + m2c* — mc?,  with speed of light c

correspondence principle: classical to quantum mechanics

p— —ihV and E — ihO:

leading to relativistic Schrédinger equation

oOV(x,t)

ih _
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Local vs non-local: a motivation

energy-momentum relation in classical mechanics

2 2
mvu p
Eyin = =

= with p = mv
2 2m’ P
energy-momentum relation in relativity theory

Evin = V/P?c2 + m2c* — mc?,  with speed of light c

correspondence principle: classical to quantum mechanics

p— —ihV and E — ihO:

leading to relativistic Schrédinger equation

ih% - ((7h2c2A + mch)l/2 - mc2) W(x,t) + V(x)¥(x, t)

separation of variables gives

(x,t) = Zeffﬁntwn(x

where

((-12c2A 4+ mPc*)H/2 = me? + V(x)) n(x) = Entén(x)

neN not a PDE
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Local vs non-local: a motivation

relativistic Schrédinger operator
H=(-A+m)2—m+V, m>0

Klein-Gordon 1926, Fock ‘26, Chandrasekhar ‘31, Weder ‘74, Herbst ‘77,
Klaus ‘80, Daubechies-Lieb ‘83, Daubechies ‘84, Fefferman-de la Llave ‘86 . . .

Lieb-Yau ‘87, ‘88, Carmona-Masters-Simon ‘90, . . .
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Local vs non-local: a motivation

relativistic Schrédinger operator
H=(-A+m)2—m+V, m>0

Klein-Gordon 1926, Fock ‘26, Chandrasekhar ‘31, Weder ‘74, Herbst ‘77,
Klaus ‘80, Daubechies-Lieb ‘83, Daubechies ‘84, Fefferman-de la Llave ‘86 . . .

Lieb-Yau ‘87, ‘88, Carmona-Masters-Simon ‘90, . . .
NB: since
lim (vp2c2 + m2c* — mc?) = L
c— 00 2m

we get classical Schrédinger equation in non-relativistic limit

2
YO Tyt + VW, t)  is a PDE
ot 2m

and classical Schrédinger operator
1
H= _EA +V
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Fractional Laplacian

who is (—A + m?)1/2 7
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Fractional Laplacian

who is (—A + m2)1/2 ?
form=0 — fractional Laplacian of order 0 < o < 2

20T(%52) dy

((—A)a/2f) (x)= 72N 5] g%~/|y7x\>a(f(y)_f(x»m7 fe cRY)

form>0 ——  fractional relativistic Laplacian with rest mass m

((*A + m2/eye/2 _ m) F(x) =
a—d d+a

272 mia o . K(dsa)/2(m* |y — x|)

YT I|m/ (f(y) - f(x)) G (d+a)/2

e r(l — 5) €l0 ly—x|>e ‘y 7X‘

dy, fe C(RY)

non-local/pseudo-differential operators
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a—d d+a

272 mia o . K(dsa)/2(m* |y — x|)

YT I|m/ (f(y) - f(x)) G (d+a)/2

e r(l — 5) €l0 ly—x|>e ‘y 7X‘

dy, feCX(RY)
non-local/pseudo-differential operators

NB: A non-local operator if
supp Af D supp f
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Further non-local operators and applications

many more non-local operators
o (—A+m/)/2 _m, o a(—A)*/2 — bA

o a(—A)*/2 4 p(—A)P/2 o log(1+ (—A)*/2)
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NB1: specific cases of $(—A), with appropriate family of ®
NB2: recently ongoing studies of equations in full space or bounded domains
e drift-fractional diffusion equations
Oru+b-Vu+ (—A)*2u=0
e Burgers equation with fractional diffusion
Oru + ubxu + (fA)O‘/2u =0
e non-local porous medium equation

Oru+ (—A)?(u™) =0

5/33



Further non-local operators and applications
many more non-local operators
o (=A+m?/)a/2 _m e a(—A)*/2 — bA
o a(—A)*/2 4 b(—NA)B/2 o log(1+ (—A)*/2)
NB1: specific cases of $(—A), with appropriate family of ®
NB2: recently ongoing studies of equations in full space or bounded domains
e drift-fractional diffusion equations
Oru+b-Vu+ (—A)*2u=0
e Burgers equation with fractional diffusion
Oru + ubxu + (fA)O‘/2u =0
e non-local porous medium equation
Oru+ (—A)?(u™) =0

NB3: applications in

anomalous (non-Gaussian) transport theory, laser cooling technologies,

geophysics, foraging models in biology, econophysics, financial maths, .=
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Problem

given suitable functions ®, g, and D C R? convex bounded domain
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let heat operator L = ®(—A) + g

with kinetic term ®(—A) and heat source/dissipation term q
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Dirichlet exterior value problem
Lu=MXu inD

u=0 in D¢

describes quantum particle in a cavity, vibrations of a membrane, plume of
contaminated groundwater flow, etc
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Problem

given suitable functions ®, g, and D C R? convex bounded domain

let heat operator L = ®(—A) + g

with kinetic term ®(—A) and heat source/dissipation term q
and consider
Dirichlet exterior value problem
Lu=MXu inD

u=0 in D¢

describes quantum particle in a cavity, vibrations of a membrane, plume of
contaminated groundwater flow, etc

goal: study x* such that
* —
|u(x™)| = max|u(x)|
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Problem

approach: via stochastic representation

u(x) [ fD (Xs)—A)ds (Xt)]-{-er>t}]7

with
mp =inf{t>0: X; ¢ D}

plan of this talk:

e explain @, g, (Xt)¢>0
e explain main result

e explain consequences

x€D, t>0
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Brownian motion

Brownian motion (Bt)¢>o on (Qw, B(Qw), Pw) with values in R9

transition probability density

1 1x12 J
t,x)=pt(x) = ——=e 2t , t>0,x€eR
P60 = pe() = (s
infinitesimal generator
A=-A

heat semigroup

(40)0) = [ pelx = )F()dy = B, [F(B0)]
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Subordinators
subordinator  (S¢)¢>0 on (s, B(Ss), Ps)

real-valued a.s. non-decreasing Lévy process starting at the origin, i.e.,

0<s<t = Ps(S:>S)=1

e Lévy-Khintchin formula: Epg [emust] = e=t®(1), 4y >0
oo
o) =but [ (1 e uldy)
0
with characteristic pair (b, 1) such that
b20, u((-,0) =0, [ (yADu(dy) <o
R\{0}
e & is a Bernstein function
oo (Pt ndnf
PeB=qfeCORY): F20, (-1) () <O VnEN
Ix

® one-to-one correspondence

B3P — (S?)tzo subordinator with (b, 1)
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Subordination

consider
A® = —d(—A), DomA® C [2(RY)
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Subordination

consider
A® = —d(—A), DomA® C [2(RY)

and semigroup {etA¢ 1t > 0} giving

oo
(f, eim)(iA)g) = / eim)o\)d(f, E>\g) spectral rep ®(—A)
0
7m0 [L—AS® o
= [ TES [ d(F, Erg)  wses e Sy o)
0
— R0 T SN E .
= Ps /(; e °t d( s )\g) Fubini
= ]E%S [(f7 6_5?(_A)g)j| spectral rep —A

E(")DS |:/Rd f(X) )pr [g(BS?)]dX:| semigroup for —A

so that
—td(— 0
(e D) (x) = E52 o, [F(Bsp)]
subordinate Brownian motion
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Source term

heat source

q is ®-Kato class g=qg" —q~ withg~ € K®, gt € K®

loc
where
heK® = lim sup EX |:/ |h( Xs)|ds:| =0
L0 cpd
h e IC?;C <= hly € K®, V compact K C RY
NB:
L L2 (RY) c KP . C Ll (RY), K® allows local singularities

2: Khasminskii's Lemma holds:

t . 1
sup ]Ex[/ \q(Xs)|d$] =8<1 = sup EX[e]gth(Xs)\ds] - _-
xeRI 0 xeRd 1-p

--+ exponential integrability, allows to obtain Feynman-Kac representation
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Non-local heat operator

non-local heat operator

L=®(—-A)+gq, DomL = Dom®(—A)NDomg

with
& € A := {Bernstein function with parameter b = 0}

g in ®-Kato class
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Non-local heat operator

non-local heat operator

L=®(—-A)+gq, DomL = Dom®(—A)NDomg

with
& € Ay := {Bernstein function with parameter b = 0}

g in ®-Kato class

Feynman-Kac formula

with ® € By, L = ®(—A) + g, (Xt)r>0 generated by —d(—A), d-Kato class g

(e ™F)(x) = BX[e Jo D% (X)), t>0, x R

NB: e_tLle # 1pq but by unitary map image is Markov semigroup
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Perturbed process

source term gives rise to drift and bias in jump rates — associated Feller process

t
X: = X0+Bt—|—/ V log u1(Xs)ds
0

t u1(Xs + z) — u1(Xs)
+/0 /|Z|S1 (%) zv(z)dzds

t ) _
+/ / / 1 n(x_+2)) 2N(ds, dz, dw)
0 JlzI<1Jo {Wﬁﬁ}

t o
+/ / / 1 n(x_+2)\ ZN(ds, dz, dw)
0 Jiz|>1Jo {Wﬁﬁ}

with stationary distribution u%dx, uy eigenfunction to A\; = inf Spec H

random motion in penalty/reward landscape
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The role of the source term/potential

if local time (£f);>¢ exists (else use occupation measure), then
t
| atds= [ atieray
0 Rd

thus Y
e,th(X) =EX[e” Jrd a(y)ei dy F(X:)]

e so g is a (soft) killing/mass generation rate

e hard killing corresponds to “infinite potential well”

v(x) if xeld

q(x) =
0 if xeue
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Non-local domain heat operator

non-local domain heat operator
define on L2(R9) non-local heat operator L = ®(—A) + q as form sum
take convex bounded domain D C RY

define domain operator LP as Friedrichs extension of L|C(<‘>o('D)

form-domain of LD = functions in form-domain of L and a.s. zero in D¢
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Feynman-Kac semigroup for domain operator

Feynman-Kac semigroup

TPf(x) = EX[e Js 099 £(X)1 ¢ 3], x €D, t>0, f € L3(D)

then for all t > 0

1: TP integral operator with kernel TP(t,x,y) = TP(t,y,x), x,y € R

2: RY*xDxD 3 (t,x,y) = TP(t,x,y) € R continuous

3: {TP :t >0} strongly continuous on LP(D), p>1, and TP = e—tH”

4: D outer cone property, f € L>°(D) = T[Pf continuous in D and 0 on D

5: Hartman-Wintner: lim|,|_, o Tcg”‘u‘) = oo == TP Hilbert-Schmidt on L2(D)
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Feynman-Kac formula for domain operator

recall Feynman-Kac formula
(emthF)(x) = BX[e~ Jo 9X) £ (X)), >0, x € RY, f € [2(RY)

and eigenvalue equation

Lu=Au, wueDomlL~ {0}

by e.v. equation
e FK-formula gives
u(x) = eM(e u)(x) = EX[e” fﬂt(q(XS)_Mdsu(Xt)]y t>0, xcRY

e Dirichlet exterior condition gives

u(x) = EX[e” f"t(q(XS)7A)ds”(xt)(1{t<m} +1e>rp3)]
= EX[e” f&(q(Xs)—A)dsu(Xt)l{t<TD}] +E[e” fJ(q(Xs)—/\)dsU(Xt)l{tZTD}]

=0
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Non-local heat-Dirichlet eigenvalue problem

non-local heat-Dirichlet eigenvalue problem then

{H423" e weDmis(0) = (Pu=du ueDomi?(0)

a countable set of eigenvalues/eigenfunctions exists

forqg#0
MNP <P < w0

forq=0
WP <o 5
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Location of extrema

choose g € L*>®
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Location of extrema

choose g € L*>®
key step using u(x) = EX[e™ fot(q(xs)_”dsu(Xt)l{KTD}]

for global maximiser x = x*
u()| < ME [em I 0B (X)) [1 (0]

lu(x*)|et ellla lloo,p=infp @)t px* (1) 5 1)

N

giving
etUla oo, p=infp ™+ 2) pX* (1) S 4y > 1, vVt >0
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Location of extrema
for some t > 0 derive uniform bound (independent of x* or D)

P (p>t) < 6<1
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® by convexity
with z € 9D s.t. dist(x*,z) = r, and half-space H C D¢ s.t. HND = {z}
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Location of extrema
for some t > 0 derive uniform bound (independent of x* or D)

P (p>t) < 6<1

® by convexity
with z € 9D s.t. dist(x*,z) = r, and half-space H C D¢ s.t. HND = {z}

P (rp < ) > PX (X, € H)

then for s > r2

Py (Bs € H) = PY,(BL > 1) L [Ty
wlbs€H)=Pylbs 2r) = / e *dy
Var v

Y

1 2
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Location of extrema

e by subordination

oo
*

P (X, eH) = Py (Bs € H)Ps(S¢ € ds)

S~

[\

/2 P}y (Bs € H)Ps(S: € ds) > F(~1)Ps(S; > r*)
g
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Location of extrema

e by subordination

oo
*

P (X, eH) = Py (Bs € H)Ps(S¢ € ds)

S~

[\

/2 P}y (Bs € H)Ps(S: € ds) > F(~1)Ps(S; > r*)
g

e estimate

Ps(St < r2) = Ps(e™" "% > e71) < elp [e™" 5] = el )

e choosing
x

=y 1

gives
P (rp>1t) < & with §=1—F(-1)(1—el=%)
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Location of extrema

optimising over x in
et (147 lloo, D —infp g7+X) px* (rp>t) > 1

gives
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Location of extrema

optimising over x in
et (la7 lloo, D —infp g7+X) px* (rp>t) > 1
gives

theorem
if ® € By, g € L>(RY), then
1

d—1 llg~ lloo,p —infp gt +29P
[

dist(x*,9D) >

with universal constant
6= —min > log (1 — F(—1)(1 — e!~*)) ~ 0.0833 (x —)
w>1 3¢ ' 12
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Location of extrema

weak lower scaling condition (WLSC): 3~ >0, c € (0,1]

d(au) > ca’®(u), vu>0,a>1

theorem
if
b € By, WLSC with v > 0 and ¢ € (0,1]
q is d-Kato class with g~ € LP(RY), p > % (possibly g = 0)

d

1=1"12

then
301 = 01(d,v,¢c,n,inradD) > 0 and ©2 = B3(n) >0

1 . 1
©1llq ”P/”I - '%f g +2P > 0,0 (m)
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Consequences

e location x* relates with a balance of survival times

mean survival time in D under g using BX [e~ Jo q(XS)dsl{T,D>t}] > e APt

e *
/ EX [e™ Is q(Xs)d51{7D>t}]dt > (whenever A\9P > 0)
0

a.D
mean survival time in B,(x) in absence of g

aa(d)E s, 9] < ﬁ < co(d)E 7, )]

e.g. if |7 ||oo,» > 0 and g+ =0, then

fooo EX* [67 jot q(Xs)dSl{TD>t}]dt
BEX* [

> const
inrad D (X* )]
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e Faber-Krahn isoperimetric inequality

since Br(x*) C D whenever r < dist(x*,9D) and

—d/2
1q lloo — infp g* + AW>> /
0

ID| > |Br(x*)| > wq <¢‘1 <
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e Faber-Krahn isoperimetric inequality

since Br(x*) C D whenever r < dist(x*,9D) and

—d/2
1q lloo — infp g* + WD)) /
0

D] > |B-(x*)| > wy <¢‘1 <

gives Faber-Krahn inequality

. d/2
— f + )\q,D
D (t_l (Hq Hoo,D Ir; pq + >> > wy

compare case with Laplacian

Dl lg+ A% > j¢ wy  De Carli, Hudson (2012)
2

-1
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® exit times

Gi(d) . Go(d)
S @/(nrad D)) = REP] < S ad D))

Tp+1) >1 and EX[ePTP] > P
23
1

) < )\D
(,\ID)P p= P 1

sup EX[1P] >
x€D [ D]
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e safe distance and entropic repulsion

NB: for given process x* can get near to 9D if g has deep enough hole close by
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e safe distance and entropic repulsion

NB: for given process x* can get near to 9D if g has deep enough hole close by

how close?  for fixed D, q def for u = uy

1

d—1 la= lloo,p —infp gt +29: P
[

L =

< dist(x*,9D)

since
(—8)*? < (=A+m*/*) 2 m < —A
N—— ~~
--> Oy --» Oy - ®3
also o P >
q, q, q,
>‘¢1 < >‘<b2 < )‘4>3
and
%3 < [%2 < !

27/33



e bounds on the spectrum

1
S B e Is q(Xs)dsl{TD > ldt

probabilistic: ~ A%T >

geometric:  APP > 00 ( ) 197 loo, D + i%f g’

1
(inrad D)2
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e bounds on the spectrum

1
S B e Is q(Xs)dsl{TD > ldt

probabilistic: ~ A%T >

geometric:  APP > 00 ( ) 197 loo, D + i%f g’

1
(inrad D)2

e Dirichlet eigenvalues

1/p

r 1

AP > 7(p+)p . Wp>1
supxep BX [T’D]

1 C(d
g S )‘1D < (71
sup,ep EX[Tp] sup,ep EX[Tp]
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Connection with other problems: hot-spots

e hot-spots
Oru = Au (t,x) € (0,00) x D
u(t,x)=0 (t,x) € (0,00) x 8D
u(0, x) = ¢(x) x€D
define

M(t) = {X €D: u(t,x) = ry‘nea%( u(t,y)}
then: M(t) C {x € D: Vu(t,x) =0} = {&(t)}, and
R(t) = x*, as t— oo

Brascamp, Lieb (1976), Kawohl (1985), Sakaguchi (1992), Klamkin (1994),
Magnanini, Sakaguchi (2004), Ishige, Kabeya (2012), ...
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Connection with other problems: hot-spots

e hot-spots
Oru = Au (t,x) € (0,00) x D
u(t,x)=0 (t,x) € (0,00) x 8D
u(0, x) = ¢(x) x€D
define

M(t) = {X €D: u(t,x) = ry‘nea%( u(t,y)}
then: M(t) C {x € D: Vu(t,x) =0} = {&(t)}, and
R(t) = x*, as t— oo

Brascamp, Lieb (1976), Kawohl (1985), Sakaguchi (1992), Klamkin (1994),
Magnanini, Sakaguchi (2004), Ishige, Kabeya (2012), ...

B: Rauch-conjecture for Neumann b.c. in general false

Rauch (1974), Bafiuelos, Burdzy (1999), Burdzy, Werner (1999) ...
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we get:  dist(x*,0D) > /% inrad D

to compare with (for classical case)

inrad D)d2—1

dist(x*,0D) > cinradD(d. )
iam

Brasco, Magnanini, Salani (2011)
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Connection with other problems: torsion

e torsion

—Av =1 in D —Au=M\u in D
ve u=20 on 9D

v=20 on D

Makai (1962)
Cima, Derrick (2011): triangle
Benson, Laugesen, Siudeja (2016)

A right isosceles triangle:
maximiser of torsion: xT = (0.39168, 0)
maximiser ofg.s. u: x* = (0.39183,0)

A half-disk: (0.48022,0) vs (0.48051,0)




2
torsional rigidity:  Tp = ||v||1,p = max H@L‘JﬁQ Tue W01’2(D)7 u# O}
2
1,2
= max{2||u||1 - HVU”% tue W, (D)} = ||V’UH§7,D
satisfies

. . . _d+2 _d+2
Saint-Venant inequality |B|” @ Tg > |D|” @ Tp
2 2
in 1 H D d+2 B d+2
Kohler-Jobin inequality AP T > AP TS*

NB: jointly imply Faber-Krahn inequality
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2
torsional rigidity:  Tp = ||v||1,p = max H@L‘JﬁQ Tue W01’2(D)7 u# O}
2
1,2
= max{2||u||1 - HVU”% tue W, (D)} = ||V'UH§1D
satisfies
. . . _d+2 _d+2
Saint-Venant inequality |B|” @ Tg > |D|” @ Tp
2 _2_
Kohler-Jobin inequality = AP Tg% > A\BTg™

NB: jointly imply Faber-Krahn inequality

non-local torsion equation

d(—Aw=1 inD
v=20 in D¢

is solved by
v(x) = E¥[rp]

we get:  supp v(x) = v(xT) < Cyu(x*)

compares location of “safest” point xT with point x* of highest clustering of paths
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THANK YOU !

with Anup Biswas (IISER, Pune)

(1)

)

Universal constraints on the location of extrema of eigenfunctions of non-local
heat operators, J. Diff. Equations 267, 267-306, 2019

Maximum principles and Aleksandrov-Bakelman-Pucci type estimates for
non-local Schrédinger equations with exterior conditions, SIAM J. Math. Anal.
51, 1543-1581, 2019

Maximum principles for time-fractional Cauchy problems with spatially non-local
components, Fract. Calc. Appl. Anal. 21, 1335-1359, 2018

Ambrosetti-Prodi type results for Dirichlet problems of fractional-like Laplace
operators, Integr. Equat. Oper. Th. 92, 2020

Hopf's lemma for viscosity solutions to a class of non-local equations with
applications, Nonlinear Anal. Theory Methods Appl. 204, 112194, 2021
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