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Co dw

KF(x) = P.V. /R(f(x wer) — F()
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i=1

Co dw

d
KF(:) = 3PV [ (7 wer) = F) G

Co dw

d
Kaf(x) = ;P.V./R(f(x+ wai(x)) — f(X))W’

where A(x) = (ajj(x)) is a d x d matrix,

ai(x) = (a1i(x), ..., agi(x))-
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2\ /2
i( 8) , a€/(0,2).

i=1

Zgl) Zt(i) one-dimensional standard symmetric
7, — . a-stable process.
S z®, .., 7 independ
Z(d) t ,.-.,4Z¢ ' Independent.
t

For d =2, a = 1 the heat kernel corresponding to /C (the
transition density of Z) is given by

pe(0,x) = pe(0, (x1,x2)) = m(tzﬁixﬁ
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Under appropriate assumptions on A(-) the operator K4 is the
generator of the process X, which is a solution of the SDE

dXt - A(th) dZt

Theorem (R. Bass, Z.-Q. Chen (2006))

If sup, |A(x)| < 00, x — A(x) is continuous and for any

x € RY, A(x) is invertible, then there is a unique weak solution of
the above equation with the initial condition Xg = x € R?. The
solution forms a strong Markov process which has a version with
cad-lag trajectories.
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For d = 2 we have

Kaf(x ZPV/[fx+a, |W|) f(x)]cadw'

where a;(x) = (a1i(x), a2i(x)).

Ty

1+«

Some results: R. Bass, Z.-Q. Chen
(2006), A. Debussche, N. Fournier
(2013), J. Chaker (2019), Z.-Q.
Chen, Z. Hao, X. M. Zhang (2020)
X. M. Friesen, P. Jin, B. Riidiger
(2021), V. Knopova, A. Kulik, R.
Schilling (2021).
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T. Kulczycki, M. Ryznar, Semigroup properties of solutions of SDEs driven by
Lévy processes with independent coordinates, Stochastic Process. Appl. (2020).

T. Kulczycki, M. Ryznar, P. Sztonyk, Strong Feller property for SDEs driven by
multiplicative cylindrical stable noise, Potential Anal. (2021).

Conditions (A) A(x) = (ajj(x)), there are constants

Ci, G, Gz > 0, such that for any x,y € RY, i,j € {1,...,d}
Al < G,
det(A(x)) > G,
[A(X) = AlY)l < Galx =yl
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Heat semigroup for KC4.

Theorem (T. Kulczycki, M. R., P. Sztonyk)

Assume (A). There exists a family of operators

P; : Co(RY) — Co(RY), t > 0 such that

(i) Peysf(x) = Pi(Psf)(x) for any s, t > 0, x € RY, f € Co(RY),
(i) lime_q+ ||Ptf — f||loo = O for any f € Go(RY).

(iii) there exists a nonnegative function p(t,x,y) in

(t,x,y) € (0,00) x RY x RY; for each fixed t > 0, x € RY the
function y — p(t, x, y) is Lebesgue measurable,

Jra P(t,x,y)dy =1 and Pif(x) = [ga p(t,x,y)f(y)dy for

fe (])(Egd).

(iv) For any f € Co(RY) we have in some weak sense

5
9 k4 Pf =o0.
<6t KA) =0

(v) For any f € Go(RY) we have P:f(x) = EXf(X;) where X; is a
unique solution of SDE dX; = A(X;-) dZ;, Xo = x.
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Main results.

Theorem (T. Kulczycki, M. R., P. Sztonyk)

Assume (A). Fix 7 > 0. Then for any v € (0, min(«, 1)), t € (0, 7],
x,y € RY and a bounded Borel function f : RY — R

|Pef(x) = Pef(y) < et/ |x = y|7||fl|co-

Remark (T. Kulczycki, M. R., P. Sztonyk)

There exist a family of matrices A satisfying (A), t > 0 and
x € RY such that p(t,x,-) ¢ L®°(RY).

Theorem (T.Kulcycki, M. R., P. Sztonyk)

Assume (A). Fix 7 > 0. Then for any v € (0,/d), t € (0, 7],
x € R? and f € L}(RY) N L®(RY) we have

|Pef(x)] < ct 7 |IFIIY IS
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p(t, x, y) is unbounded (for some choices of {A(x)} cre)-

Let d =2, « € (0,1) and
D={(x.x) €R: 1< /2 +:3 <2 x> 0,x >0}

2

@ One can choose A(x) = A(x1, x2) so that for any x € D

A(X) _ [ 311(X) 312(X) ] _ |X|_1 [ X1 —X2 1

821(X) 322(X) X2 X1
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p(t, x, y) is unbounded (for some choices of {A(x)} cre)-

Let d =2, « € (0,1) and
D={(x.x) €R: 1< /2 +:3 <2 x> 0,x >0}

2

@ One can choose A(x) = A(x1, x2) so that for any x € D
o 311( ) 312(X) o= X1 —X2
Al = [ a1(x)  a22(x) ] =™ [ X2 X1 1
e We have a;1(x) = (a11(x)
az(x) = (a21(x), az2(x

,a21(x)) = x| 71 (x1, x2) = x/|x],
x| 7 (—x2, x1).

(x
)=

9/33



p(t, x, y) is unbounded (for some choices of {A(x)} cre)-

Let d =2, € (0,1), x =(1,0).

Z1

One can show that there exists

t > 0, § > 0 such that for almost all
y € B(0,6) we have
p(t,x,y) > cly|*" L.
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o E. Levi, Sulle equazioni lineari totalmente ellittiche alle
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@ FRrkdckiokiokokiokkokkokakokkokok ok ok ok kokakokkkok ok ok kokskook ok ok ok ok ok
Eugenio Elia Levi (18 October 1883 - 28 October 1917) was an ltalian

mathematician, known for his fundamental contributions in group theory,

in the theory of partial differential operators and in the theory of

functions of several complex variables.
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d
(E—/CA

)P(t,.,y)(x) »

Jim p(t, x,y) dy = dx.

S
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0 .
(E - ICA> p(t, - y)(x) = 0. Jim p(t, x,y) dy = dx.

p(t,x,y) = B(t, x.y)+r(t, x,y). Jim 5(t,x, ) dy = 0.
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0 .
(at - ICA> p(t,-,y)(x) =0. t|_|>r{)14r p(t,x,y)dy = dx.

p(t,x,y) = B(t, x.y)+r(t, x,y). Jim_p(t, x,y) dy = Ox.

<§t - ICA) r(ty)(x) = — (aat - /CA> Bt y)(x).
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0 .
<E9t - /CA> p(t,-,y)(x) =0. t|_|>r{)14r p(t,x,y)dy = dx.

p(t,x,y) = B(t, x.y)+r(t, x,y). Jim_p(t, x,y) dy = Ox.

<§t - ICA) r(ty)(x) = — (aat - /CA> Bt y)(x).

t
r(t,x,y) = /0 /Rd p(t —s,x,2)qo(s, z,y) dz ds.
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0 .
<€9t = /CA> p(t, - y)(x) = 0. Jim p(t, x, ) dy = dx.

p(t,x,y) = B(t, x.y)+r(t, x,y). Jim_p(t, x,y) dy = Ox.
d 0 .
(55 = o) e == (5 = Ka) e )00
q0(t,x,y)

t
r(t,x,y) = /0 /Rd p(t —s,x,2)qo(s, z,y) dz ds.

(txy_ptxy—i—// —5,x,2)qo(s, z,y) dzds.
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t
anrl(taXa.y) :/0 \/]Rd qO(tisava)qn(svzvy) dst‘

©
p(t,x,y) = p(t,x,y) + Z/o /Rd p(t —s,x,2)qn(s, z,y) dz ds.
n=0

0 .
(at - lCA) p(t, - y)(x) =0. Jim p(t, x, y) dy = ox.
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Idea of the proof.

[f(x + ai(x)w) — f(x)] ca dw
KCaf(x ZPV/ MES .

"freezing operator”:

KL F(x ZPV/[fX—i—a w) — f(x)]cadw‘

|W|1+a

py(t,x) ~ K3, (gt )Py
B(t,x,y) =py(t,y —x) 7
Problem: g4 py(t,y — x) dy = 0o in some cases.
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Idea of the proof.

We divide Ky into 2 parts: K4 = Sa + La. Recall

Ca

Kaf(x ZPV/[fx+a i) = £ e

We choose 6 > 0 and i : R\ {0} — [0, 0).

Ca|w|™17, for w € (0, 4],
(0, co|w|~179), for w € (9,24],
0 for w € [20, 00).

dw.

p(w) =

[Im

w is nonincreasing, convex and C! on (0,00), u(—w) = p(w).
We define

Saf(x)

d
> PV [ [+ ailw) = F00] (o) o

Laf(x) = va/[fx+a, Yw) — F(x )](’WPM—M(W)) dw.
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Idea of the proof. Short jumps.

We have

d
=Y PV. /R [F(x + ai(x)w) — F(x)] j(w) dw

Put
ShF(x ZPv/[fx+a w) — F()] p(w) dw

Py(t,X) ~ SX' (% - SX) p}/(t> )(X) =0, ﬁ(t,x,y) = p}/(tvy - X)'
We apply the Levi's method for S4 and we construct a heat kernel
u(t,x,y) and a heat semigroup U; corresponding to Sa.

For any f € Co(R?) we have in some week sense

(& —K) Uef =0.

Uef(x) = Jga u(t, x,y)f(y) dy, f € L(RY).

T. Kulczycki, M. Ryznar, Gradient estimates of harmonic functions and

transition densities for Lévy processes, Trans. Amer. Math Soc (2016).
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Idea of the proof. Long jumps

p(x) = i — ulx), xR\ {0},

A =d [g p(x)dx < oo.

Saf(x) = 27:1 Jrlf(x + ai(x)w) — F(x)] p(w) dw

Naf(x) = 3y Jo [f(x + ai(x)w)] p(w) dw.

Forany t >0, x € R and n€ N, n > 1, f € Bp(RY) we define

Vo f(x) = Uf(x),
Vo f(x) = /OtUts(/\/'A(\IJ,,Lsf))(x)ds, n>1.

Ptf(X) e —At ooowntf( )
P; is the heat semigroup corresponding to K4. For any f € Go(RY)
we have in some weak sense (— — ICA) P:f =0.

There exists a function p(t, x, y) such that for any f € L°(R%) we
have Ptf(X) = fRd p(t,x,y)f(y) dy
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Futher results.

d
Kanf(x)= Z P.V. /R(f(x + waj(x)) — f(x))vi(w) dw + b(x)VF(x),
i=1

where A(x) = (aj j(x)) is a d x d matrix, aj(x) = (a1i(x), . .., aqi(x)).
dXt - A(Xt_) dZt + b(Xt)dt,

where Z; has independent symmetric pure jump coordinates with
Lévy measures v;j(w). We assume some weak scaling conditions.
For example let Zt') be one-dimensional standard symmetric

aj-stable process, say a1 < a < ...ay. If we assume some
balance conditions:

a1 > (3/2)ay,

then the above results hold (for the case b = 0).
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Kapf(x)= Z P.V. /R(f(x + wa;(x)) = f(x))vi(w) dw + b(x)Vf(x),
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On radial harmonic functions.

We want to study some class of harmonic functions with respect to
the solution of
dXt - A(Xt_) dZt

Here we assume that Z; has independent a- stable standard
symmetric coordinates, 0 < o < 2.
We assume that

x — A(x) is continuous,

sup [A(x)] < o0,
X
A(x) is invertible for any x € RY.

According to already mentioned result by R. Bass, Z.-Q. Chen
(2006), the unique weak solution exists for every initial condition
Xo=x¢€ RY.
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Let X, PX - expectation and probability of the process X starting
from x € R,

mp = inf{t > 0: X; ¢ D} — the first exit time

of an open set D C RY by X.
u Borel and bounded is harmonic with respect to X in a bounded
open set D C RY if

u(x) = EX(u(X-,)) forevery x € D.

u Borel and bounded is superharmonic with respect to X in a
bounded open set D C R if

u(x) > EX(u(X:,)) forevery x € D.

u is subharmonic if we have < in the above inequality.

21/33



Clearly, if D ¢ R? is a bounded open set and g : D€ — R is Borel
and bounded function then u given by

| EX(g(Xsp)), for xe€D,
ulx) = g(x), for x e D°

is harmonic with respect to X on D. The function g may be
treated as Dirichlet exterior datum for wu.
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An ultimate objective is to find or estimate the distribution of X, .
Explicit formulas are known only in the case when X is the
isotropic stable process and D is a ball or a half-space.

In our case we are able to estimate the distribution of
\XTB(ZO r) — 20|, where B(zo,r) is a ball of the radius r and center
zg. Without loosing generality we may assume that zp = 0

Our method consists of constructing so called barrier functions and
applying maximum principle.
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For d = 2 we have

Kaf(x ZPV/[fX+a’ Jw) — F(x)] ca dw.

Wl

where a;(x) = (a1i(x), a2i(x)).
Let forac RY, a#0

Kafx) = PV [ VXHVTWPJ x)] ca dw

_ PVHQ/[fX+ (a/lal)w) = f(x)] ca dw

Wit

= |a| ]Ca/|a|f( )

If f(x) is rotation invariant then the above property shows that
Kaf(x) = Kapf(x) <0, [x| <r provided K¢ f(x) <0, |x| <r
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Put ;
r? —|x|?)*/2=1 for € B(0,r),
h(y) = ( x1%) y E )
0 for y € BS(0,r).
One can show that for any y € B(0, r) we have
Keh(y) = 0. (1)

Indeed, for v > 0 let s,(u) = (v — |u|2)i/2_1, u € R, then it is
well known that the function s, is a-harmonic in the interval
(—v,v), so

p.v./R[sv(u—i—W) sv(u)] W ‘1+a =0, wve(—v,v).
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Next, for x = (x1,x2), |x| < r we have |x| < m and

Ke, h(x)
= pv. Aa/R {(r2 — x4 wey )22 — (2 = x|

e

|W|1+a
a/2-1 a/2—1] Aqdw
= / [(r2 - X22 (x1 + W)2)+/ — (r2 — x22 — x12)+/ } W

dw
= A, / [ 2= |x |2 X1+W) Sm(xl)} WZO'
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)\( ) _ (r2 - ‘y|2)a/27 fOF _y S B(07 r)')
YI= 0, for y € B(0,r)

By similar arguments, for x € B(0, r) we have
KeaA(x) = —Aa,

This leads to the following estimate (M.R. 2025). For z € R¢,
r >0, we have

E*7B(z,r) ~ (r — |x — z|?)*/2,  for x € B(z,r).
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For any r > 0 and ¢ € (0, r/4] let us define the following auxiliary
class of functions A;(r,¢).

(i)

r2—v

Go, for ve|[(r—e+K)?r?),
for some K € (0,¢/4] and Gy > 0,
(i) 6 € C?[0, r?),
(iii) @ is strictly increasing on [(r —€)?,(r — ¢ + K)?),
(iv) max{0"(v) : v €[0,r?)} = 0"((r — €)?). Let for a given
function 6 € A;(r,¢)

9(v):{ 1 , for velo,(r—e)?,

w00 — (P = KR), for x € BO.),
7 o, for x e B(0,r).
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Now for any b > 0 and any function 6 € A;(r,¢) let us define an
auxiliary function fp, ¢ by the formula

bnrl—a/2
foo(x) = =i folx) + £(x), x € RY,
where
)1, for ly| € (r+e,r+e+n),
gly) = { 0, otherwise.

Proposition

There exist a constant b = b(a)) > 0 depending only on « and a
function 0 € Ay(r,e) such that

Kafpo(x) <0 forany x € B(0,r).

Hence fy ¢ is superharmonic wrt. X.
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(x), for x € B°(0,r)

Next, u1(x) = fp9(x) — u(x) is superharmonic in B(0, r) and

) EX(g(Xs)), for xe B(0,r),
u(x) = { g

u(x) =0,x € B(0,r).

Ul(X) > Ul(XTB(o,r)

)=0,x € B(0,r).

Conclusion:
u(x) < frp(x),x € B(0,r).

We have for x € B(0, r)

£y bt — ) R0(x?) | b(r — [x])*2
bo(X) = ca/2 ~ £/2(e 4 r—|x|)’

Hence
bn(r — |x|)*/?
e/2(e +r—|x])

PX(r+e<|X(rgon)l <r+e+mn)<C
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For any fixed r > 0 and ¢ € (0, r/4] let us define

1
2
O(v)=q "¢ 3
o [1 — (7"_(;_5)2) } , for ve((r—e)?r?),

: for veo,(r—e)?,

where g = r? — (r — €)2. It is easy to check that © € C?[0, r?).

Next, for the already defined function ©, let
Fo(x) = (r? = |x])*20(|x?), for x € B(0,r),
0, for x € B(0,r).

nrl—a/2

Fro(x) = beainF@(x) + g(x) is subharmonic in B(0, r).
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Theorem (T. Kulczycki, M.R. (2026))

For each fixed z € RY, r > 0, x € D = B(z,r) and any Borel set
W C [r,o0) put

kH(W) = P*X(|X(1p) — z| € W).

The measure x5 is a probability measure on [r, 00) which is abs.

cont. fj - the density of x} satisfies x}5(W) = [\, f5(y) dy for

any Borel set W C [r, 00). Moreover
5a/2(X)ra/2

(v = r)*2ye2(y +6(x) = r)

and 0(x) =r — |x — z|.

fp(y) = Ly >r
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Denote B = B(z, r) and
P={weRY:R<|w—z|<R+n},0<n<r<(4/5R
. By the I-W formula we have

P*(X,, € P) = /:3 Ga(x, dy)v(y, P),

where Gg(x, dy) is the Green measure of the ball B and v(y, dz) is
the jumping kernel of the process X.

P(Xep € P) = [ Galx. d)u(y, P).

where Gg(x, dy) is the Green measure of B and v(y, dz) is the
jumping kernel of X. For all y € B

Coppre <U(y,P) < Gl

R R1+a'

P*(X:; € P) =~ Gg(x, B) =— R1+a'
Since
Ga(x, B) = EXrg ~ (r? — |x — z|?)*/?

the proof is combpleted. 33/33



