Nonhomogeneous boundary condition for spectral
non-local operators

Vanja Wagner
(joint work with Ivan Bioci¢)

University of Zagreb

Anomalous Transport and Anomalous Diffusion, Pisa, March 17, 2026.

Funded b Research was supported by the European Union - NextGenerationEU
y . through the National Recovery and Resilience Plan 2021-2026. Institutional
the European Union  grant of University of Zagreb Faculty of Science IK IA 1.1.3. Impact4Math.

VW (University of Zagreb) ‘Anomalous Transport and Anomalous Diffusion Pisa, March 2026 1/22



The problem

e Let D c R? be an open set - prescribe the appropriate boundary condition for
the (semi-)linear equation

Au=f(x,u) inD,

where A is a nonlocal operator of regional type.

e A=wy(-Lyp)-spectral nonlocal operator connected to the subordinate killed
(upon exiting D) (subordinate) Brownian motion

@ Nonlocal boundary effects — even linear solutions may blow up near D.
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Au=f(x,u) inD,

where A is a nonlocal operator of regional type.

e A=wy(-Lyp)-spectral nonlocal operator connected to the subordinate killed
(upon exiting D) (subordinate) Brownian motion

@ Nonlocal boundary effects — even linear solutions may blow up near D.
@ Goal: identify the right “reference blow-up” Pga and a robust notion of
boundary trace (for bounded C!'! sets)

u(y)
im
D3y—z Pgo'(y)

={(z), ze€dD, { e C(0D).
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1 _
—f Z(x) <p(x)dxf1—°»f P (do(y), ¢eCD), (eL'@D).
€ Ji5p=et Ppyo(x) oD
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The corresponding process

Base process: The subordinate Brownian motion X = (Bs,) ;> with generator —L.

VW (University of Zagreb) ‘Anomalous Transport and Anomalous Diffusion Pisa, March 2026 3/22



The corresponding process
Base process: The subordinate Brownian motion X = (Bs,) ;> with generator —L.
We start with the d-dim BM B and an independent Lévy subordinator S with
Laplace exponent ¢ € B%F,

Ele M= W 150,
Here ¢ : [0,00) — [0,00) is a complete Bernstein function (¢ 8%), i.e.

<p(/1):b/1+f 1-eMumnde, A>0,
0

for some b = 0 and a completely monotone function  : (0,00) — (0,00) such that
JoAADundt < oo.
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<p(/1):b/1+f 1-eMumnde, A>0,
0

for some b = 0 and a completely monotone function  : (0,00) — (0,00) such that
JoAADundt < oo.

Define X; = Bs, — the semigroup of X given via Bochner subordination of B by S.
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The corresponding process

Base process: The subordinate Brownian motion X = (Bs,) ;> with generator —L.
We start with the d-dim BM B and an independent Lévy subordinator S with
Laplace exponent ¢ € B%F,

Ele M= @M 23>0,

Here ¢ : [0,00) — [0,00) is a complete Bernstein function (6 8%), i.e.
dA) = b/1+f 1-eMumnde, A>0,
0

for some b = 0 and a completely monotone function  : (0,00) — (0,00) such that
JoAADundt < oo.

Define X; = Bs, — the semigroup of X given via Bochner subordination of B by S.
The corresponding generator —L of X satisfies

Lu@) = ¢(&P)aE), &eRre

— this motivates the notation L = ¢(—A), special case ¢(1) = A%'?, a € (0,2).



The corresponding process

The integral representation for b=0, u € Ci(Rd)

$(-N)u(x) =PV, fRd(u(x) —u()jg(y—xDdy.
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The corresponding process

The integral representation for b=0, u € Ci(Rd)

G(—=A)u(x) = }glir(l) (u(x) —u(y) joly—xDdy.

|y—x|>¢
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The corresponding process

The integral representation for b=0, u € Ci(Rd)

G(—=A)u(x) = }glir(l) (u(x) —u(y) joly—xDdy.

|y—x|>¢

Killing upon exiting D: the killed process X with generator —L;p is defined as

XD— Xtr t<Tp
;=
0, t=1p,

where 7p =inf{t = 0: X; ¢ D}.
— L,p is the Dirichlet operator corresponding to L (z = 0 on D)
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The corresponding process

The integral representation for b=0, u € Ci(Rd)

G(—A)u(x) = lim (u(x) —u(y) joly—xDdy.
e—0 ly—xI>¢
Killing upon exiting D: the killed process X with generator —L;p is defined as

XD— Xtr t<Tp
;=
0, t=1p,

where 7p =inf{t = 0: X; ¢ D}.
— L,p is the Dirichlet operator corresponding to L (z = 0 on D)

Subordinate again: Y; = (XP)r,, where T is a subordinator with Laplace exponent
v € €8BS, independent of B and S.
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The corresponding process

The integral representation for b=0, u € Ci(Rd)
¢(=A)u(x) = lim (u(x) —u(y) joly—xDdy.
e—0 ly—xI>¢
Killing upon exiting D: the killed process X with generator —L;p is defined as
XtD _ {Xt) t<Tp
0, t=1p,

where 7p =inf{t = 0: X; ¢ D}.
— L,p is the Dirichlet operator corresponding to L (z = 0 on D)

Subordinate again: Y; = (XP)r,, where T is a subordinator with Laplace exponent
v € €8BS, independent of B and S.

The process Y is called the subordinate killed subordinate Brownian motion with
generator denoted by -y (—Lp).
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Main examples

Leta,B€(0,2).

e Dirichlet fractional Laplacian: (1) = A, (1) = A2, A= ((-A)F'?)p
— the killed B-stable Lévy process
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Main examples

Leta,B€(0,2).

e Dirichlet fractional Laplacian: (1) = A, (1) = A2, A= ((-A)F'?)p
— the killed B-stable Lévy process

@ Spectral fractional Laplacian: /(1) = A9z PA) =1, A= (—A‘D)"‘/2
— a/2-stable subordinate killed Brownian motion

e Interpolated fractional Laplacian: ¥ (1) = A%2 and ¢ (1) = AP/2,

A= (0P )/
— a/2-stable subordinate killed -stable Lévy process
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Usual scaling condition on € 8% vy (and ¢)

In order to obtain two-sided (heat kernel, jumping density, Green function, etc.)
estimates, we assume a weak scaling condition on y and/or ¢:

A p € BF satisfies (WSC) if there exist a;,a, >0 and d;,07 € (0,1) such that

At
a1A51 = (,0( )

<ap1%, A>1,t>0.
(1)
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Usual scaling condition on € 8% vy (and ¢)

In order to obtain two-sided (heat kernel, jumping density, Green function, etc.)
estimates, we assume a weak scaling condition on y and/or ¢:

A p € BF satisfies (WSC) if there exist a;,a, >0 and d;,07 € (0,1) such that

At
al/lél Sugaz/l‘sz, A=1,t>0.
(1)

Recall that for (—A)#’? we have the jumping density of the form

Cap

g d
m, x,yER .

jx,y=

Under (WSC) for ¢, the subordinate Brownian motion X with generator —¢(—A)
has the jumping density

Plx—yl™)

d
x—y/d , X, yER".

Jox, 1) = jplx—yh =
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Integral representation of the regional operators
A=y (-¢(-A)p)

The variations of this model can be observed through the integral representation of
the operator

Au(x) = P.V.fD(u(x) —u()J(x,y)dy + x(x)u(x), wueCi(D),

@ J(x,y) is the jumping density of Y — due to the interaction with the domain, it
is not (in general) radial,

o « is the killing density (potential).
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Integral representation of the regional operators
A=y (-¢(-A)p)

The variations of this model can be observed through the integral representation of
the operator

Au(x) = P.V.fD(u(x) —u()J(x,y)dy + x(x)u(x), wueCi(D),

@ J(x,y) is the jumping density of Y — due to the interaction with the domain, it
is not (in general) radial,

o « is the killing density (potential).

Interior behaviour of jumps: D, :={xe D:dp(x) > r}
@ ¢ satisfies (WSC), y(£) =t — J(x,¥) = jp(lx—yI), x,y € D;
o v satisfies (WSC), ¢(£) =t — J(x,¥) = jy(Ix =y, X,y € Dy;
@ 1, ¢ satisfy (WSC) — J(x,¥) = jyop(x—yI), X,y € Dy.
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Boundary behaviour of J in the spectral/interpolated case

Here, the jumping kernel J is obtained by averaging the heat kernel pp of XP
against the Lévy density v of the subordinator T

J(x,y) =f0 pp(t,x,y)v(t)dt, K (x) =f0 P,tp=nv(t)dt.
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Boundary behaviour of J in the spectral/interpolated case

Here, the jumping kernel J is obtained by averaging the heat kernel pp of XP
against the Lévy density v of the subordinator T

J(x,y) =f0 pp(t,x,y)v(t)dt, K (x) =f0 P,tp=nv(t)dt.

@ In the spectral subordinate Laplacian setting (i satisfies (WSC), ¢(¢) = ¢) the
boundary behaviour is inherited from the boundary decay of harmonic
functions for the Dirichlet Laplacian

0
p() 1)(5D(J/)
|x =yl lx—y

](x,y)z( l/\l)jw(lx—yl), x,y€D.
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Boundary behaviour of J in the spectral/interpolated case

Here, the jumping kernel J is obtained by averaging the heat kernel pp of XP
against the Lévy density v of the subordinator T

J(x,y) =f0 pp(t,x,y)v(t)dt, K (x) =f0 P,tp=nv(t)dt.

@ In the spectral subordinate Laplacian setting (i satisfies (WSC), ¢(¢) = ¢) the
boundary behaviour is inherited from the boundary decay of harmonic
functions for the Dirichlet Laplacian

0

p() 1)(5D(J’)

|x =yl lx—y

o In the interpolated case (v, ¢ satisfy (WSC)) the boundary decay is of nonlinear
order, with a more complex structure

](x,y):( l/\l)jw(lx—yl), x,y€D.

1 1 _a
((6D(x)A6D(y))/’ 1)2((5D(x)v6D(y))ﬁ /\1)2 2 a<l
|)(j—y|l3 . |x_y|ﬁ ’ y
,](x—’y) = ((6D(x)A6D(y))" Al)ilo (1+ (6D(x)v6D(y))ﬂA|x—y|ﬁ) a=1
Jyop(x =y lx—ylP X ag @A (PAIx—yIF )’ ’
@p)ASp ()P T2
(CoBarBI 1), a1,
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The operator v (—Lp) - spectral approach

Let {¢}} be an ONB in 12 (D) of eigenfunctions for -¢(=A)p,
—d(=D)p@i =Axprin D
¢ilop =0.
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The operator v (—Lp) - spectral approach

Let {¢}} be an ONB in 12 (D) of eigenfunctions for -¢(=A)p,
—d(=D)p@i =Axprin D
¢klap =0.
Here A; = ¢(j?/9), j €N, [Chen, Song, 2005], and by [KKLL, 2019]
k-1
l9jlree) = C1A;7,
k
||(P] "CV(D) = CZA]',
7%
V(D) llcepy

and the principal eigenfunction ¢; can be chosen such that ¢; > 0. Then by [Biswas,
Lérinczi, 2021] it holds that

< Cglj?.

Y1 = V(5D) in D.
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The operator v (—Lp) - spectral approach

Let {¢}} be an ONB in 12 (D) of eigenfunctions for -¢(=A)p,
—d(=D)p@i =Axprin D
¢klap =0.
Here A; = ¢(j?/9), j €N, [Chen, Song, 2005], and by [KKLL, 2019]
k-1
l9jlree) = C1A;7,
k
||(P] "CV(D) = CZA]',
7%
V(D) llcepy

and the principal eigenfunction ¢; can be chosen such that ¢; > 0. Then by [Biswas,
Lérinczi, 2021] it holds that

< Cglj?.

Y1 = V(5D) in D.
Define u/(—L|D)u = Zkzl W(/lk) ﬁk(pk with
00
> w(/lj)zlﬁj|2<oo}.
=1

2y (-Lp)) = { u=Yy djpjel*D):
j=1 j=
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Green function of Y

@ Green function of Y:

[e.0] [e.e]
G%(x,y)=f0 pY(t,x,y)dt=f0 po(t, X, y)u)dt,

where u denotes the density of the potential measure of T.

o Green potential of f:

G%f(x)=fDGg(x,y)f(y)dy=ExU0 f(Yt)dt].

o G is the inverse of y(~L;p) (in L?)

f,q)], feL*D).

DfZ

W(A]
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Boundary behaviour of the Green function

Boundary decay is given in terms of the renewal function V (#) = \/ﬁ (= tP'?)

associated with X,

Gg ) = ( V(6p () A 1) ( Vép(y) A 1) 1

V(x—-yD V(x-y lx—yl4y(V(x—yD2)

VW (University of Zagreb) ‘Anomalous Transport and Anomalous Diffusion Pisa, March 2026 11/22



Boundary behaviour of the Green function

Boundary decay is given in terms of the renewal function V (#) = \/ﬁ (= tP'?)

associated with X,

Gg ) = ( V(6p () A 1) ( Vép(y) A 1) 1

V(x—-yD V(x-y lx—yl4y(V(x—yD2)

Definition of the Poisson kernel (modified Martin kernel):

G)(x,y)
Pl(x,2) := —0vGp(x,2) = lim —2 Y

—_— x€D, zedD.
D3y—z V(8p(y))
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Boundary behaviour of the Green function

Boundary decay is given in terms of the renewal function V (#) = \/ﬁ (= tP'?)

associated with X,

Gg ) = ( V(6p () A 1) ( Vép(y) A 1) 1

V(x-yl V(x-yl lx—yldy(V(x—-y)2)
Definition of the Poisson kernel (modified Martin kernel):

G)(x,y)
Pl(x,2) := —0vGp(x,2) = lim —2 Y

—_— x€D, zedD.
D3y—z V(8p(y))

@ use the G% representation via the potential density u, DCT via HKE for pp

o0 o0
lim pp(t:%,)) u(t)dt:f lim ppt%,))
Day—zJo V(6p() 0 D3y—z V(Op(y))

@ existence (and joint continuity) of dy pp (¢, x, 2) := Dlim pp(t,x, )/ V(6 p(y)) follows
3y—z

u(t)dt

from the spectral representation + regularity of eigenfunctions

potx,y =) e Mlp;xe;.
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Representation of harmonic functions

Intuition: Pg (-, z) encodes how harmonic functions build up from boundary data.

Representation: For every nonnegative y(— L p)-harmonic function & there exists
a finite measure { on 8D such that

h(x) = P} {(x).

Probabilistic equivalence: & is y(—L;p)-harmonic (distributional) iff it satisfies the
mean-value property for the process Y (after modification on a null set), i.e. if for
all U cc D it holds that

h(x) =Ex[h(Y7)], xeU,

where 7y = inf{t > 0: Y; ¢ U} and we assume the expectation is finite.
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Representation of harmonic functions

Intuition: Pg (-, z) encodes how harmonic functions build up from boundary data.

Representation: For every nonnegative y(— L p)-harmonic function & there exists
a finite measure { on 8D such that

h(x) = P} {(x).

Probabilistic equivalence: & is y(—L;p)-harmonic (distributional) iff it satisfies the
mean-value property for the process Y (after modification on a null set), i.e. if for
all U cc D it holds that

h(x) =Ex[h(Yr,)], xeU,

where 7y = inf{t > 0: Y; ¢ U} and we assume the expectation is finite.

— This is what makes the boundary condition natural: prescribing { is prescribing
the boundary measure in the harmonic representation.
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Proof via subordination
Recall y € 6 BF < S PBF. Introduce the conjugate Bernstein function of y:

A
W= ——, A>0.
=T M

Harmonic representation:
° he LY(D,p(6p)) is harmonic in D with respect to /(- Lp)
— Gg h is harmonic in D with respect to Lip

o for Kp(x,z) = lim 22
D>y

Ven0)’ the modified Martin kernel in D of the Lévy
—Z

process X
fD GY (x, &P} (€, 2)d¢ = Kp(x, 2),

which implies
GY PL{=Kp{, {€.U@D).
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The reference blow-up function Pga

Pg(x, z) is jointly continuous on D x 0D and

V(6p ()

pY ,2) = .
DO = a2 k- 2y (V(x—2) )

Let o be the (d — 1)-Hausdorff measure on dD and define

Plo(x):= fa . Pl (x,2)do(2).

Sharp boundary behaviour:

1

Pw = .
DT = S V) W (Ve D)

Meaning: Pga gives the universal explosion rate for positive ¥ (—L;p)-harmonic
functions near dD. So the “Dirichlet datum” is best formulated as a ratio u/ (Pga).
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A weak boundary trace

For { € L' (D) and ¢ € C(D):

1 u(x) f
z de , |
t j;5D(x)st} ng(x) px)dx 110 aD‘P(Z)((Z) g(z)

Bonus (pointwise): if z is a continuity point of { then

and the convergence is uniform if { € C(4D).

Result: u = Pg( is a y(-L p)-harmonic function satisfying this boundary condition
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A weak boundary trace

For { € L' (D) and ¢ € C(D):

1 u(x) f
z de , |
t j;5D(x)st} ng(x) px)dx 110 aD‘P(Z)((Z) g(z)

Bonus (pointwise): if z is a continuity point of { then

and the convergence is uniform if { € C(4D).

Result: u = Pg( is a y(-L p)-harmonic function satisfying this boundary condition
— this is a clean trace-like boundary operator adapted to nonlocal blow-up.
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Linear Dirichlet problem: representation and uniqueness

Consider

u
— = 4 on oD,
PDO‘

with the integrability condition |, p V(0p(x)|Al(dx) +|{1(0D) < oo.

{W(—L|D)u=/1 in D,

Solution: there is a unique weak-dual solution and it has the explicit form

_ v %
u=GpA+P.(.
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Linear Dirichlet problem: representation and uniqueness

Consider

1//( Lplu= A in D,
on oD,

——=¢
PU’
with the integrability condition f; p V(0p(x)|Al(dx) +|{1(0D) < oo.
Solution: there is a unique weak-dual solution and it has the explicit form

_ v %
u=GpA+P.(.

— f WY (L)X dx = f PIA(dx) - f —q)(z)c(dz)

forallpe{neCV(D):3ée€ C°(D) such that w(-Lip)n=¢in D, niap = 0}.
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Linear Dirichlet problem: representation and uniqueness

Consider

1//( Lplu= A in D,
on oD,

——=¢
PU’
with the integrability condition f; p V(0p(x)|Al(dx) +|{1(0D) < oo.
Solution: there is a unique weak-dual solution and it has the explicit form

_ v %
u=GpA+P.(.

@fu(x)w( Lp)px)dx = ffp(x)it(dx) f —w(Z)((dZ)

forallpe{neCV(D):3ée€ C°(D) such that w(-Lip)n=¢in D, niap = 0}.

Interpretation:
° Gg/l is the “interior forcing” part and is annihilated at the boundary (in a weak
sense).
° ng is the “harmonic extension” that carries the boundary trace.
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Why weighted spaces appear

Two natural weighted spaces L' (D, w(x)dx) show up:

@ w=V(6p) — ensures the finiteness of Green potentials
— appropriate space for weak-dual solutions

e w = p(6p) — appropriate space for distributional solutions since it controls
W(—L|D)f for f € CSO(D)

Y (-Lip)é(x) < PV. f

J(x,y)dy = p(6p).
supp¢

Recall that the jump kernel J(x, y) vanishes at the boundary in a way dictated by y
and V (i.e., ¢), so w(—L;p)¢ has a characteristic boundary profile p(dp.

This is what makes distributional formulations and boundary traces compatible in
optimal L! scales.
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Semilinear problem: general existence theory

We study

—_= ondD,

{w(—Lm)u = f(x,u) inD,
u
Pga

under a very flexible growth envelope:
|f(x, 0l = q(x) A(2D),

where g is locally bounded and A is nondecreasing.

Main existence results (informal):

o Nonpositive f: if qA(Pg( ye LY(D, V(6 p)dx), then there exists
ueCD)NLY D,V (6p)dx).

o Nonnegative monotone f: a smallness-type condition yields existence via
monotone iterations.

o Signed / nonmonotone: existence under sublinear growth (or small
parameter).
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Interpolated fractional Laplacian: explicit exponents
Going back to the special case

vy =A% =A% a,Be(0,2).
Then V(¢) = /2 and the reference blow-up becomes

Pga(x) = 6 (x)"1PI2rapi2,

For the power-type nonlinearity
fx,0)=+8p)° 117

the critical exponent (existence / nonexistence threshold) is equal to

20

B 1+m
p*—l ﬁar
~ 535

i.e. a solution exists (with the correct boundary behaviour) iff p < p..
Pisa, March 2026 19/22



How to interpret the critical exponent (intuition)

Heuristic: near dD, a solution behaves like the boundary profile
u(x) = Pga(x) =6p (x)*lfﬁlzﬂxﬂ/z'

Plugging this into the forcing f (x, u) ~ 8 p(x)?|u|? predicts an integrability
condition in the Green potential

f GY(,y) 5p(y)0 T PEIBIREBID gy < o,
D

and the borderline case gives exactly p..
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