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Derivation of thermodynamics from statistical

mechanics

Mathematical derivation of principles of thermodynamics,
starting from the laws of classical mechanics on the microscopic
(atomic) level derive the macroscopic laws of of heat
propagation
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Derivation of the heat equation

Or T(t,x) ==V, -J(t,x)

T(t, x) -temperature, J(t, x) - heat current

J(t,x) = —k(T)VT(t,x)

k(T) - heat conductivity
e describes the macroscale observation (heat flows from hot to
cold), not derived from first principles

\
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Heat equation

FeT(t,x) = Vi - {R(T)VxT(t, X))},

T(0,x) = To(x),
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Classical model of heat conduction: the chain of

interacting oscillators

e Dimension d = 1 (both for simplicity and to arrive at
superdiffusion).

e Atoms modelled by a chain of interacting oscillators; evolving
according to the Hamiltonian system
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Classical model of heat conduction: the chain of

interacting oscillators

e Dimension d = 1 (both for simplicity and to arrive at
superdiffusion).

e Atoms modelled by a chain of interacting oscillators; evolving
according to the Hamiltonian system

ay(t) = G, H(p(t), (1)) (1)

py(t) = =0, H(p(t), a(t)), ye€Z

e p(t) = (p,(t)) - momenta, q(t) = (q,(t)) - positions
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Oscillator chain

(Formal) Hamiltonian: H(p,q) := >, cz ¢y,

Ix = qx = qx—1

Rysunek: Infinite oscillator chain

° ¢, = %p§ + V(qy — gy—1) + U(qy) - microscopic energy
density (energy per atom),

@ V(.) - interaction potential between molecules

e U(-) - the pinning potential
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Unpinned system

e V = 0 unpinned chain vs pinned chain, if otherwise

e in the unpinned case the system is translation invariant:
Ix—dx+4q, geR.
e coordinate to follow - stretch t, := V*qy;

Vihoimfomfr, Vo= fon—fo Afci= faat fog — 2f
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Potentials

Typical potentials

e harmonic oscillator chain:

u(r)y==r system is linear!

V(phi)

quadratic potential
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FPUT - Potentials

— 06— FPUT (Fermi-Pasta—UIam—Tsingou potential)

red: « =0, = 0.25 blue: o = -1, = 0.25
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Constants of motion

In unpinned case, (V = 0) the following quantities are constant:
th(t) - volume (mass),
X
pr(t) - momentum,
X

> ex(t) - energy
X
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Ergodic conjecture

For an anharmonic chain with a quartic interaction potential U
(FPUT chain), as n — 400, only these three quantities are
conserved
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Macroscopic description

e Scaled empirical distribution
t

x\ —5 /> ) R

DICOE (). Jecm

where ¢ (< 1) - the ratio of micro/macroscopic spatial scales

Tx(t) = (vx(t), px(t), ex(t))

e Macroscopic scales: existence of the limit

i <7 S (;) - /R J(u)F(t, u) du,

Equations for F(t,u):= (F(t, u), p(t, u), &(t, u))
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Stochastically perturbed chain of harmonic

oscillators

e Chain of harmonic oscillators with a noise preserving the 3
constants of motion (Basile, Bernardin, Olla 09')

e Hamiltonian

1 1
H(p, q) = 2 Z P}2, -+ 2 Z Ay —y'qyqy

yEL y.y'€Z
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Stochastically perturbed chain of harmonic

oscillators

e Chain of harmonic oscillators with a noise preserving the 3
constants of motion (Basile, Bernardin, Olla 09')

e Hamiltonian

1 1
H(p, q) = 2 Z P}2, -+ 2 Z Ay —y'qyqy

yEL y.y'€Z
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Stochastically perturbed chain of harmonic

oscillators

e Chain of harmonic oscillators with a noise preserving the 3
constants of motion (Basile, Bernardin, Olla 09')

e Hamiltonian

1 1
H(p, q) = 2 Z P}2, -+ 2 Z Ay —y'qyqy

yEL y.y'€Z

+2 ST (Yyrapy (1) 0 dwyio(t), v € Z.
z=-1,0,1
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Stochastically perturbed chain of harmonic

oscillators

e Chain of harmonic oscillators with a noise preserving the 3
constants of motion (Basile, Bernardin, Olla 09')

e Hamiltonian

1 1
H(p, q) = 2 Z P}2, -+ 2 Z Ay —y'qyqy

yEL y.y'€Z

+2 ST (Yyrapy (1) 0 dwyio(t), v € Z.
z=-1,0,1

(in the Stratonovich sense) 7 > 0 - noise intensity,
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Stochastically perturbed chain of harmonic

oscillators

e Chain of harmonic oscillators with a noise preserving the 3
constants of motion (Basile, Bernardin, Olla 09')

e Hamiltonian

1 1
H(p, q) = 2 Z P}2, -+ 2 Z Ay —y'qyqy

yEL y.y'€Z

+2 ST (Yyrapy (1) 0 dwyio(t), v € Z.
z=-1,0,1

(in the Stratonovich sense) v > 0 - noise intensity, {w,(t), t > 0},
y € Z i.i.d. 1-dim. standard Brownian motions
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e Vector fields

Y = Vp VO, — Vpx_1VO,,
= (Px = Px+1)0p,_; + (Pxt1 — Px—1)0p, + (Px—1 — Px)0p, s

tangent to the circle and the plane

P2+ p2 4 p2i =const,  Pyo1+ Px + Pxi1 = const,

e Nearest neighbor interaction: ag = 2 —|—w8, o1 = a1 = —1,
a,=0,if [y| >2

1 1
H(p,q) = 5 dopl+ 5 > (whap +13)
YEZ YEZ

w = 0 - the chain is unpinned
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/2 Z (Yy+2py(t))dwy (), y € Z.
z=—1,0,1
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/2 Z (Yy+2py(t))dwy (), y € Z.
z=—1,0,1

By = 88 = 52 + 52, — 251

_47 Yy = 0
B =4q 1, y==1
0, if otherwise.
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Other linear models. Random momentum

exchange

dpy(t) = —(a*q(t)),dt
(4)
+[Vpy (t=)dNy y+1(vt) + Vpy(t=)dNy_1,(7t)], y € Z.

(Ny x+1(t)) - i.i.d. Poisson processes with intensity 1, the
exchange intensity v > 0.
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Assumptions about potential

After Basile, Olla, Spohn (2009):
al) ay €R, y€Zand 3C >0: |a,| < Ce M€ y ez,
a2) a_y, =y,

a3) a(k) =3 ez vy €2™K satisfies (k) > 0 for k # 0 and
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Assumptions about potential

After Basile, Olla, Spohn (2009):
al) ay €R, y€Zand 3C >0: |a,| < Ce M€ y ez,
a2) a_y, =y,

a3) a(k) =3, ez aye e?™k satisfies G(k) > 0 for k # 0 and
if @(0) =0 then &”(0) > 0.
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Assumptions about potential

After Basile, Olla, Spohn (2009):
al) ay €R, y€Zand 3C >0: |a,| < Ce M€ y ez,
a2) a_y, =y,

a3) a(k) =3, ez aye e?™k satisfies G(k) > 0 for k # 0 and
if @(0) =0 then &”(0) > 0.

both y — «a, and k — (k) are even, & € C>°(T).

Dispersion relation

w(k) = a?(k).
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Dispersion relation in the case of nearest neighbor

interaction

Example: a_1 = a1 = -1, ap :=2 —i—w%, ay, =0, ly| > 2,
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Dispersion relation in the case of nearest neighbor

interaction

Example: a_1 = a1 = -1, ap :=2 —i—w%, ay, =0, ly| > 2,

WA (k) = &(k) = 2 4+ w3 — (2™ 4 e72mk) = 2 + 4sin(rk)

Dispersion relation for nearest neighbor interaction on Z

w(k) = wg + 4sin2(7rk) - the Fourier symbol of wg — A
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Dispersion relation in the case of nearest neighbor

interaction

Example: a_1 = a1 = -1, ap :=2 —i—w%, ay, =0, ly| > 2,

WA (k) = &(k) = 2 4+ w3 — (2™ 4 e72mk) = 2 + 4sin(rk)

Dispersion relation for nearest neighbor interaction on Z

w(k) = wg + 4sin2(7rk) - the Fourier symbol of wg — A
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Microscopic energy density

2 Qa
px(t) %Zax_y(qx(t) —q,(1)% + (20)q§(t)-
y

ex(t) == >

(0) =0 - unpinned chain ,

o i
e &(0) > 0 - pinned chain
e the nearest neighbor interaction (v, = qx — qx—1 - stretch)
_px() | wgax(r) | (t)
ex(t) == SR SRR
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Initial data |

e initial data random, distributed according to 1. on Q := (RZ)?

limsupe Z(ei(O))uE < o0,
e—0+ x

(). - the expectation w.r.t. p,

e the existence of the initial profile of energy

lim &3 J(ey)(ey (0)), :/RJ(u)éo(u)du.

e—0+
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Pinned chain, diffusive scaling: t' ~ t/e2, x':

a(0) > 0

Suppose that:
i) &(0) > 0 (then w(k) is differentiable at 0 and w’(0) = 0)
i) v >0,

iii) some additional assumptions about the initial data
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Pinned chain, diffusive scaling: t' ~ t/e2, x':

a(0) > 0

Suppose that:
i) &(0) > 0 (then w(k) is differentiable at 0 and w’(0) = 0)

i) v >0,

iii) some additional assumptions about the initial data

Then:

li o E ! o w

€L®+€zxj/o J(t,ex)Ecey (62) dt = /0 /R (t, u)J(t, u)dtdu,

and W(t, u) satisfies:
O W(tv U) = D83 W(ta U), W(07 U) = éO(u)
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Pinned chain, diffusive scaling

Theorem 2, cont.

Here

6’2
D:7+87772 dla s=0,

and

[ RRP
= | g% ©

B(k) = 8sin?(mk) [1+ 2cos?(mk)| ~ K2, |k < 1. (6)

<
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Unpinned chain, superdiffusive scaling: t' ~ t/¢

X'~ x/e

If &(0) =0 and &”(0) > 0 (acoustic chain) then
w(K) = 27| (k)| (sin?(K)), ™)

where ¢ : [0, 4+00) — (0, 400) is of class C? and ¢(0) = 1. Then
W'(k) ~ sign k and

20/ (K)]? k
52 ::/[ui()]dk% d—2:+oo,
T B(k) o+ K

= indicates superdiffusive scaling
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Unpinned chain, superdiffusive scaling

Theorem 3

Suppose that (v > 0 - noise intensity). Then, under appropriate
assumptions about the initial data:

. +o0 t +00
6|_I)r61+€Z/ J(t,ey)Ece, (53/2> dt :/0 /RW(t, u)J(t, u)dtd

u7
5 J0
(8)
where W(t, u) satisfies the fractional diffusion equation:
O:W(t,u) = —¢|Au* W(t, u),
W(0, u) = &(u),
R o (0)]3/4

_ (o) o

T 29/4(37)1/2'
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Initial data |l

e the initial data is random, distributed according to p. and

K(0) = Eétlopl]&‘z (ex(0)),,. < +oc. (10)
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Initial data |l

e the initial data is random, distributed according to p. and

K(0) = Eétlopl]&‘z (ex(0)),,. < +oc. (10)

e due to the energy conservation: K(t) = K(0) for all t > 0,
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Initial data |l

e the initial data is random, distributed according to p. and

K(0) = eéfopl]gz (ex(0)),,. < +oc. (10)

e due to the energy conservation: K(t) = K(0) for all t > 0,

e the pinned case; the energy spectrum of a configuration (g, p)
w.(k) == ([(K)2) +a(k) (|i(k)[?) , keT.
He He

ﬁ(k) = Zx pXe27rikX and a(k) = Zx quZﬂ—ikX
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Initial data |l

e the initial data is random, distributed according to p. and

K(0) = eéfopl]gz (ex(0)),,. < +oc. (10)

e due to the energy conservation: K(t) = K(0) for all t > 0,

e the pinned case; the energy spectrum of a configuration (g, p)
w.(k) == ([(K)2) +a(k) (|i(k)[?) , keT.
He He

ﬁ(k) = Zx pxe27rikx and a(k) = ZX qu27rikX
e in the unpinned case;
A &k N
we(k) = (BR)2),,. + ol (R(K)2), . ke,

€
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Initial data Il, square integrability

K(0) = sup s/ . (k)dk < +o0. (11)
e€(0,1] T
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Initial data Il, square integrability

K(0) = sup s/mg(k)dk < +o0. (11)
e€(0,1] T

Square integrability condition

sup € /m (k)dk < +o0.
e€(0,1]
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Initial data Il, square integrability

K(0) = sup s/m6 Ydk < 4o0. (11)
€€(0,1]

Square integrability condition

sup € /m (k)dk < +o0.
e€(0,1]

e the existence of the macroscopic initial energy profile

EILT+EZX:J(5X)E€eX(O): /]R &(u)J(u)dy, Je CO(R). (12)

Tomasz Komorowski, IMPAN, Warszawa, S. Olla, CEREMAI| Heat transport



Remark: deterministic initial data

e unpinned case, . - delta type measures concentrated on
(ro(ax),po(ax))xez, 1, po € C(R).

1
ELIerEZX:eX = Eehm 52 pa(ex) + r3(ex))

_ 5/]R (PR(u) + r2(u))du = Eor.

e Parseval identity =

5 [roet = 5((B00E) % (&), )
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Remark: square integrability of the energy

spectrum. The case of deterministic initial data.

o Recall

2 [k =< [ ((p0R), +(f02) ) ak

e Fourier transform of (po(ex)) (po € C°(R))

Po(k) = Y exp {—2mikx} po(ex) = é > bo

XEZ meZ

1, /k 1
= gPO(g) + O(:N)‘
for arbitrary N > 1. Then,
~ 1
ez/mg(k)dk~s2/ Po(k)*dk ~ =
T T £

e For deterministic data the square integrability of the energy
spectrum necessarily fails!
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Remark: square integrability of the energy

spectrum. The case of random initial data.

e suppose that under y. - random variables (ry, px), ., independent
(also from each other) of mean 0 and with the second moments

<p)2<>llfe = pg(€X)7 <t)2<>lle = rg(fx), X € Za

where rg, pp € C°(R).

N

i & D fex) = A > (B() + ()
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Square integrability of the energy spectrum for

random initial data.

[ B0}k =< [ (157 e puf?), ok
/|Ze—27r/kxpx dk = &2 /T(Z(p@%)zdk
:/T 52X:p0(5x) dk—> (/Rpg(u)du)2 < 400

e the square integrability of the energy spectrum condition
holds for random initial data with sufficiently fast decorrelation
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About the proof

e the Wigner functions (Basile, Olla, Spohn (09'))

e wave function:

)((s)(t) = ((D % q (;))X + ipx (;) , (13)

® (©y), y € Z the inverse Fourier transform of the dispersion
relation w(k) := v/a(k)
e the Fourier transform of the wave function:

DO (¢, k) = w(k)j (5‘; k) +ip (; k> . (14)
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Wigner transform

The (averaged) Wigner function

The (averaged) Wigner transform of the law of ¢(¢)(t) on ¢2

(We(t), J)

odk.

=5 [ B @9y (tk-F) 90 (rk+ L)| F o b0
RxT

’

J(p, k) = /R eZ™iPY J(u, k)du
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Wigner function cont’d

e Resolution of the energy density in the spatial and mode
co-ordinates

%ZJ1(€X)E6W)((E)(,5)‘2 — (WL(8), ) (15)

and
/T o (k)E| (£, k) Pdk = (W(t), ) (16)

for any J1 € Cg°(R), Jo € C>(T).
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Equivalence of the averaged energy density

functionals

e Assume:

Ko:= sup = (ll(@.p)l%), < +oo. (17)
e€(0, ]
li — 18
Jm s 5 — {118, B2y = O, (18)
e Then,
. t 1 . 2

5I_I,T+SZJ ex)Eg [ex (5> -3 )(<)(t)‘ } =0 (19

for any J € C§°(R) and t > 0
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Limit identification

e Conservation of energy =

£ £
Ssup [ [We(t,p, k)|dk < *\|¢a(t)||%2(1r) = w.(t, k) = (0, k).
2 per JT 2

o = (W.(t)) *-weakly sequentially compact in L*°([0, T],.A’) for
any T > 0, where A is the completion of S(R x T) in the norm

= [ sup (. k). (20)
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Limit identification

e Conservation of energy =

£ £
Ssup [ [We(t,p, k)|dk < *\|¢a(t)||%2(1r) = w.(t, k) = (0, k).
2 per JT 2

o = (W.(t)) *-weakly sequentially compact in L*°([0, T],.A’) for
any T > 0, where A is the completion of S(R x T) in the norm

= [ sup (. k). (20)

e for any ¢, — 0, as n — +00, we can choose a subsequence such
that *-weakly converges to some W(-) € L*°([0, T], A"),

e=> limit identification problem for (W.(t)), as ¢ — 0+.

Tomasz Komorowski, IMPAN, Warszawa, S. Olla, CEREMAI| Heat transport



e the dynamics of the (Averaged) Fourier-Wigner functions

atW€:—l(5€wW + X <

Y 1o o -
+€7RI(EP) S(Yem = o)+,
—_— remainder

e R, of order O(1) as ¢ <« 1.
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e Dispersion:

dew(p, k) =

™| =
r—
&
VRS
-
+
™
SRS
N———
|
&
N
-
|
™
SEY
N———
_ 1
Q
E\
—~
x~
N—r
S

e Scattering:

LF(K) = 2/T R(k, K')F(K')dK' — 2R(K)F(K),
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Scattering operator

e Scattering kernel
R(k, k') := 16 sin?(mk) sin?(mk’)[sin? (k) cos?(mk’)
+ cos? (k) sin?(mk")] = % Z e,(k) ®@e_,(K),
ve{—,+}
e (k)= gsin4(7rk), ¢ (k) 1= sin?(2mk)

e Total scattering

R(k) := / R(k, kK')dk' ~ sin®(wk), ke T.
T
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Complete set of Fourier-Wigner functions

We, (t, p, k) = gEa {(12(5))* (t, K — 5”) o) (t k+ 52””
Yo (t,p.k) = gEe [1/3(5) <t —k+ ) H) (t, k+ gzpﬂ ,

(t P, k) = ?5*(t7_p7 k)7
e —(t, p, k) == W(t, p, —k).

§> ‘<>
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Complete set of Fourier-Wigner functions

We, (t, p, k) = gEa {(12(5))* (t, K — 5”) o) (t k+ 52””
Yo (t,p.k) = gEe [1/3(5) <t —k+ ) H) (t, k+ gzpﬂ ,

(t P, k) = ?5*(t7_p7 k)7
e —(t, p, k) == W(t, p, —k).

§> ‘<>

[\7 +(t,p, k) + Ys,f(t,p,k)}

\7 (t P, k)_ ?‘:,—(Lp: k)}

I\)\l—\

UE,+(tv p; k) =

ol
=

U (t,p, k) ==
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Complete set of equations

—~ 10w — ivR'p ~
Ot WE,—‘r = _55_1 e+ — 01 e~

2
v TP~ (52 7 i 3-8n(1
+ <€5£ + 26572 ((5 ,C)) (WE,-‘F — U£7+) +ée %g ),

—~ 10w — i7R'p ~
— = 1 e T o Ue,-

2
v P 2 ™ ij 3—5n(4
+ <€6£ + 285_2 ((5 ﬁ)) (We,— — U57+) +e€ %g )
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~ 20 v vp? ~ 1/~ —~
81- U67+ = ETUE’_ + (E(sﬁ + 286_2 (52£) |:U€7+ - 5 (W€7+ + W 7_):|

3-6¢n(2
+e f)fig ),

~ 200 ~ 2 o
O0tUe - = *?UEHr - lR&UEﬁ - 256—1( &=

55 — WEHr) + 53_62%‘(53),
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~ 20 v P o A 1/ =
81- U67+ = ETUE’_ + (E(sﬁ + 286_2 (5 E) U€7+ - 5 (W€7+ + W 7_)
+ 39RO,

- 25~ 2y. -~ iWR'p,—
8tUE,:—€—U57+—€—ZREUE7,—Lp

255,1 ( e,— WE,Jr) + 53_69?{5:3)7

R. = R(K) + (cp)’ R'(k), @:=a(kep), 0w :=dew(k,p).
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(62L)f (k) == —7 /R1 (k, K')F(K")dk' — R”(k)f(k),

2
:/Tc’)f,R(k, K 0)f(K)dK', Ri(k, k') = —ﬁaﬁR(k, K',0),

1
R(k,k',p)::2Zr(k—i,k—ak’) <k+ k—ak’),

o=%+1
r(k, k') := 25%(k)s(2(k — k') + 2s(2k)s?(k — k'), Kk, k' €T,

1RO py ey = D0 (IWeults Py ) liagmy + 1 Yeults P ) i)
ve{—+}
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Useful identity

e for any ¢, € L?(T)

D) = [ (~L)6(k)0" (K)dk

T

= /T2 R(k, k)@ (k) — o(K)leb(k) — p(K)]" dkdK',

1 —~ .
€. (t,p) = Z (2HW€7L(t, P)Hé(T) + [ U, (t, P)’é(T)) :
ve{—,+}
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e Taking the scalar products of both sides of evolution equations
against the respective W, ,, U, 1 € {—,+}:

1 v o[t — ~
5€:(t,p) + 6—6/0 D ((W. = U.+)(s,p)) ds

2 t ~
+2 / ds / R(K)|Us,~(s, p, k)|?dk (21)
€% Jo T
t ~ —~
+2el“5vl3/ dS/R'(k)Im (02 Wer) (5. oK)l
o Jr ’

1 t
= S€(0,p) + 27 / R.(s, p)ds,
0

where for any M > 0 we have

R.(t,p) < E(tp), >0, [pl <M ce (0.1  (22)
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Fourier-Laplace-Wigner functions

e limit identification tool - the Fourier-Laplace-Wigner functions

—+00 o
et (N py K) 1= /0 e MW, o (t,p, k)t (23)

e the Dirichlet form:

/T (—L)F(k)F(K)dk = /T R(k, K)[F(K) — F(K)dkk,
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Conclusion from the identity + some additional
fact

Proposition

For any M > 0 and a compact interval | C (Ag, +00)

- [/ R(K)| e (N, py k) 2k + D (we(M, p))
Aellpi<m LT

+ [ Rz p O (o) k| 275 e (0.

[
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Homogenization Theorem

e projection onto the kernels generating the scattering kernel

w!L(, p) ;:/Tv-vg,i(A,p, K)e,(k)dk, o€ {—, +}.

Theorem 4

For any M > 0 and a compact interval | C (0, +00) we have

lim  sup / e+ (A, p, k) — E(jj_)()\, p)) dk =0, (24)
e=0+ xel Jpl<m JT ’

and

im sup [ |@.(p k) dk=0, 1€ {~+}.  (25)
€20+ xel,|pl<m JT

v
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e The Laplace transform of the dynamics

_ —0 idew _ ivR'ep _ _ _
AWE,-&- — W€(7+) = —56%1W€7+ — ’YTUE’_ + %Lg (WE,+ - U57+)
+e3HD),
_ H(0) 20 v, - 1 _ _ 3-6(2)
Ale 4 — Ua,—‘,— = ETUE,— + ET;LE Ug 4+ — > (We,—i- + Wz—:,—) +ev Y,
_ ~0 20 _ 2y ivR'ep , _ _
Al — Ué,l = _ETUE,Jr - ?Reus,f T T o0 (Ws,f - Ws,+)
+370/3)
o ibw_  ARep v
AW, — W5(7—) = (g(;%lws,f + Tu\s,f + ggLE (WE’, - Us,+)
3—6 =
+€ r5(4)7

where L. := £+ (1/2)(ep)?(6°L)
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e After some calculations

in7(0)
asf) Wg(+) = hy [ RWE dk /
355

Rq
3 ) D Ed k + o(1),

D(e
where

D) .=\ + 2vR. + igb.w,

(e) _ 4 2yR
a,’ (A, p) = 355 ) <1 P R dk

wH(\ p) = /T et (N, P, K)oy (K) dk.
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o forany J € C.(R x T):

) 4y RWE(O) A 2 —
| 7/ Jddk—f/ Wi Jdpdk | =0,
6—I>rg+ ( 3 Jrxr D) P 3 JRxT 0-ap

e If &(0) > 0 (pinned chain), then

~2 2
K0p) - 2 - T

=0
3 3y ’

lim sup
e=0+ \el,|pl<M

4y [ Rq. o 87(mp)? ()

A =0.
3e0 Jr D) 3

lim sup
e=0+ hel |pl<m
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Putting things together - in the diffusive case

e If &(0) > 0, then for any A > 0 and p € R the limiting point
w(A, p) of W, 4, as € — 0+ satisfies

2
</\+D§> (\ p) :/Wo(p, K)dk, (26)

6‘2
D= — + 8yx? dla s=0,
Y

and

W' 2
52 = /T [ R((/;))] dk, (27)

R(k) ~ k%, |kl < 1. (28)
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The superdiffusive case

e If &(0) =0 and &”(0) > 0, then

: 2\ 2¢|p|¥?
lim  sup a(mf) Ap)— —— =0, 29
e—0+ el |p|<M ( ) 3 3 ( )
where
N (A ()
€= 29/4(3)1/2"
As a result the limiting point satisfies
(A+2pP/2) wOrp) = [ Wolp. k). (30)
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Riemann invariants - phonon modes (&(0) = 0)

Riemann invariants of the system

BtF(tv U) = Buﬁ(ta U),
atﬁ(tv U) = 7—lauF(tv U)
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Riemann invariants - phonon modes (&(0) = 0)

Riemann invariants of the system

BtF(tv U) = Buﬁ(ta U),
atﬁ(tv U) = 7—lauF(tv U)

F(i)(ta U) = ﬁ(ta u) + \/HF(L U).
Constant along characteristcs v F /71t = const,

characteristics
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FO(t,u) = 75 (u + yrt). (31)
) () = Bo(u) £ V/rifo(u)-

phonon modes:

(9e) = py(6)+ v [1+ 1 (3} - 1) v g (t),
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Diffusive propagation of phonon modes

Assume:
Elrg 5ZJ ey){ty), /RJ(U)Fo(u)du,
i & Z K)o = [ Jw)p(u)ds
Then:
||m 5ZJ5y Efy <> /Ju)fi)tu) u,
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Diffusive propagation of phonon modes, cont

Theorem 5 cont.

. t H(t\_ [ #d
g 3 (e vl B () = [ A7 6w
where:
FD(t, u) = Pex 17 (u),
1 u?
P:(u) := — expq{ ———= ¢, 33
+(u) A<Dt P{ 4Dt} (33)
and D :=3~,
R () = po(u) £ /rio(u)- (34)
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