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e Dynamics on the configurations of particles

(I‘,p) = (T17'-'7rNap07"-apN) € RN X RN+1
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interaction
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n(t) = pa(t) = Pn1(t)
Pu(t) = V' (rng1)(t) = V' (ra)(2)

Boundary conditions?

1. Periodic case: pg = py, 1o = TN
2. Deterministic forces: 1o =0, ry11 =7 €R

3. Langevin thermostats: enforce E[p3] = 7" and E[p3/] =



Hamiltonian dynamics

Total energy = Hamiltonian

R, vl

_ 0 . . n

N—2+i€n with &, = 2+V()
interaction

Microscopic dynamics

T (t) = pn(t) — pn—1(t)
P(t) =V (ras1)(t) = V'(ra)(?)

Boundary conditions?

7 Periodic case: pg = pn, 7o =Tn§ = conservation of

N N
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‘D HARD question with a long history!

> Quite few results for a generic choice of V'

> Rigorous results with the harmonic choice V(r) = §
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Understanding the behavior of heat

O In the harmonic case there are much more conservation laws
RN:Zrn, "Hszgn, but also ”Psz;Dn,...

@ Thanks to linearity, one can use Fourier transforms

(' In the pure harmonic case there is transport of any energy
phonon o(t, k) = 2|sin(wk)|q(t, k) + ip(t, k), k € {0, %, cee "T_l}
We have

p(t, k) = e 2RI o0, k)

> Too many conservation laws! We add a stochastic noise which
o keeps a few conservation laws: energy, volume, (momentum)
e models the effect of nonlinearity in V'

e allows us to prove convergences rigorously
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Microscopic dynamics with periodic b.c. (N =0)

dr,,(t) = (pn(t) — pn-1(t)) dt

dpn(t) = (rnsa(t) —m(t)) dt — 2p,(t7) dNn(’Yt) :

flip of intensity v

Then {(rn(tN?),pn(tN?))},,, is a Markov process with generator Ly

on RY x RN which has only two conserved quantities 3" &, and > 7,.

Initial measure 1Y: Given some profiles riyi(+) and e (-
Ho
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Typical example of initial measure

Let rip; : [0,1] — R and ejy; : [0,1] — (0,400) be continuous.

Then e!l(z) = eini(z) — iri;(z) is the initial thermal energy profile.

A typical example of initial probability measure is

N o (P G mr ()%) /7

2T,

dp,dr,, T, := efr}l‘i( ~)

1
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Macroscopic evolution of volume and energy profiles

THEOREM [Komorowski, Olla, S. 2018]
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THEOREM [Komorowski, Olla, S. 2018]
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Macroscopic evolution of volume and energy profiles

1 1
6 th(t ‘T) E xxeth(tvz) + %

THEOREM [Komorowski, Olla, S. 2018]
N 1
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N 1
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1 1, r?
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In particular, e(t,z) = e™(t,x) + 3r%(t,z) with

(0,r(t,z))*
————

dissipation
of mechanical energy
into thermal energy
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A new momentum-preserving stochastic noise

We replace the stochastic noise with the following:

> Each couple labelled n,n + 1 exchange their velocities p,, <> p,11

at exponential independent random times of intensity .

> Three conserved quantities: volume, energy and momentum

THEOREM [Jara, Komorowski, Olla, 2015]

Starting with a local equilibrium measure s.t. E[r,(0)] = E[p,(0)] = 0,

¥ D G(%) E[€.(tN?/?)] = /G(J;)e(t,x)dx

with e(0,-) = e, = el and

ini

deelt,z) = —%I%IB/ le(t, z)

10
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Equilibrium fluctuations for the infinite system

Another macroscopic limit is when 19 = 5% (infinite Gibbs state) and
YN (G) = f ZG B){etNy -5}, GeSR)
> We expect that (V) converges in law towards the ); solution to
WY =LY+ V2B (=S)W,
where W, is a space-time white noise, S := (£ + L*) and

o L = 3-8, with the velocity-flip noise (standard diffusion)

o L= ——|6m|3/4 with the velocity-exchange noise (anomalous)

Convergence of time correlations: let P; = exp(tL) (semi-group)

EVN (G ()] ——— E[V(G)Yo(H)]

N—+

/32/ Pi(u —v) H(u)dudv
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e Stochastic noises

> Flip noise w,, — —w, = ¥) is not conserved
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Results for the equilibrium fluctuations

> We add both noises to the Hamiltonian dynamics:

exchange with intensity 1 = one expects anomalous diffusion

+ flip with intensity = standard diffusion?

> Start from the Gibbs state

vg 7H\/;exp —73

nez
>> Look at the energy fluctuation field

A6) = = 3 (AN~ 57)G(F)

nez

? Prove the following convergence, with P; = exp(tL)

e[ (@ (1) < 5 [ [ Pitu= 060 Hu)dude

13



Towards an interpolation

exchange with intensity 1 4 flip with intensity yy = YN 7

14



Towards an interpolation

exchange with intensity 1 4 flip with intensity yy = YN 7

THEOREM [Bernardin, Gongalves, Jara, Sasada, S. 2018]

o€ (0,1)

14



Towards an interpolation

exchange with intensity 1 4 flip with intensity vy = yN 7

THEOREM [Bernardin, Gongalves, Jara, Sasada, S. 2018]
o € (0,1) Standard Laplacian time scale
c
L= —04, a=2-%
. LA .
o>1
oc=1

14



Towards an interpolation

exchange with intensity 1 4 flip with intensity vy = yN~°

THEOREM [Bernardin, Gongalves, Jara, Sasada, S. 2018]
o€ (0,1) Standard Laplacian time scale
¢
L8 = ——04, a=2-2
e V. .
o>1 Skew Fractional Laplacian time scale
L8 = —c(|04]3/* — 0,]0,]14) a=3
oc=1

14



Towards an interpolation

exchange with intensity 1 4 flip with intensity vy = yN~°

THEOREM [Bernardin, Gongalves, Jara, Sasada, S. 2018]
o€ (0,1) Standard Laplacian time scale
c
£S = 78;E:D o = 27Q
e . T
o>1 Skew Fractional Laplacian time scale
L = —c(|02 3/ — 0510.1%) a=3
o=1 Some Interpolation Lévy process L., time scale
L, — [f
v—0 o= 3
=2
L, ——L°
ﬁ v y——+o0

14



The skew fractional £' and the interpolation £, (with ¢ = 1)

e The extension problem. Let G € S(R) (Schwarz) and define
u: R X Ry — R as the solution to the boundary-value problem

—0,u + Oyyu —yu =0
Ayu(z,0) = G'(z)
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From microscopic to macroscopic

Indeed,

(Fn (1), G)— (S (0), G = —2 /0 S w1 (EN )G/ (2) ds + error’

nez
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From microscopic to macroscopic

Closing the equation...

(0.6~ (75(0).6) = - [ (ls), £4C)eds + Y ()
with

(o (), ] ———— 268~ /R Glu)(=S,G) (u)du.

N—+oo

(€ In fact (heuristically) the volume correlations

LS N (tN) = B0, Ju(, 28)

2
k,n

evolve in the hyperbolic time scale according to the generalized

Orstein-Uhlenbeck process driven by the operator

—0y + Oyy —Id
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To sum up!

e The volume correlation field (hyperbolic time scale) act as a fast

variable for the evolution of the energy (superdiffusive 2 time scale)
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e We work at the level of macroscopic equilibrium fluctuations

Anything else about L., ?
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The interpolation Lévy process

> L, has the Fourier representation

— 472 k2

k)= ——o
£,G (k) VA + 2ink

~

keR
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42 3 -2 3 1 1
y(dy) = ! (16(7@/)‘ i 2(vy) i (vy) )1(0,%0)(;,).

(M)
W=
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Conclusion

qo q1 dn—1 dn qN
\E Tn }\

1) Purely harmonic chain — transport of energy phonons

2) Add stochastic FLIP noise — diffusion of total energy

1
ore(t,z) = Bam (e + %rQ), e= %r2 +eth

3) Add stochastic EXCHANGE noise — 3-superdiffusion

delt, z) = —\%Wmﬁe(t,x)

20



Thank you for your attention!
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> Interpolation process between standard diffusion and fractional diffusion
C. Bernardin, P. Gongalves, M. Jara, M. Simon

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques 26 (2018)
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About the periodic boundary conditions ¢y = ¢x and py = pn

A particle configuration.
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About the periodic boundary conditions ¢y = gy and py = pn

(N+1)L
o0
O(q0, o) _
@) (g5, 1))
y 0
Ke) o

A particle configuration.

> With L € R being the “average algebraic distance”
> Changing ¢; — ¢; — jL, one can choose L =0

> Then rny; = r; is also periodic, and

N N
Z rn(0) = Z rn(t) (conservation of volume)
n=1 n=1

Periodic b.c. {r,,pn}n=1,.. n~ following (*) with 7o = rx and po = pn | 2
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