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Fractional Hadamard operators

Right-sided Hadamard integral:

(TR = — /tJrOO(IogZ)ﬁ_lf(zz)dz,

fort >0, 5e€C, Re(8)>0.

Right-sided Hadamard derivative:

=ty () [ () e

where n=|3] + 1 and t > 0.
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Fractional Hadamard operators

When used in the heat equation in place of the time-derivative, the
Hadamard fractional derivative is usually associated to ultra-slow
diffusions (with mean-squared displacement given by a logarithmic
function of time) (*).

Our aim is to verify if similar effect could be produced when we use
the fractional Hadamard operators in the definition of a generalized
process on (S'(R), B, 1), as:

B (t,w) = <W,HM2/211[0J)> . >0, weS(R),

where HMQ,/2 is either HD2/2 or HIf/2.

(*) Liang et al. (2019), Garra-Orsingher-Polito (2018)
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Preliminary results

Lemma [B.-Cristofaro-Polito, 2026]

Let x € R4 and a,b € R, such that a < b. Then

(a=1)/2 _
H~ye/2 . 1 9 _ a (a—1)/2
< D_ ]]'[a,b)) (X) - I—(l £ Oé/2) [(Iog X) (IOg X>+

+

where (x), := x1,0, and HD*?1, ) € L2(Ry), for a € (0,1).
Analogously

I 1 b\ V2 a1
( ﬁ ﬂ[a’b)> &) =Fata) [('c’g x) ('°g §)+

+

and HZ*1, ) € L2(Ry), for o € (1,2).

2

| B |
| IS
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Hadamard fractional Brownian motion

We define, on (S'(R), B, i), the Hadamard-fractional Brownian

motion B} := {Bl(t)} ., as:

B (t,w) = <w,H/\/l(i/2]l[o7t)>, t>0, we S (R),

where

(HM‘f/2f) (x) =4 f(x), a=1
K (Hﬁ”f) (x), ac(L2)

for Ko = T(1 - a/2)//TA —a), K, = T(1+a/2)//T(1 + a).
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Hadamard fractional Brownian motion

Theorem [B.-Cristofaro-Polito, 2026]

For any o € (0,1) U (1, 2), the Hadamard-fBm is a Gaussian
process, with zero mean,

var(BR(t)) =t, t>0,

and

At

cov(BX(t), Bl (s)) = Ca(s A t)V (12 A=e |0g< \/t>>

where s,t e Ry, s # t, C, =217%/7/T(a/2) and V (a, b; z),

a,b,z € C, R(b) #0,+1,£2, ..., is the Tricomi's confluent
hypergeometric function.
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Tricomi’s confluent hypergeometric function

Recall:

@ Tricomi's confluent hypergeometric function defined as

r(1-»b) oy, T(b-1) .
m<1>(a, b z)+ ®(1+a—b,2—b; z),

V(a, b;z):= )

for a,b,z € C, R(b) #0,£1,42, ..., where
400 k

oy N (@ "

®(a, b;z) = g (B)y k!

k=0

and (¢) := %
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Hadamard fractional Brownian motion

Theorem [B.-Cristofaro-Polito, 2026]

The H-fBm is self-similar with index 1/2 and has non-stationary
increments, with characteristic function

Eeik(BZf(t)foj(s))

k2 1-« tVs
= exp{—2[t+s—Ca(tAs)\|J< 5 ,1—a,|og<t/\s>>]},

for k e R and s, t > 0.

° {BZf(at)}Do f.dd {31/2B§(t)}t>0, where %9 denotes
equality of the finite-dimensional distributions
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Plots of sample paths

(a) H-fBm with a = 0.5 (red),
a = 1.5 (blue) vs Brownian motion

(black)

(b) H-fBm with cw = 0.5 (red),
a = 1.5 (blue), @ = 3 (green) vs
Brownian motion (black)
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Hadamard fractional Brownian motion

@ no effect of the Hadamard operator on the one-d.d.
@ linear variance (not anomalous diffusion)

@ analogous results for any operator whose Mellin transform is
equal to the Mellin transform of the indicator function
multiplied by a quantity depending on « (i.e. Erdélyi-Kober
type operators)
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Smoothness of trajectories

Theorem [B.-Mishura-De Gregorio, 2025+]

Let T >0and 0 < s<t<T. Then the following statements are
true.

@ Forae(0,1)

E|BZ(t) — BI(s)I” < Cralt —s),

where C7 , > 0 depends on T and «. Therefore B belongs
to C*/2=([0, T]), for any T € (0, c0).
@ For a € (1,2),

E|BZ(t) — BI(s)I” < Calt —s),

where C, > 0 depends only on « and does not depend on

T > 0. Therefore B?* belongs to C'/2=([0, T]), for any
T € (0,00).
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Holder continuity

e the H-fBm is Holder continuous on [0, T] up to order «/2 for
a€(0,1) and 1/2 for o € (1,2)

@ the order of Holder continuity can not be improved (previous
upper bounds are optimal - as it was proved by lower bounds)

@ the Holder exponent on [0, T], for 0 < § < T, is the same as
before (i.e. /2) for a € (0, 1), while it is a/2 < 1/2, for
a€(1,2)

@ increasing smoothness with departure from 0 (on the contrary
to the case of fBm)
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Further properties: p-variations

Let us define the p-variation on [0, T] of a stochastic process

() ()

Theorem [B.-Mishura-De Gregorio, 2025+]

X = {X(0)} 50 25

n

VP(X,[0,T]) = nIer;oEZ
k=1

p

Let T > 0 and let B be the H-fBm with « € (0,1). Then the
p-variation VP(BX [0, T]) is finite and nonzero for p = 2, zero for
p > % and infinite for p < %

@ In particular, the quadratic variation is infinite despite the
analogies with the Wiener process (1/2 self-similarity, linear in
t variance)
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Further properties: p-variations

Theorem [B.-Mishura-De Gregorio, 2025+]

The p-variation B of the the H-fBm with a € (1,2).
VP(BX,[0, T]) is finite and non-zero for p = % zero for p > %
and infinite for p < %

o In particular, quadratic variation V(B2 [0, T]) is zero,
contrary to the well-known V2(B, [0, T]) = T for the Wiener
process B := {B(t)},;>¢
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Further properties: local non-determinism

Recall that, according to Berman definition, a zero mean Gaussian
process {X(t)}+cr with strictly positive incremental variance on

some interval T = (a, b) is called locally nondeterministic (LND) if,
for any m > 2,

iminf V. — Yar(X(tm) = X(tm-1)[X(t1), ..., X(tm-1))
0" Var(X(tm) — X(tm—l))

>0,

fort1 <ty <...<tm€ (a,b) with [t; — ty] <.

Theorem [B.-Mishura-De Gregorio, 2025+]

The H-fBm B is locally nondeterministic on any interval
(0, T), T >0, fora € (0,1) U(1,2).

@ level of randomness at all scales prevented from collapsing into
a deterministic process
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Memory properties

Let X := {Xzf(n)}po be the discrete-time increment process
defined as X7!(n) := BX(n) — BZ(n — 1), for n € N.

Theorem [B.-Mishura, De Gregorio, 2025+]

The process X(n), is short-range dependent, for o € (0,1).

e For o€ (0,1): ooy [EXZH1) X (n)| < oo

Theorem [B.-Cristofaro-Polito, 2026]

The process X is long-range dependent, for o € (1, 2).

e For o € (1,2) and for any t € N, m — +o0:

var [ Y5 i XEU))
> emmia var X))

Agm) = — +00.
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Mandelbrot-Van Ness representation

Recall: M-VN finite-dimensional representation of fBm as

1 [ (a-1)/2
But) = oy [ (6= 97 aB(o)
where {B(t)},> is a standard Brownian motion.

For H-fBm we have that

1 +o0 t (a—1)/2
BY(1) = ¢ /O (log )" a(s).

s/ +

for « € (0,1) U (1,2).
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Wiener integral w.r.t. H-fBm

By the previous Mandelbrot-Van Ness representation of the H-fBm
we give

Definition [B.- De Gregorio, Mishura (2025+)]

Let the inner product on the space
Ly o(RT) := {f: Mt e L2(R+)} be

0 i = /0 MO F ()M g(x)dx = (MO, 4 M2 g)1,,

then we define the following stochastic integral w.r.t. the H-fBm

Io(F) = /R+ f(s)dBZj(s)z/ (g MEF) (s)dB(s).

R+
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Steps of the integral’s construction

o integral of a step function f(t) := > "} aklyy, , ) (2):
Ta(f) = B (tx) — Bl (ti-1)]
k=1

@ proof that the linear span of the set
{uM*1(,py:a, b € RY,a < b} is dense in L(RT)

by resorting to the Plancherel and Parseval formulas of Mellin
transform
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Riemann-Stieltjes integration of smooth
integrands w.r.t. H-fBm

By Hélder properties of H-fBm we get

Theorem [B.- Mishura, De Gregorio (2025+)]
Let T > 0; then the integral

.
| fs)a8is)
0

exists as the a.s. limit of Riemann-Stieltjes sums if f : [0, T] = R
is Holder continuous up to order 8 such that

Q@ ifae(0,1), then g >1- %,
@ if a € (1,2), then g > 1.

20 / 37



Riemann-Stieltjes integration of smooth
integrands w.r.t. H-fBm

Theorem [B.- Mishura, De Gregorio (2025+)]

For any a € (0,1) U (1,2) and for any function f € C(Y)([0, T]),
the following integration-by-parts formula holds true

T T
[ fo)ae) = BT - [ B (s)as.
0 0
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Definition of non-Gaussian measure: Le Roy
measure

Definition.

The Le Roy function is defined as

Rp(x) = 2% U)!()B

for x e R and 3 € (0,1].

We use the complete monotonicity of the function Rg(—x), for
x > 0, in order to define a measure on the space (S’,0%). The
choice is motivated by the fact that it satisfies the following
equation

Hpy f(t) = tf(t),  t>0.

Simon (2022)
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Definition of non-Gaussian measure: Le Roy measure

Definition.

Let 8 € (0,1], we define the n-dimensional Le Roy measure v}(-)
as the unique probability measure on (R”, B(R")) that satisfies:

Rs (—@29) :/nei<x’5>d1/g(x), EeR. (1)

Lemma [B.-Cristofaro-Polito, 2026]

The mixed moments of orders ry,...,r, € N of (X31,..., Xg,5) with
characteristic function given in (1) are
Mo 0 = E[Xga™ - X50"]
0, for at Ieast one r; =2mj+1
- 2=mM(m!)i=F H (2;”, , for rj = 2mj,
forj=1,.. i =1,2 d
or j sy N, M .and m = Z _, mj. |




Le Roy grey noise space

Definition.

Let B € (0, 1], we define the Le Roy grey noise space (S, 0", vg)
where vg(-) is the unique probability measure such that

/ S duy(x) = R <<52'5>> . ces. (o)

Corollary [B.-Cristofaro-Polito, 2026]

The even-order moments of the measure v are given by

g 08 d(0) = s 61

/’R)H Y é.J dVﬁ u) m!)liﬁzH<§rk7£5k>’

SP k=1

formeN, £,& € S(R), i € N.

24 / 37



Le Roy grey noise space

The Laplace transform of v is well-defined and holomorphic in

Sc =88 IS ={& + i, & € S
Lemma [B.-Cristofaro-Polito, 2026]

Let 8 € (0,1) and A € R/{0}, then the exponential function
S’ 3 w s eM?)l s integrable w.r.t. v5(-), and

22| (g2
t3(0) = [ om0 =y (KUY

for ¢ s.t. ||¢|| < oo, is holomorphic in Sc.

— v has analytic Laplace transform in a neighborhood of 0
—> v belongs to the class of measures for which the Appell
systems exist
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Hadamard-fBm in the Le Roy space

Definition.

Let 1, ) be the indicator function of [a, b), then we define on the
probability space (S'(R), o™, v3) the following process

ng(t,w) = <w, HM2/2]1[0,15)> 5 t >0, weS'(R).

One-dimensional characterization:

@ characteristic function, for 6 e R, t > 0,

ioBH o ¢ 2
Ee eBayﬁ(t) = RIB <_2 HHM—/2]]'[0’t)

where

Ko = { r(1-a/2)/y/T(t=a),  forac(01)
T\ +a/2)//f1+a), forae(L2)
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Hadamard-fBm in the Le Roy space
@ one-dimensional representation:
d
Bils(t) = B(Tap(t)), >0,

where { T, 5(t)},>(. independent of {B(t)},5q, has density
8o 5(x,t) = ma(x/Kat) /Kot for x, t € R

Lemma [B.-Cristofaro-Polito, 2026]

Let H@’? the (left-sided) Hadamard derivative, in the Caputo form,
of order 8 € (0,1), then the transition density of Bo"iﬂ satisfies the
following differential equation

HD u(x, t) = —2= 2 u(x, t),
X

with u(x,0) = d(x), where §(-) is the Dirac’s delta function.
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Hadamard-fBm in the Le Roy space

Therefore
@ the process B(’JB has zero mean and

var (Bcljﬁ(t)> —ET.45(t) =t,

regardless of the parameter 3

cov(Bgls(t), Bil5(s)) = cov(BL/(t), B/ (s)),

@ the persistence and memory properties of BHﬁ coincide with
those of the Hadamard-fBm and are independent from the
parameter .
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Hadamard-fBm in the Le Roy space

Finite-dimensional representation

o n-times characteristic function of Bl ; as

2

iy B 5(t) _ ot a2
Ee' Zi=1 %o ZHM Tyl ¢
for0<ti<th<..<tpand0; €R, forj=1,...,n

(B}, = (VB " {8 (Ve

where Y3, independent of the H-fBm Bg’, has distribution
P(Ys € B) = pg(B), for any B € B(R.).

£>0 >0’
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Shot-noise process weakly converging to the
H-fBm

Let

S(t) ::Jri:.og(t/n)Rj(-l})ﬂ t>0,
=1

where

e g: Rt — R is the response function (depending on ratios
instead of the distances between current times and instants T;
of last Poissonian occurrences of shots, with rate \)

@ R;(Tj) is the noise caused by the j-th shot at time T; and is

assumed to depend on Tj, but conditionally independent of
each other and i.d. with

Fu(x) :== P(R; < x|Tj = u), x €R,ucRT.
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Definition of the shot-noise process

Further assumptions:

@ The conditional moments of R;, i.e. Ki(u) := [ x"dF,(x), for
any u € R and j € Z, are assumed to be ﬂnlte at least for
r=1,2,3,4

e Ki(u) =0, for any u, without loss of generality

Then, using the relation Z 1 g(t/T) < g(t/u)N(dv)
(where {N(t)},5q is a P0|sson process with |nten5|ty A), we can

write, for any t > 0,
+oo
= / /g(t/u)rN(du, dr),
0 R

where N(-,-) is a Poisson measure with intensity A\F,(dr)du.
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Logarithmic shot-noise

Let now
g(t) = |Ogﬂ(t)]l[l,+oo)(t)v (1)
for 8 €(0,1/2) and t > 0, so that S(t) reduces to
+oo +oo
So(t) = D_ 108’ (t/ THR(T) ez, = > _(log t — log )L R(T)),
j=1 j=1

where x; 1= x1x>0.
e log?(x) is slowly varying, for any 5 € R
— the lingering effect of the noises, represented by g(-), is
slowly varying over time
@ we will assume that the conditional variance of the noises,
given the Poisson times, i.e. Ky(t) is asymptotically constant,
when the latter tend to infinity

Recall: L(-) be a positive slowly varying function at +oo if
limy— 400 L(ax)/L(x) =1, for any a € R".
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Convergence of f.d.d.’s

Let Ky ) := KA («0). If Ko(-) and Ka(-) are positive, bounded
functions such that lim;_., K2(t) = K > 0 and Ky(u)/Ka(u) < &,
for any u € R and k > 0, then the scaled shot-noise process defined

as §a,c = {éa’c(t)}oo' where

S(ct) a1

NG e mZ(log (ct) —log(T));% Ri(T)),

t >0, a € (1,2), weakly converges, in the sense of
finite-dimensional distributions, to the H-fBm B!, as ¢ — +o0.

Suc(t) ==
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Preliminary result

The incremental variance of the limiting process BY, i.e.
H H ]2
pu(s,t) = E|BH(t)- BI(s)|

= t+s—C5\U(2 ,1— a;log(i))

for 0 < s < t, satisfies the following properties, for o € (1,2):
© p(0,0) =0 and p(s,t) >0, forany0 <s <t

@ 'super-additive": p(r,s) + p(s,t) < p(r,t), for any
0<r<s<t

© "non-decreasing”: p(s,t) < p(s,t’), forany0 <s <t <t
Q limpop(t,t+h)=0
@ p(0,t) is continuous at t.
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Weak convergence

Under the previous assumptions, the scaled shot-noise process
{§a7c(t)} weakly converges to the H-fBm, i.e.
>0

Sec= BH, in(D[0, T], h).

Sketch of the proof:
@ check that §a7C has sample paths in D
o lims_,o P(|BY(T) — BY(T — 6)| > €) = 0 holds by stochastic
continuity of B!
o check that for C > 0 such that, forany 0 < r<s<t< T,
with t — r < 26, for some § > 0, 8 > 0,

'D(’éa,C(r) - §a,6(5)‘ N ’éa,C(s) - §a,C(t)’ >€) <

e py(0,t] is continuous in t.
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Thank you for your attention!
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