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Coupled space and time movements

In many circumstances, the spatial motions and holding times
may depend on each other. How to model and address it?

e (Zn, Tp): coupled random walks on R? x [0, 00).
e CTRW: Zy,, where N(t) = max{n: T, < t}.

Becker-Kern, Meerschaert and Scheffler: Limit theorems for
coupled continuous time random walks. Ann. Probab. 2004.

Assumption: 3A, € GL(RY) and b, > 0 so that

(AnZn, bnTn) = (X1, S1) (operator stable distribution), and
assume X; and S; do not jump at the same time. [In particular,
St is a (-stable subordinator.]

Then after suitable scaling, {Zy,;t > 0} = {X,;t > 0}, where
Ly = inf{r : S, > t}. Moreover, X, has a density h(t, x)
satisfying Ls xh(t, x) = 6{,(}% in Fourier multiplier sense.
[Fokker-Planck equation]
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Questions

e (Zn, Tp): from coupled random walks to Markov chains

e (X, St): operator-stable Lévy processes to Markov processes
How to solve

du= L with u(0,x) = f(x)?
More generally,

ofu(t,x) = Lu(t,x)+ h(t,x) with u(0, x) = f(x)?

e How about (9/, L) are further coupled?
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Coupled time-fractional equation

Let w € L} ([0, 00) be an unbounded left-continuous
decreasing function with limy_,. w(x) = 0.

w <— Lévy measure v <— subordinator S;

We first consider
of'u =

Leu(t, x
d
= %Z ij(t7x)a)2(,)gu(tax)+Zbi(t,x)8x,u(t,x)—|—h(t,x)

ij=1 i=1

with u(0, x) = f(x).
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Another version of time fractional derivative

Let S be a driftless subordinator with infinite Lévy measure v on
(0, o0). For a function ¢ defined on [0, oc), we define
o(t) = ¢(0) for t < 0. When ¢ is Lipschitz on [0, c0), we knew

t
Mo(t) = - /O (p(t - 8) — p(H)(ds) = —(A"P)(1),

where A is the generator of S. In fact, this holds more generally.

Suppose fot lo(t) — @(t — s)|v(ds) < oo fort € (0, T] and
fOT \A* t)|dt < oo. Then forevery t € (0, T],
3 A*p(8)ds = "o and so 0 p(t) = —A*(t) for a.e. t € (0, T].

Note A*p(t) is the generator of Z; = Z5 — S;.
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Formulation

Thus we can write 0/'u = L:u + h(t, x) as
(A* + L)u = —h(t, x) .

Question. Is there a Markov process associated with
Lo = A"+ L on R x R9?

From now on, suppose o(t, x) = a(t, x)'/? and b(t, x) are
bounded and Lipschitz.
Theorem (C.-Choi ’'26+)

For any given initial value (Zy, Xy), the following SDE has a
unique strong solution

dz; = —dS;,
AdX; = 0(Zs, Xs)dBs + b(Zs, Xs)ds.

The solution (Z, X) forms a strong Markov process having
infinitesimal generator L.
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Regularity
Recall Z; = Zy — S;. Let Ly :=inf{r: S, =2y — Z, > t}.
Lemma (C.-Choi '26+)

Suppose f € Cﬁ""(Rd) forsome 0 < oo < 1. Let

u(t, x) = Eq x)[f(Xg,)] fort>0.

Then u(t, ) € C2(RY) foreach t > 0 and u(-, x) € Cyp(R) for
each x € R9. Moreover, 3¢ > 0 such that forany 0 < t; < b
and x € RY,

lu(tz, x) — u(ty, x)| < c(U((t, &]) + b — t1),

where U(A fo (Sre Aar.

EL, = E/O 1,5,<qdr = U((0, ]).
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Classical solution

We say u = u(t, x) is a classical solution to 9/u = Lu + h(t, x)
if u(-,t) € C2, and 3¢ > 0 so that forany 0 < t; < t; and
x € RY,

u(tz, x) — u(ty, X)| < c(U((t, ]) + 2 — t1), (1)

and that 0{u = Ltu + h(t, x) pointwise.

Recall [C, ’24] for every t > 0,

t t
/U((t—s,t])y(ds)g/ w(t — s)U(ds) = 1.
0 0

So under (1), 9f'u = — [;°(u(t — s, x) — u(t, x))v(ds) is well
defined for a.e. t > 0.

Zhen-Qing Chen and Takashi Kumagai Anomalous sub-diffusions



Time-fractional equation

Theorem (C.-Choi '26+)

Suppose that f € Cﬁ’a(Rd) for some 0 < o < 1. The function
u(t, x) = Elf(X,)], t>0,x R,
is the unique classical solution to the equation

Au(t,x) = Leu(t,x) foreach (t,x) e (0,00) x RY,
u(0, x) = f(x).
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Key proposition

Let L; .= inf{r 0 St i= Zo— Zr > t}

Proposition (C.-Choi ’26+)

For any ty,t > 0, x € RY and A € B(RY),

Pty.0 (XL, € A) :/o E(tyx) [1ixscarW(t — Ss)1i=5,3] dS.
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Source term

Theorem (C.-Choi '26+)

Suppose h(t, x) € Lip(R. x RY) be such that h(-, t) € Co*(RY)
forsome 0 < o < 1. Define

Ly

u(t, x) = E x h(Z,,X,)dr] , t>0,xeRY

@ Then on each bounded time interval, u(t,-) is C2 on RY,
and u(-, x) € Cp([0, T]). Moreover, 3¢ > 0 s.t. for any
to>t >0andx € RY,

’U(tQ,X) = U(t1,X)’ < C(U((t1,t2]) + b — t1) .

@ u is the unique classical solution to 0 u = Liu + h(t, x)
with u(0, x) = 0.
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Fractional Poisson equation

Corollary (C.-Choi '26+)

Suppose f € Cﬁ"’(Rd) and h € Lip, (R, x RY) be such that
h(t,-) € Cﬁ’o‘(Rd ) for some 0 < a < 1. The equation

A u(t, x) = Leu(t, x) + h(t,x) for (t,x) € (0,00) x RY,
u(0, x) = f(x)

has a unique classical solution. Moreover,

U(t, X) o= IE(t,x)

f(XL,) + h(Zt,X,)dr] , t>0,xeRY
0
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When the coupled process is Lévy

Let (Z, X) be the Lévy process with generator

ou
22 ’fa a (t,x) +Zb, (1,%)
+/ ) [u(t—s,x+y) —u(t,x) — Vxu(t,x) - y1qy<13y] J(ds, dy),
(0,00)xR

where [io ) za (8 +[y?) A1) J(ds, dy) < cc.

Marginal Lévy measure v([s, 00) := J([s,0) x RY) < oo satisfying
f(()m)(s A1)v(ds) < oco.

e S; .= Zy — Z; is a subordinator with Lévy measure v.

LetL;:=inf{r>0:5 =2 —2Z > t}.
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Coupled time fractional equation

Theorem (C.-Choi ’'26+)
For f € C2(RY),

u(t, x) := Eq ) [F(Xe) >0y + F(X) 1<y

is in Cg’o(Rd x R). Moreover, Lu(t, x) exists pointwise and u is
the unique classical solution to

Lu(t, x) = /(t 0 ) = 100) S, o)

foreacht > 0 and x € RY.
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General case

Consider an integro-differential operator of the form
19 d
‘Cw(tax) = 5 Zaij(t,X) aixltp(LX)-i-Zb,(t,X) aX/SO(taX)

i,j=1 i1

/ (w0x+y.t—8)— ot x)
(0,00) xR\ {(0,0)}

~Vxp(t, %) - Y1112 ) (8, X s, ),

+

where [io ) za(1 A (s +|y[?)J(t, x; ds, dy) < oc.

Suppose the martingale problem for (£, C,?(R x RY)) is well posed.
Denote the process by (Z, X).
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When Z; — Z is a subordinator

Proposition (C.-Choi ’26+)

For a strong Markov process (Z, X) associated with L, the
process Zy — Z is a driftless subordinator with Lévy measure v
if for every (t, x) € RY x R,

J(t, x;[s,00),RY) = v([s,00)) foreverys> 0. (2)

Conversely, if for each s > 0, the function J(t, x; [s, 00),R9) is
continuous in (t, x), then (2) is the necessary condition for the
process Zy — Z to be a driftless subordinator.

In the rest of the talk, we assume (2) holds and v is an infinite
measure.
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Key proposition

Let L; :=inf{r: St := 2y — Z; > t} and w(x) = v([x, 00)).

Proposition (C.-Choi ’26+)

For any ty,t > 0, x € R? and A € B(RY),

P(to,x)(XLt € A) = /0 E(to,x) [1 {Xs€A} W(t = 83)1{t>35}] ds.
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Time fractional equation

Theorem (C.-Choi '26+)

Suppose that Lg is continuous for each g € C2(R x R?). For
f € C2(RY), define

u(t, x) = Eq ) [f(Xe )10y + F(X)1(t<0y-
Then the limit

Zu(t.x) = lim Etx) [U(Zh, Xn)] — u(t, X)
" R0 h

exists for each t € (0, 00) and x € RY. Moreover,

L‘u(t,x):/RdX[t (10x+3) = 106) x5, )

for each t € (0,00) and x € RY.
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Related Topics

Feynman-Kac transform for sub-diffusions
Theorem (C.-Deng-Peng, SIAM J. Math. Anal. '21)

Suppose k(x) is a bounded function on X. Let f € B and define
u(t, x):=Ey | e~ Jo x(X)95(x )] |

Then u(t, x) is the unique mild solution in (B, || - ||) to
Kolmogorov backward equation

o Mu(t, x) = Lu(t, x) — k)" Ou(t, x),
with u(0, x) = f(x). Here
t

K d K/
o " = */W (¢ — »(0)).
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Dual Feynman-Kac transform

Suppose that X is in weak duality with X w.r.t. mon X.

Theorem (Zhang-C. SPA ’22)

Suppose that k(x) is a bounded function on X'. For
f,g e L2(X;m),

Bon [e70"0%10x,)] = | fy)volt.yym(e),

where N R N
ve(t,y) = E, {e— Jo #(Keqe)ar XL,)} _
Thus under the measure Py, the “distribution” of Y; =

under the Feynman-Kac transform e~ Jo #(Xts)ds jg
vg(t, y)m(dy).

XL,
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Fokker-Planck equation

Theorem (Zhang-C. SPA ’22)
Suppose r(x) is bounded on X. Define for g € L?(X; m)

Vg(t, X)::]:EX |:e_ fot H(Y(LI*LS)dsg(th)} .

Then v(t, x) := vy(t, x) is the unique mild solution in L2(X'; m)
to the non-local Fokker-Planck equation

SV =2 (5400 ) vl y) = ()

with v(0, x) = g(x). Here

t
R g /O o(t— 5)e~rSU(ds).

Zhen-Qing Chen and Takashi Kumagai Anomalous sub-diffusions



Black-Scholes model for bear markets

During bear market, financial activities are less frequent. We
propose to model stock price by sub-diffusions:

dS; = S; (rtdt + 1 dl—ayr + UtdBL(t_a>+) ’

where a > 0 is the initial wake up time for the market, r; > 0 is
the interest rate.

How to price European call option (St — K)* with maturity T
and strike price K?

S. Zhang and C. Fractional Black-Scholes model and Girsanov
transform for sub-diffusions. Preprint 2025.
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Stochastic optimal control

Joint with Shuaigi Zhang

@ Stochastic maximum principle for sub-diffusions and its
applications. SIAM J. Control Optim. 62 (2024), 953-981.

© Fully coupled forward-backward stochastic differential
equations driven by sub-diffusions. J. Differential
Equations 405 (2024), 337-358

© Stochastic maximum principle for fully coupled
forward-backward stochastic differential equations driven
by sub-diffusion. SIAM J. Control Optim. 62 (2024),
2433-2455.
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Thank you!




