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Derivation of thermodynamics from statistical
mechanics

Basic goal:
Mathematical derivation of principles of thermodynamics,
starting from the laws of classical mechanics on the microscopic
(atomic) level derive the macroscopic laws of of heat
propagation
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Derivation of the heat equation

Conservation law

∂tT (t, x) = −∇x · J(t, x)

T (t, x) -temperature, J(t, x) - heat current

Fourier’s law - phenomenological

J(t, x) = −κ(T )∇xT (t, x)

κ(T ) - heat conductivity
• describes the macroscale observation (heat flows from hot to
cold), not derived from first principles
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Heat equation

Putting things together...
∂tT (t, x) = ∇x · {κ(T )∇xT (t, x)} ,

T (0, x) = T0(x),
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Classical model of heat conduction: the chain of
interacting oscillators

• Dimension d = 1 (both for simplicity and to arrive at
superdiffusion).

• Atoms modelled by a chain of interacting oscillators; evolving
according to the Hamiltonian system

q̇y (t) = ∂pyH(p(t), q(t)) (1)

ṗy (t) = −∂qyH(p(t), q(t)), y ∈ Z.

• p(t) = (py (t)) - momenta, q(t) = (qy (t)) - positions
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Oscillator chain

(Formal) Hamiltonian: H(p, q) :=
∑

y∈Z ey ,

qx−1 qx qx+1

rx = qx − qx−1

Rysunek: Infinite oscillator chain

ey := 1
2p

2
y + V (qy − qy−1) + U(qy ) - microscopic energy

density (energy per atom),

V (·) - interaction potential between molecules

U(·) - the pinning potential
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Unpinned system

• V ≡ 0 unpinned chain vs pinned chain, if otherwise

• in the unpinned case the system is translation invariant:

qx 7→ qx + q, q ∈ R.

• coordinate to follow - stretch rx := ∇?qx ;

∇?fx := fx − fx−1, ∇fx = fx+1 − fx , ∆fx := fx+1 + fx−1 − 2fx .

dry (t)

dt
= ∇?py (t), y ∈ Z,

dpy (t)

dt
= ∇U ′ (qy (t)− qy−1(t))
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Potentials

Typical potentials
• harmonic oscillator chain:

U(r) =
1
2
r2 system is linear!

quadratic potential
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FPUT - Potentials

α− β − FPUT (Fermi-Pasta-Ulam-Tsingou potential)

U(r) =
1
2
r2 +

α

3
r3 +

β

4
r4

red: α = 0, β = 0.25 blue: α = −1, β = 0.25
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Constants of motion

In unpinned case, (V ≡ 0) the following quantities are constant:∑
x

rx(t) - volume (mass),∑
x

px(t) - momentum,∑
x

ex(t) - energy
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Ergodic conjecture

Generic conjecture: FPUT chain
For an anharmonic chain with a quartic interaction potential U
(FPUT chain), as n→ +∞, only these three quantities are
conserved
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Macroscopic description

• Scaled empirical distribution

ε
∑
x

J(εx)Fx

(
t

εδ

)
, J ∈ C∞0 (R)

where ε (� 1) - the ratio of micro/macroscopic spatial scales

Fx(t) = (rx(t), px(t), ex(t))

• Macroscopic scales: existence of the limit

lim
ε→0+

ε
∑
x

J(εx)Fx

(
t

εδ

)
=

∫
R
J(u)F̄ (t, u) du,

Equations for F̄ (t, u):= (r̄(t, u), p̄(t, u), ē(t, u))
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Stochastically perturbed chain of harmonic
oscillators

• Chain of harmonic oscillators with a noise preserving the 3
constants of motion (Basile, Bernardin, Olla 09’)

• Hamiltonian

H(p, q) :=
1
2

∑
y∈Z

p2
y +

1
2

∑
y ,y ′∈Z

αy−y ′qyqy ′

dqy (t)

dt
= py (t), (2)

dpy (t) = −(α ∗ q(t))ydt

+ γ1/2
∑

z=−1,0,1
(Yy+zpy (t)) ◦ dwy+z(t), y ∈ Z.

(in the Stratonovich sense) γ > 0 - noise intensity, {wy (t), t ­ 0},
y ∈ Z i.i.d. 1-dim. standard Brownian motions
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• Vector fields

Yx := ∇px∇∂px−1 −∇px−1∇∂px
= (px − px+1)∂px−1 + (px+1 − px−1)∂px + (px−1 − px)∂px+1

tangent to the circle and the plane

p2
x−1 + p2

x + p2
x+1 ≡ const, px−1 + px + px+1 ≡ const,

• Nearest neighbor interaction: α0 = 2 + ω2
0, α1 = α−1 = −1,

αy = 0, if |y | ­ 2

H(p, q) :=
1
2

∑
y∈Z

p2
y +

1
2

∑
y∈Z

(
ω2

0q
2
y + r2y

)
ω = 0 - the chain is unpinned
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Itô form...

dqy (t)

dt
= py (t), (3)

dpy (t) =

[
−(α ∗ q(t))y −

γ

2
(β ∗ p(t))y

]
dt,

+γ1/2
∑

z=−1,0,1
(Yy+zpy (t))dwy+z(t), y ∈ Z.

βy = ∆β(0)y = β
(0)
y−1 + β

(0)
y−1 − 2β(0)y

β(0)y =


−4, y = 0
−1, y = ±1
0, if otherwise.
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Other linear models. Random momentum
exchange

dpy (t) = −(α ∗ q(t))ydt

(4)
+ [∇py (t−)dNy ,y+1(γt) +∇∗py (t−)dNy−1,y (γt)] , y ∈ Z.

(Nx ,x+1(t)) - i.i.d. Poisson processes with intensity 1, the
exchange intensity γ > 0.
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Assumptions about potential

After Basile, Olla, Spohn (2009):

a1) αy ∈ R, y ∈ Z and ∃C > 0 : |αy | ¬ Ce−|y |/C , y ∈ Z,

a2) α−y = αy ,

a3) α̂(k) =
∑

y∈Z αye
2πiky satisfies α̂(k) > 0 for k 6= 0 and

if α̂(0) = 0 then α̂′′(0) > 0.

both y 7→ αy and k 7→ α̂(k) are even, α̂ ∈ C∞(T).

Dispersion relation

ω(k) := α̂1/2(k).
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Dispersion relation in the case of nearest neighbor
interaction

Example: α−1 = α1 = −1, α0 := 2 + ω2
0, αy = 0, |y | ­ 2,

ω2(k) = α̂(k) = 2 + ω2
0 − (e2πik + e−2πik) = ω2

0 + 4 sin2(πk)

Dispersion relation for nearest neighbor interaction on Z

ω(k) =
√
ω2

0 + 4 sin2(πk) - the Fourier symbol of ω2
0 −∆

Text

Monday, August 25, 14

ω0>0

ω0=0

sobota, 13 września 2014
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Microscopic energy density

ex(t) :=
p2
x(t)

2
− 1

4

∑
y

αx−y (qx(t)− qy (t))2 +
α̂(0)

2
q2
x(t).

• α̂(0) = 0 - unpinned chain ,
• α̂(0) > 0 - pinned chain

• the nearest neighbor interaction (rx = qx − qx−1 - stretch)

ex(t) :=
p2
x(t)

2
+
ω2

0q
2
x(t)

2
+

r2x(t)

2
.
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Initial data I

• initial data random, distributed according to µε on Ω :=
(
RZ)2

lim sup
ε→0+

ε
∑
x

〈e2x(0)〉µε < +∞,

〈·〉µε - the expectation w.r.t. µε,

• the existence of the initial profile of energy

lim
ε→0+

ε
∑
y

J(εy)〈ey (0)〉µε =

∫
R
J(u)ē0(u)du.
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Pinned chain, diffusive scaling: t ′ ∼ t/ε2, x ′ := x/ε,
α̂(0) > 0

Theorem 2
Suppose that:
i) α̂(0) > 0 (then ω(k) is differentiable at 0 and ω′(0) = 0)
ii) γ > 0,
iii) some additional assumptions about the initial data
Then:

lim
ε→0+

ε
∑
x

∫ +∞

0
J(t, εx)Eεex

(
t

ε2

)
dt =

∫ +∞

0

∫
R
W (t, u)J(t, u)dtdu,

and W (t, u) satisfies:

∂tW (t, u) = D∂2
uW (t, u), W (0, u) = ē0(u)
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Pinned chain, diffusive scaling

Theorem 2, cont.
Here

D =
σ̂2

γ
+ 8γπ2 dla s = 0,

and

σ̂2 :=

∫
T

[2ω′(k)]2

β̂(k)
dk, (5)

β̂(k) = 8 sin2(πk)
[
1 + 2 cos2(πk)

]
≈ k2, |k | � 1. (6)
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Unpinned chain, superdiffusive scaling: t ′ ∼ t/ε3/2,
x ′ ∼ x/ε

If α̂(0) = 0 and α̂′′(0) > 0 (acoustic chain) then

ω(k) = 2
√
τ1| sin(πk)|ϕ(sin2(πk)), (7)

where ϕ : [0,+∞)→ (0,+∞) is of class C 2 and ϕ(0) = 1. Then
ω′(k) ≈ sign k and

σ̂2 :=

∫
T

[2ω′(k)]2

β̂(k)
dk ≈

∫
0+

dk

k2 = +∞,

⇒ indicates superdiffusive scaling
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Unpinned chain, superdiffusive scaling

Theorem 3
Suppose that (γ > 0 - noise intensity). Then, under appropriate
assumptions about the initial data:

lim
ε→0+

ε
∑
y

∫ +∞

0
J(t, εy)Eεey

(
t

ε3/2

)
dt =

∫ +∞

0

∫
R
W (t, u)J(t, u)dtdu,

(8)
where W (t, u) satisfies the fractional diffusion equation:{

∂tW (t, u) = −ĉ |∆u|3/4W (t, u),

W (0, u) = ē0(u),

ĉ :=
[α′′(0)]3/4

29/4(3γ)1/2 . (9)
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Initial data II

• the initial data is random, distributed according to µε and

K (0) := sup
ε∈(0,1]

ε
∑
x

〈ex(0)〉µε < +∞. (10)

• due to the energy conservation: K (t) ≡ K (0) for all t ­ 0,

• the pinned case; the energy spectrum of a configuration (q, p)

wε(k) :=
〈
|p̂(k)|2

〉
µε

+ α̂(k)
〈
|q̂(k)|2

〉
µε
, k ∈ T.

p̂(k) =
∑

x pxe
2πikx and q̂(k) =

∑
x qxe

2πikx

• in the unpinned case;
wε(k) =

〈
|p̂(k)|2

〉
µε

+ α̂(k)
4 sin2(πk)

〈
|̂r(k)|2

〉
µε
, k ∈ T.
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Initial data II, square integrability

•
K (0) = sup

ε∈(0,1]
ε

∫
T
wε(k)dk < +∞. (11)

Square integrability condition

sup
ε∈(0,1]

ε2
∫
T
w2
ε(k)dk < +∞.

• the existence of the macroscopic initial energy profile

lim
ε→0+

ε
∑
x

J(εx)Eεex(0) =

∫
R
ē0(u)J(u)dy , J ∈ C∞0 (R). (12)
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Remark: deterministic initial data

• unpinned case, µε - delta type measures concentrated on(
r0(εx), p0(εx)

)
x∈Z, r0, p0 ∈ C∞c (R).

lim
ε→0+

ε
∑
x

ex =
1
2

lim
ε→0+

ε
∑
x

(
p2
0(εx) + r2

0 (εx)
)

=
1
2

∫
R

(
p2
0(u)2 + r2

0 (u)
)
du = Etot.

• Parseval identity ⇒

ε

2

∫
T
wε(k) =

ε

2

( 〈
|p̂(k)|2

〉
µε

+
α̂(k)

4 sin2(πk)︸ ︷︷ ︸
=1

〈
|̂r(k)|2

〉
µε

)

=
1
2
ε
∑
x

(
p2
0(εx) + r2

0 (εx)
)
→ 1

2

∫
R

(
p2
0(u) + r2

0 (u)
)
du = Etot.
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Remark: square integrability of the energy
spectrum. The case of deterministic initial data.

• Recall

ε2
∫
T
w2
ε(k)dk = ε2

∫
T

( 〈
|p̂(k)|2

〉
µε

+
〈
|̂r(k)|2

〉
µε

)2
dk

• Fourier transform of (p0(εx)) (p0 ∈ C∞c (R))

p̂ε(k) =
∑
x∈Z

exp {−2πikx} p0(εx) =
1
ε

∑
m∈Z

p̂0

(k + m

ε

)
=

1
ε
p̂0

(k
ε

)
+ o

( 1
εN

)
.

for arbitrary N ­ 1. Then,

ε2
∫
T
w2
ε(k)dk ∼ ε2

∫
T
|p̂ε(k)|4dk ∼ 1

ε2
.

• For deterministic data the square integrability of the energy
spectrum necessarily fails!

Tomasz Komorowski, IMPAN, Warszawa, S. Olla, CEREMADE, GSSIHeat transport



Remark: square integrability of the energy
spectrum. The case of random initial data.

• suppose that under µε - random variables
(
rx , px

)
x∈Z independent

(also from each other) of mean 0 and with the second moments

〈p2
x〉µε = p2

0(εx), 〈r2x〉µε = r2
0 (εx), x ∈ Z,

where r0, p0 ∈ C∞c (R).

lim
ε→0+

ε
∑
x

〈ex〉µε =
1
2

∫
R

∑
x

(
p2
0(u) + r2

0 (u)
)
du.
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Square integrability of the energy spectrum for
random initial data.

ε2
∫
T
〈|p̂ε(k)|2〉2µεdk = ε2

∫
T
〈|
∑
x

e−2πikxpx |2〉2µεdk

= ε2
∫
T
〈|
∑
x

e−2πikxpx |2〉2µεdk = ε2
∫
T

(∑
x

〈p2
x〉µε

)2
dk

=

∫
T

(
ε
∑
x

p2
0(εx)

)2
dk →

( ∫
R
p2
0(u)du

)2
< +∞

• the square integrability of the energy spectrum condition
holds for random initial data with sufficiently fast decorrelation
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About the proof

• the Wigner functions (Basile, Olla, Spohn (09’))

• wave function:

ψ(ε)
x (t) :=

(
ω̃ ∗ q

(
t

εδ

))
x

+ ipx

(
t

εδ

)
, (13)

• (ω̃y ), y ∈ Z the inverse Fourier transform of the dispersion
relation ω(k) :=

√
α̂(k)

• the Fourier transform of the wave function:

ψ̂(ε)(t, k) = ω(k)q̂

(
t

εδ
, k

)
+ i p̂

(
t

εδ
, k

)
. (14)
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Wigner transform

The (averaged) Wigner function

The (averaged) Wigner transform of the law of ψ(ε)(t) on `2

〈Wε(t), J〉

:=
ε

2

∫
R×T

Eε
[

(ψ̂(ε))∗
(
t, k − εp

2

)
ψ̂(ε)

(
t, k +

εp

2

)]
Ĵ∗(p, k)dpdk.

Ĵ(p, k) :=

∫
R
e2πipuJ(u, k)du

Tomasz Komorowski, IMPAN, Warszawa, S. Olla, CEREMADE, GSSIHeat transport



Wigner function cont’d

• Resolution of the energy density in the spatial and mode
co-ordinates

ε

2

∑
x

J1(εx)Eε|ψ(ε)
x (t)|2 = 〈Wε(t), J1〉 (15)

and ∫
T
J2(k)Eε|ψ̂(ε)(t, k)|2dk = 〈Wε(t), J2〉 (16)

for any J1 ∈ C∞0 (R), J2 ∈ C∞(T).
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Equivalence of the averaged energy density
functionals

Proposition
• Assume:

K0 := sup
ε∈(0,1]

ε

2

〈
‖(q,p)‖2`2

〉
µε
< +∞, (17)

lim
L→+∞

sup
ε∈(0,1]

ε

2
〈‖(q̂, p̂)L‖2L2(T)〉µε = 0, (18)

where f̂L(k) := f̂ (k)1[|f̂ (k)|­L].
• Then,

lim
ε→0+

ε
∑
x

J(εx)Eε
[
ex

(
t

εδ

)
− 1

2

∣∣∣ψ(ε)
x (t)

∣∣∣2] = 0 (19)

for any J ∈ C∞0 (R) and t ­ 0.
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Limit identification

• Conservation of energy ⇒

ε

2
sup
p∈R

∫
T
|Wε(t, p, k)|dk ¬ ε

2
‖ψε(t)‖2L2(T) = wε(t, k) = wε(0, k).

• ⇒ (Wε(t)) ∗-weakly sequentially compact in L∞([0,T ],A′) for
any T > 0, where A is the completion of S(R× T) in the norm

‖J‖A :=

∫
R
sup
k
|Ĵ(p, k)|dp, (20)

• for any εn → 0, as n→ +∞, we can choose a subsequence such
that ∗-weakly converges to some W (·) ∈ L∞([0,T ],A′),

•⇒ limit identification problem for (Wε(t)), as ε→ 0+.
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Dynamics

• the dynamics of the (Averaged) Fourier-Wigner functions

∂tŴε = − iδεω

εδ−1 Ŵε +
γ

εδ

(
L+

(εp)2

2
(δ2L)

)[
Ŵε −

1
2

(
Ŷε,+ + Ŷε,−

)
︸ ︷︷ ︸

=Ûε,+

]

+
γ

εδ
R ′(εp)

1
2

(Ŷε,− − Ŷε,+)︸ ︷︷ ︸
=−i Ûε,−

+ ε3−δRε︸ ︷︷ ︸
remainder

,

• Rε of order O(1) as ε� 1.
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Notation

• Dispersion:

δεω(p, k) :=
1
ε

[
ω

(
k +

εp

2

)
− ω

(
k − εp

2

)]
≈ ω′(k)p,

(p, k) ∈ R× T.

• Scattering:

Lf (k) := 2
∫
T
R(k, k ′)f (k ′)dk ′ − 2R(k)f (k),
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Scattering operator

• Scattering kernel

R(k , k ′) := 16 sin2(πk) sin2(πk ′)[sin2(πk) cos2(πk ′)

+ cos2(πk) sin2(πk ′)] =
3
4

∑
ι∈{−,+}

eι(k)⊗ e−ι(k
′),

e+(k) :=
8
3
sin4(πk), e−(k) := sin2(2πk)

• Total scattering

R(k) :=

∫
T
R(k , k ′)dk ′ ≈ sin2(πk), k ∈ T.
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Complete set of Fourier-Wigner functions

Ŵε,+(t, p, k) :=
ε

2
Eε
[(
ψ̂(ε)

)∗ (
t, k − εp

2

)
ψ̂(ε)

(
t, k +

εp

2

)]
,

Ŷε,+(t, p, k) :=
ε

2
Eε
[
ψ̂(ε)

(
t,−k +

εp

2

)
ψ̂(ε)

(
t, k +

εp

2

)]
,

Ŷε,−(t, p, k) := Ŷ ∗ε (t,−p, k),

Ŵε,−(t, p, k) := Ŵε(t, p,−k).

Ûε,+(t, p, k) :=
1
2

[
Ŷε,+(t, p, k) + Ŷε,−(t, p, k)

]
Ûε,−(t, p, k) :=

1
2i

[
Ŷε,+(t, p, k)− Ŷε,−(t, p, k)

]
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Complete set of Fourier-Wigner functions
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2
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2
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ε

2
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2
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2
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Complete set of equations

∂tŴε,+ = − iδεω

εδ−1 Ŵε,+ −
iγR ′p

εδ−1 Ûε,−

+

(
γ

εδ
L+

γp2

2εδ−2 (δ2L)

)(
Ŵε,+ − Ûε,+

)
+ ε3−δR̄(1)

ε ,

∂tŴε,− =
iδεω

εδ−1 Ŵε,− +
iγR ′p

εδ−1 Ûε,−

+

(
γ

εδ
L +

γp2

2εδ−2 (δ2L)

)(
Ŵε,− − Ûε,+

)
+ ε3−δR̄(4)

ε
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∂tÛε,+ =
2ω̄
εδ

Ûε,− +

(
γ

εδ
L+

γp2

2εδ−2 (δ2L)

)[
Ûε,+ −

1
2

(
Ŵε,+ + Ŵε,−

)]
+ ε3−δR̄(2)

ε ,

∂tÛε,− = −2ω̄
εδ

Ûε,+ −
2γ
εδ

RεÛε,− −
iγR ′p

2εδ−1 (Ŵε,− − Ŵε,+) + ε3−δR̄(3)
ε ,

Rε := R(k) +
(εp)2

8
R ′′(k), ω̄ := ω̄(k , εp), δεω := δεω(k , p).
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∂tÛε,+ =
2ω̄
εδ

Ûε,− +

(
γ

εδ
L+

γp2

2εδ−2 (δ2L)

)[
Ûε,+ −

1
2

(
Ŵε,+ + Ŵε,−

)]
+ ε3−δR̄(2)

ε ,

∂tÛε,− = −2ω̄
εδ

Ûε,+ −
2γ
εδ

RεÛε,− −
iγR ′p

2εδ−1 (Ŵε,− − Ŵε,+) + ε3−δR̄(3)
ε ,

Rε := R(k) +
(εp)2

8
R ′′(k), ω̄ := ω̄(k , εp), δεω := δεω(k , p).
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ω̄(k, εp) :=
1
2

[
ω

(
k +

εp

2

)
+ ω

(
k − εp

2

)]
,

(δ2L)f (k) := −π2
∫
T
R1(k , k ′)f (k ′)dk ′ − 1

2
R ′′(k)f (k),

(δ2R)f (k) :=

∫
T
∂2
pR(k, k ′, 0)f (k ′)dk ′, R1(k , k ′) := − 2

π2∂
2
pR(k, k ′, 0),

R(k , k ′, p) :=
1
2

∑
σ=±1

r

(
k − p

2
, k − σk ′

)
r

(
k +

p

2
, k − σk ′

)
,

r(k , k ′) := 2s2(k)s(2(k − k ′)) + 2s(2k)s2(k − k ′), k, k ′ ∈ T,

‖R(i)
ε (t, p, ·)‖L2(T) �

∑
ι∈{−,+}

(‖Ŵε,ι(t, p, ·)‖L2(T) + ‖Ŷε,ι(t, p, ·)‖L2(T))
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Useful identity

• for any φ, ψ ∈ L2(T)

D(φ, ψ) :=

∫
T

(−L)φ(k)ψ∗(k)dk

=

∫
T2

R(k , k ′)[φ(k)− φ(k ′)][ψ(k)− ψ(k ′)]∗dkdk ′,

Eε(t, p) :=
∑

ι∈{−,+}

(
1
2
‖Ŵε,ι(t, p)‖2L2(T) + ‖Ûε,ι(t, p)‖2L2(T)

)
.
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• Taking the scalar products of both sides of evolution equations
against the respective Ŵε,ι, Ûε,ι, ι ∈ {−,+} :

1
2
Eε(t, p) +

γ

εδ

∫ t

0
D
(

(Ŵε − Ûε,+)(s, p)
)
ds

+
2γ
εδ

∫ t

0
ds

∫
T
R(k)|Ûε,−(s, p, k)|2dk (21)

+2ε1−δγp
∫ t

0
ds

∫
T
R ′(k)Im

(
Û∗ε,−Ŵε,+

)
(s, p, k)dk

=
1
2
Eε(0, p) + ε2−δ

∫ t

0
Rε(s, p)ds,

where for any M > 0 we have

Rε(t, p) � Eε(t, p), t ­ 0, |p| ¬ M, ε ∈ (0, 1]. (22)
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Fourier-Laplace-Wigner functions

• limit identification tool - the Fourier-Laplace-Wigner functions

w̄ε,±(λ, p, k) :=

∫ +∞

0
e−λtŴε,±(t, p, k)dt (23)

• the Dirichlet form:∫
T

(−L)f (k)f (k)dk =

∫
T2

R(k, k ′)[f (k ′)− f (k)]2dkdk ′,
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Conclusion from the identity + some additional
fact

Proposition

For any M > 0 and a compact interval I ⊂ (λ0,+∞)

sup
λ∈I ,|p|¬M

[∫
T
Rε(k)|ūε,−(λ, p, k)|2dk +D (w̄ε(λ, p))

+

∫
T
Rε(k)|ūε,+(λ, p, k)|2

(
ω̄(k , εp)

λεδ + γRε(k)

)2

dk

]
� εδ−s , ε ∈ (0, 1].
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Homogenization Theorem

• projection onto the kernels generating the scattering kernel

w
(ι)
ε,±(λ, p) :=

∫
T
w̄ε,±(λ, p, k)eι(k)dk, ι ∈ {−,+}.

Theorem 4

For any M > 0 and a compact interval I ⊂ (0,+∞) we have

lim
ε→0+

sup
λ∈I ,|p|¬M

∫
T

∣∣∣w̄ε,+(λ, p, k)− w
(±)
ε,+ (λ, p)

∣∣∣ dk = 0, (24)

and

lim
ε→0+

sup
λ∈I ,|p|¬M

∫
T
|ūε,ι(λ, p, k)| dk = 0, ι ∈ {−,+}. (25)
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• The Laplace transform of the dynamics

λw̄ε,+ − Ŵ
(0)
ε,+ = − iδεω

εδ−1 w̄ε,+ −
iγR ′εp

εδ
ūε,− +

γ

εδ
Lε (w̄ε,+ − ūε,+)

+ε3−δ r̄ (1)ε ,

λūε,+ − Û
(0)
ε,+ =

2ω̄
εδ

ūε,− +
γ

εδ
Lε

[
ūε,+ −

1
2

(w̄ε,+ + w̄ε,−)

]
+ ε3−δ r̄ (2)ε ,

λūε,− − Û
(0)
ε,− = −2ω̄

εδ
ūε,+ −

2γ
εδ

Rεūε,− −
iγR ′εp

2εδ
(w̄ε,− − w̄ε,+)

+ε3−δ r̄ (3)ε

λw̄ε,− − Ŵ
(0)
ε,− =

iδεω

εδ−1 w̄ε,− +
iγR ′εp

εδ
ūε,− +

γ

εδ
Lε (w̄ε,− − ūε,+)

+ε3−δ r̄ (4)ε ,

where Lε := L+ (1/2)(εp)2(δ2L)
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• After some calculations

a(ε)w w (+)
ε =

4γ
3

∫
T

RŴ
(0)
ε

D(ε)
dk +

4γ
3εδ

∫
T

Rqε
D(ε)

dk + o(1),

where

D(ε) := εδλ+ 2γRε + iεδεω,

a(ε)w (λ, p) :=
4γ
3εδ

∫
T

(
1− 2γR

D(ε)

)
R dk

w (+)
ε (λ, p) :=

∫
T
w̄ε,+(λ, p, k)e+(k)dk.
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• for any J ∈ Cc(R× T):

lim
ε→0+

(
4γ
3

∫
R×T

RŴ
(0)
ε

D(ε)
Ĵdpdk − 2

3

∫
R×T

Ŵ0Ĵdpdk

)
= 0,

• If α̂(0) > 0 (pinned chain), then

lim
ε→0+

sup
λ∈I ,|p|¬M

∣∣∣∣∣a(ε)w (λ, p)− 2λ
3
− σ̂2p2

3γ

∣∣∣∣∣ = 0,

lim
ε→0+

sup
λ∈I ,|p|¬M

∣∣∣∣∣ 4γ3εδ
∫
T

Rqε
D(ε)

dk − 8γ(πp)2

3
w̄ (+)
ε

∣∣∣∣∣ = 0.
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Putting things together - in the diffusive case

• If α̂(0) > 0, then for any λ > 0 and p ∈ R the limiting point
w(λ, p) of w̄ε,+, as ε→ 0+ satisfies(

λ+
Dp2

2

)
w(λ, p) =

∫
W0(p, k)dk, (26)

D =
σ̂2

γ
+ 8γπ2 dla s = 0,

and

σ̂2 :=

∫
T

[ω′(k)]2

R(k)
dk, (27)

R(k) ≈ k2, |k| � 1. (28)
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The superdiffusive case

• If α̂(0) = 0 and α̂′′(0) > 0, then

lim
ε→0+

sup
λ∈I ,|p|¬M

∣∣∣∣∣a(ε)w (λ, p)− 2λ
3
− 2ĉ |p|3/2

3

∣∣∣∣∣ = 0, (29)

where

ĉ :=
[α′′(0)]3/4

29/4(3γ)1/2 .

As a result the limiting point satisfies(
λ+ ĉ |p|3/2

)
w(λ, p) =

∫
W0(p, k)dk, (30)
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Riemann invariants - phonon modes (α̂(0) = 0)

Riemann invariants of the system{
∂t r̄(t, u) = ∂up̄(t, u),

∂t p̄(t, u) = τ1∂u r̄(t, u)

f̄ (±)(t, u) = p̄(t, u)±
√
τ1r̄(t, u).

Constant along characteristcs u ∓√τ1t = const,

characteristics
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f̄ (±)(t, u) = f̄
(±)
0 (u ±

√
τ1t). (31)

f̄
(±)
0 (u) := p̄0(u)±

√
τ1r̄0(u).

phonon modes:

f(+)
y (t) := py (t) +

√
τ1

[
1 +

1
2

(
3γ
√
τ1
− 1

)
∇∗
]
ry (t),

(32)

f(−)y (t) := py (t)−
√
τ1

[
1− 1

2

(
3γ
√
τ1

+ 1

)
∇∗
]
ry (t),
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Diffusive propagation of phonon modes

Theorem 5
Assume:

lim
ε→0+

ε
∑
y

J(εy)〈ry 〉µε =

∫
R
J(u)r̄0(u)du,

lim
ε→0+

ε
∑
y

J(εy)〈py 〉µε =

∫
R
J(u)p̄0(u)du.

Then:

lim
ε→0+

ε
∑
y

J(εy)Eεf(±)y

(
t

ε

)
=

∫
R
J(u)f̄ (±)(t, u)du,
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Diffusive propagation of phonon modes, cont

Theorem 5 cont.

lim
ε→0+

ε
∑
y

J

(
εy ∓

√
τ1
t

ε

)
Eεf(±)y

(
t

ε2

)
=

∫
R
f̄
(d)
± (t, u)J(u)du,

where:
f̄
(d)
± (t, u) := Pt ∗ f̄ (±)0 (u),

Pt(u) :=
1√

4πD̄t
exp

{
− u2

4D̄t

}
, (33)

and D̄ := 3γ,
f̄
(±)
0 (u) := p̄0(u)±

√
τ1r̄0(u). (34)
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