Energy transport in an open system.

Thermal boundary conditions in a
fractional superdiffusion of energy

T. Komorowski, IM PAN, Warszawa
in collaboration with
Stefano Olla (CEREMADE Paris and GSSI, L'Aquila),

12 marca 2026

T. Komorowski et al. Superdiffusion of energy



@ Motivation: understanding energy transport in an open
one dimensional chain of oscillators subject to (three)
conservation laws,

T. Komorowski et al. Superdiffusion of energy



@ Motivation: understanding energy transport in an open
one dimensional chain of oscillators subject to (three)
conservation laws,

e harmonic chain with stochastic noise - momenta
exchange between atoms;

T. Komorowski et al. Superdiffusion of energy



@ Motivation: understanding energy transport in an open
one dimensional chain of oscillators subject to (three)
conservation laws,

e harmonic chain with stochastic noise - momenta
exchange between atoms; in contact with heat baths -
Langevin thermostats at the endpoints;

e closed system: the case of an infinite chain (M. Jara,
T.K., S. Olla 15") discussed earlier: fractional Lévy
superdiffusion of energy with index of stability 3/4,

T. Komorowski et al. Superdiffusion of energy



@ Motivation: understanding energy transport in an open
one dimensional chain of oscillators subject to (three)
conservation laws,

e harmonic chain with stochastic noise - momenta
exchange between atoms; in contact with heat baths -
Langevin thermostats at the endpoints;

e closed system: the case of an infinite chain (M. Jara,
T.K., S. Olla 15") discussed earlier: fractional Lévy
superdiffusion of energy with index of stability 3/4,

e open system, question: boundary conditions?
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Existing results

@ two step limit in an infinite chain with a Langevin, or
Poisson thermostat attached at a single site,

- kinetic limit: from a microscopic chain to a kinetic equation;

(LT) Langevin thermostat: T.K., S. Olla, H. Spohn, L. Ryzhik 20',
T.K., S. Olla, 20,

(PT) Poisson thermostat: T.K., S. Olla 22', interpolation between
and Langevin

- superdiffusive limit: from the kinetic equation to a
fractional superdiffusion:

(ND) non-degenerate killing rate: T.K., S. Olla, L. Ryzhik 20’,
relevant to the case discussed in (LT);

(D) degenerate killing rate: K. Bogdan, T.K., L. Marino 25';
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Existing results cont’d

@ the direct hydrodynamic limit
- heuristic results:
(S) at stationarity: S. Lepri, C. Mejia-Monasterio, A. Politi, 09’

(NS) non-stationary case with the microscopic Dirichlet boundary:
A. Kundu, C. Bernardin, K. Saito, A. Kundu, A. Dhar 19,
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Hydrodynamic limit for SSE with long jumps -

open system

o C. Bernardin, P Cardoso, P Goncalves, S. Scotta, 23": the
hydrodynamic limit for symmetric exclusion processes
with heavy-tailed long jumps and in contact with
infinitely extended reservoirs

@ various regimes for the limit

e the regional fractional Laplacian (censored stable process)
with either:

(N) (homogeneous) fractional Neumann, or

(D) (non-homogeneous) Dirichlet boundary conditions
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The model: stochastically perturbed harmonic

chains

e Microscopic dynamics: unpinned harmonic chain with
random exchange of momenta:

ax(t) = px(t), x€Zn=A0,...,n}
ein the bulk: x=1,...,n—1
de(t) = AN‘Jx(t)dt + [px—i-l(t_) - px(t_)]de,x—i-l(fyt)
+ [prl(t_) - px(t_)]defl,x('Yt)

{Ny x+1(t),x =0,...,n— 1} independent Poisson processes of
intensity 1, v > 0 -

e Notation: V£ = fu1 — f, V*h=Ff —f1,

Anfe = fop1 + fo1 — 2f = VV*L,
fn+1 = fn and f_l = fb
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Boundaries x =0, n

e the energy exchanged with two Langevin heat baths at
temperatures T; > 0 and Tg > 0:

dpo(t) = (qu(t) — qo(t))dt + [p1(t—) — po(t—)]dNo1(7t)
— "Nypo(t)dt + 2T[_"~)/dWL

dp,,(t) = (qn—l(t) - qn(t))dt + [pn—l(t_) - pn(t_)]dNn—l,n(’Yt)
— Gpn(t)dt + /2 Trydwr(t)

e w;(t) and wg(t) - independent standard Brownian motions

e 7 > 0 - the strength of the thermostats
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Stochastically perturbed harmonic chains

qo Gx—1 x Gx+1

Rysunek: Oscillator chain: thermostats at both endpoints

e the dynamics is unpinned, invariant under translations:
(g« = gx + a, a € R).

e convenient to work with the inter-particle stretches

I'x '= Qx — Qx-1, X:17"'7n'
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Dynamics in terms of the momentum /stretch

o i (t) = V*pu(t), x € {1,...,n},
e inthe bulk: x=1,...,n—1

dpy(t) = Vrdt 4+ [V peia1(t—)d Ny xy1(7t)
=V px(t=)dNs—1,x(71)]

e and at the boundaries:

dpo(t) = ndt+V*p1(t—)dNo1(vt) — Fpo(t)dt + /25 Trdw(t),

dpn(t) = —I’,,dt - V*Pn(t_)dl\lnfl,n('yt) - &pn(t)dt + \% 2'3/ TRdWR(t)'
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Conserved quantities

e Local conservation laws (without boundaries):
(L) stretch ry

(M) momentum p,

(E) energy

1
gX(r7p) = §(p§+r3)v XZO,...,I‘),
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superdiffusive time scaling

e Scaling t := n3/2t', x = nu, u € [0,1]

() = r(n®2e),  pl"(t) = pu(n?/?t)

A0 () = ¥V R (o),
dp{(t) = n¥2vriMde + [v*pi”jl( t—)dNy xs1(n¥?yt)

—v*pi”)(t—)d/vx_l, (n*/2yt)]

£ Sea[ - 2500 ()dt + /20925 Tdw, (1)

z=0,n

e Conventions:

To=T,, Th=Tr, wo=w, W;=Wg,
AN(E) = r(t), p(E) = pa(t)
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Initial profile of energy

(IP) the existence of an initial profile of the energy functional

Xioso (%) Ealéns(@)]) = [ Tus(0)o(win

for all ¢ € C[0, 1].

. 1
lim —
n—-+oco n
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Informal statement of the main result

Theorem (The limit of thermal energy and equipartition)

e Under some assumptions about the initial data, 3 T (t, u)

lim ng( ) o [En(t)] :/01 T(t, u)p(u)du, Yo € C[0,1],

n—-+oo n

e Vo : R, x [0,1] — R - compactly supported, cont. function

+oo
n—|I>Too n Z/ [pX( )]d
+oo
= lim — Z/ t =) Eq[6x(t)]dt

:/O+Oodt/o T(t, u)® (t, u) du.
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Informal description of the limit

e T(t,u) is the solution of

—i—cbdZ/ /01 Vo(u/, V[T, = T(t,u)]du } i

with (0 u) = Tini(u) and the boundary
conditions: T(t,0) = T, (= To), T(t,1) = Tr(= T1).

o V,(u,u) = 0Gy(t, u), where G, = (p — A)~! - the Green’s
function of the Neumann Laplacian A on [0, 1]

e |A]3/# - the spectral power of the Neumann Laplacian
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Boundary condition and the coefficients

o with Top = T, T1 = Tg: for any t >0

/OJFOO{/Otds(/Ol V(v v)(T, — T(s, u’))du’)z};lf4 < 400
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Boundary condition and the coefficients

o with Top = T, T1 = Tg: for any t >0

/OJFOO{/Otds(/Ol V(v v)(T, — T(s, u’))du’)z};lf4 < 400

1
Chulk = W7
Chd = i} = V29 q
bd V2n(1+5)2  w(1+7)? bulk:
40, 550, or &— +oo
Chulk
maximum Chd L at A =1
ximu = =1.
Chulk  2V27 7
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Rigorous definition of T(t,u)

Definition (Weak solution)

Suppose that cpu, cba > 0, To, T3 > 0 and Ty € L2[0, 1];
i) Te C([O, +00); L2 [0, 1]> where L2[0, 1] is equipped with

ii) forany t >0 and v =0,1 we have

t +00 1 2 do
/ / /
/0 ds/0 </0 Vo(u',v) (T, — T(s,u))du) A < 400,

V.
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Weak formulation

iii) for any ¢ € C2°(0,1):
(@, T(t)) 1210, — (®s Tini)12[0,1

t
= _Cbulk/ (AP 4, T(s))2[0,11ds

+oo
+de/ dS/ (,0), ) 120,1]

< (Vo 0), Ty — T()) izpo) -2

0.1] 03/4
+oo
+de/ dS/ ©)12[0,1]

do
X (Vo(+ 1), TR — T(5)>L2[0,1]W-
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Uniqueness

Theorem (Uniqueness of weak solutions)

Suppose that Ty € L2[0,1]. Then, the equation has a unique
solution T(-,-). In addition,

/t T(s,-)ds € C[0,1] and
° (1)

t t
/ T(s,0)ds = Tot, / T(s,1)ds = T1t, t>0.
0 0
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Regularity of solutions

Suppose that Ty € H3/4[0, 1] is such that Tii(v) =T,, v=0,1.
Then:

i) the solution T(t) belongs to the space
c([o, +oo); L2, 1]) N Lfg;([o, +oo); H3/4[0, 1])

and [ T(s)ds belongs to C([O +00); H3/4[0, 1]) where the

target spaces are considered with the strong topologies,
ii) we have

To=T(t,0) and Ty=T(t,1), forae t>0, (2)

3/4

iii) for any ¢ € Hy'"[0, 1] the weak formulation holds.
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Some remarks: about the spectral Laplacian

e In the bulk: for p € C*°[0, 1] we have

1
AP () = / a(t/, u)lp(e') — (u)]dd,
0

with

3 1 1

/

y = )7
9(u, ) 25/2711/2%<\u+u’+2n\5/2 |u— u' +2n|>/2
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Boundary behavior

e At the boundary: v=0,1

e do /
5 V,(u, v)Vo(U', v)— S = g(u,u’;v),

gu,;v) = Z W(u+v+2nu +v+2n), where
n,n'€Z

5r2(%> /2 sin?(20) 5/4
A / P
W(u,u')=W(u', u):= 25 /0 ((usin 0)> + (v C059)2) i

Here I'(-) is the Euler gamma function.

1
/[; (UU VdU—me, V:O,l.
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Probabilistic interpretation

e Informal reformulation of the equation:

1
O: T(t,u) = /o r(u, o) [T(t,u') — T(t,u)] du/
+ Z b(u;v) [T, — T(t,u)],

v=0,1
.
r(u, v) = couq(t', u) — cba E (u,d’;v)
v=0,1

1
b(u;v) = de/ g(u,u;v)dd'.
0
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Probabilistic interpretation, cont’d

o If r(u,u") >0, then T(t,u) - the density of a Markov process
with creation and

(J) a particle jumps from u to v’ with rate r(u, )

(A) at time t and position u the particle gets annihilated at rate
b(u,0) + b(u,1);

(C) at time t and position u a particle is created at the rate
b(u,0) Ty + b(u, 1) Tk.
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Remark about microscopic Dirichlet boundary

condition

e microscopic Dirichlet boundary condition: g 1 =0, g,4 1 =0
e dynamics: gx(t) = px(t), x €Zn,=A{0,...,n}
e momentum:

dpx(t) = Aqu(t)dt + [prrl(t_) - px(t_)] de,x+1(7t)
+ [prl(t*) - px(t*)}defl,x('yt)

£ S el - n¥25pM ()dt + /20325 Tdw, (1)

z=0,n

e microscopic Dirichlet laplacian:

Apfy = fup1 + fo1 — 26, fry1:=0 and f,=0.
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Energy limit

Suppose that Ty, € H3/4[0,1]. Then, for
p € C(0,1) we have

1 1
/0 T(t, u)gp(u)du—/o Tini(v)p(u)du

t 1
— G / s / T(s, u)| Ax*p(u)du,
0 0

loc

with T & c([o, oo); L2[0, 1]) N L ([o, oo); H¥/4[0, 1]), the

Dirichlet boundary condition:

T(t,0)= T, T(t,1)=Tg

_ 1
and Coulx = @Biz:
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e the fractional heat equation with the 3/4-power of the
Neumann laplacian and the Dirichlet boundary condition

e no boundary layer
e heuristics:
@ G. Basile, T. K., S. Olla 15’
e A. Kundu, C. Bernardin, K. Saito, A. Kundu, A. Dhar 19,
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Assumptions about the initial data

e the distribution 11,(0) of initial data (r(0), p(0)) is of zero mean,
e for a given T > 0, define
vr(dr,dp) := gr(r,p)drdp, where
e—60/T N o—&/T

ertvp) =y U7

x=1

e the relative entropy with respect to v7 bounded, up to a
constant, by the size of the system:

0 < Hy 7(0) = / £,(0) log £,(0)dvr < Cr7n.

Qn
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Assumptions: square summability of covariances

o Define
10 = 5 S {Ealp0po0]) + (En IO (0]
x,x'=0
+2(E, [pX(t)rxr(t)])z}.

o there exists C; > 0 such that

7 (0) < Co -
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Entropy estimate

Theorem (Entropy bound)

Under the assumption presented above, for any t, > 0 there exists
a constant Cpy s, > 0 such that

Hn,T(t) < CH,t*na te [07 t*]'
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Entropy estimate

Theorem (Entropy bound)

Under the assumption presented above, for any t, > 0 there exists
a constant Cpy s, > 0 such that

Hn 7(t) < Ch,n, t € [0, t].

e Entropy bound - easy case: T, = Tgp = T. Measure vt is
invariant under the dynamics = t — H, 7(t) is not increasing.
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Entropy inequality

e a version of Young's inequality, with the pair of convex
conjugate functions: e and glogg,

e for any a > 0, probability measure i on (Q,F) and measurable
f,g:Q—[0,+00):

1
/ fedp < = {log (/ eo‘fdu> +/g|0ggdu}
Q «Q Q Q

e the entropy inequality =

5330 (020 4 200)] = [ (3362 + ) e
x=0 Q25 x=0
S;{|Og</nexp{2xzn%(px+r }d +Hn(t)}
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Energy bound

e the entropy inequality = the energy bound: 3C, C’

En [#a(t)] < C(n+Hp(t)) < C'n, t>0,n=12....

Energy bound For any t, > 0 there exists Cz ¢, > 0 such that

En[#n(t)] < Ca e, te0,t],n=12,.... (3)
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Energy currents

e the energy currents:

d
S En [Ex(8)] = —n32V e ra(t), x=0,...,n,

Jexr1(t) = 8 (1) +JE).,. where

. 'Y
Jx x+1(t) = —px(t)rx+1(t), J>(<,S>)<+1 = _§(P>2<+1 - p)

e from thermostats:

je10 =7 (T — P3), Jnnt1 = 7( —TRr) .
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Bound on the time interval of energy currents

For any t, > 0 there exists Cq ;, > 0 such that

‘ C
] gt
su Ep [x—1,x(s)]ds| < , te[0,t],n=1,2,....
X:O,...I,)n+2 | /0 n [‘I 1 ( )] ‘ \/ﬁ [ ]
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Identity for covariances

7¢$?(t) + Bulk(t) + Bulk—boundary(t) = {2 (0)
>0 >0

/Ot [TL<TL - IEM?S(S)) + TR(TR - Enpﬁ(s))} ds.

25n3/2

n+1
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Bulk-boundary terms

2%
Bulk—boundary(t) = :1 1 Z / T En Pv( )] } ds
v=0,n

LI 39 3 WANEINEI 2

v=0,n x=1

n3/2
2,’77+1 > Z/ {En [po(s)re(s)]}> ds

v=0,nx'=1
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Bulk terms

—i—l

2]112 Z [ nopets s

’&{x lx}

P ATESS [ B as

x=1x'=1

3/2 n— 1 t 2
Bulk(t / [VEan(s)} ds
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The special case T, = Tr =T

e A direct calculation =

d . .
B Fn(t) = 0P En (1-10(2) — jnnsa(£)) ds.

OTL:TR:T:>

2Tn3/2

(@) (1) < 7
Fy () < #y'(0) + o

/Ot En(i-1.0(5) = jnns1(s))ds.

Corollary (In the case T, = Tg)

Suppose that Ty, Tg > 0. Then, for any t, > 0 there exists C > 0
S.t.
9 (t) < C (4)

° = for the average energy functional
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Limit identification

e pc CX(0,1) - a test function,

1
En(t; ¢) mgﬁpxﬂ‘:n [Ex(t)],
X
Px = QD(UX)7 Uy = nt1l’

e Summation by parts

En(tv 90) - E,,(O, 90) =

/2 t )
- n+ 1 Z/O SOXEn [V*Jx,x+1(5)] ds

1/2!11

= T 2 | Ealiea(90ds

Here Qpiv,x = n(Px+1 — ¥x)-
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Current decomposition

En(t; 0) — En(0; ) = J(a)(t' o)+ J(s)(t; ¢+ on(1), where

S o) fZgox/ [Jx 1X(5)} ds
_ _7 Z%@’x / En [p-1(5)r(s)] ds,
/ [Vpi(s)] ds

S )(t o)

,,3/2 Z(p / (s)] ds + on(1) = 0n(1), and

(PX ::()0 ( X)'
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Matrix of covariances

e 5(t) - the covariance matrix

[ SO st
50= | oy s |

where

S0(8) = [En[rx(t)ry(t)]] ,

S@(¢) = [En[px(t)py(f)]}xﬁy:o ..... n
S(r,p)(t):[En[rx(t)Py(t)]}le ,,,,, ny=0,..,n nd

SPI(r) = [S(r”’)(t)} T
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Dynamics in the matrix form

e X(t) - vector of stretches and momenta

e the solution of
dX(t) = —n32AX(t)dt + Z(p(t—))dl\/ln(t),
e Ais a2 x 2 block matrix
(% i)
-V —AN+FE )’
where E = [0x,00y.0 + 0x.n0y.nlx,y=0,....n
e dM,(t) - zero mean vector, martingale

dM(s)T = (o,,,l, ¥/ *dwy (s), RS (3s), ..., AR, (5s), n3/4dWR(s)) .
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Matrix of covariances, cont’d

e using the dynamics:
AUS)e+ USHAT = 52 (((T0P):) + —300.5
—_——

covariances, incl. boundary

(= [ B, f(s)ds,
So.if = Enf(0) — Enf(t),
(VPP(5) = [Ea(Vp1(5))%, - En(V*pa(s))?]
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Fourier transforms of covariances

e the Fourier transforms
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Fourier transforms: the bases

B (1) Z )re(t) and Bi(t) : Z?/JJ )px(t),
e (n+5(i”>1/2 (W)

1/2
_ JxT
<n+1> <n+1>’

) . jm
V*j = —7j¢; and Voj =i, ~j = 2sin (2(n+ 1)>

2 . 2 Jm
= =4 .
Aj Y sin <2(n+ 1)>
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Resolution of covariances

eforvel={p,r,pr,r}
5 = 0.\ ) Fig + > NP A0BY) + 3 =00y, AR
g’ AT o NN AN E i = \Ajs Ajr )R i

J
/ /
bulk vel Vel

~~
boundary fluctuations:On(l)

Fiy =7 $i(er UV p)))e,
y=1

o _ 1 (1)
Rij = —3/2%.5
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Resolution of covariances

eforvel={p,r,pr,r}

51(3)/ =0,(\, A+ nY oy, Aj’)Bj(:") > =0y, )‘J")Rj(,;’)
—

/ /
bulk vel Vel

~~
boundary fluctuations:On(l)

Fij=" Z i (V)5 VUV Py))e,

RY) = —560.5")

i 3/2

e p — r boundary-bulk covariances:

Jf’r) = %(0)50 P + ¢j(n) nZ’r)’ BJ(SP) BJ(’[;)’

820 = ((Fip2))e,
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Resolution of covariances - cont’'d

e p — p boundary-bulk covariances:
B(P) B(P 0) + B(p7 )’ where
B.“? ) = w,-<z><<5£’;>>> <<B§f}>>>tw(z> and
b(p) Z b(p)
b3(s) = To = Eapf(s),  bYA(s) = Tk — Enpi(s),

bYN(s) = ~Ea[po(s)puls)], x # 2

e coefficients @ff)(c, ), HE,L)(C, )i Eff)(c, ¢’) can be computed
explicitly
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Coefficients ©, 1, =

(c =W _ —en

epf(c7 C/) = G(C, C/) - =P (C’ c )a
I'I(pr)(c, ) =40, (c, ),

(pr) = (pr) (). (et )
My (¢, c') = —3=p '(c,c), =p (¢, ') = Bc.c)

(pr)( . s ). =) n_ et )Vecd
I_II’P (C7 c ) PY—fP (C7 c )7 —rp (C7 ¢ ) - H(C, C/)

2 (N2

e,y =0, =(e.c)= 2 [14 € L)

2f 0(c,c’) I’
0(c,c') = (c — )2 +29%cc/(c + ).
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Limit identification cont’'d

e back to the limit identification, | = {p, pr, rp, r},

En(t;¢) — Zs P49 i+ + on(1)
1 r r
= ——Op(#in —*ZW(”)(%O n) Zé”) ¢’ n)+on(1).
\—/—/ el , LEI
bulk boundary-bulk fluctuations
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pr‘Pv Z G VAN pr(Ajs Ajr ) Fjjr

JJ'=1

w(Pr( ZZWNI—IP’ i Ajr ) “,, vel:={p,pr,rp,r}
j= OJ’_l

pr) SD n ZZ%J _(pr (>\J’)\ ) J,J”
Jj=0j'=1

,ﬂi—fZ% x)hi(x = 1) (o),

* L 1 ~le
Fr =7 5o p, Pl R = —7300¢5))
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Asymptotics of the bulk term

For any ¢ € C2°(0,1) we have

1 ) 1 n +oo -
Eepr(w "= (237)1/2n yz::l«gy))t ;(M)g/ Pe(O)ce(ay) + on(1)

I ‘ 3/4
=~ <5,|AN| 4,0) ds + on(1),

Here: co(u) :=1, co(u) == /2 cos(lu),

oc(l) 22/0 o(u)cp(u)du,
+oo

AP p(u) =D (nm)*2pc(n)en(u)
n=0
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Boundary layer estimates

e thanks to the L2 control of covariances
no,. 2 n 2
(n+ 1YY (bgj}(t)) = (n+ 12y (b&{’x)(t)) <C, n=1,2,..
j=0 x=0

e Boundary layer: v =0,1, A [0, +0)? = R

e where

6Pt 0) =0, o> (n+1)*n,

6 (t,0) = (n+ 1)Y2BP)(1), 0 < j < (n+1)*3, 0 € [0, 0711),
o

SR ESVIE
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Boundary-bulk covariances

(p) Z b(P)

bé'fg(s) = TL—Eap3(s), bFA(s) = Tr — Enp2(s),
bP)(s) = ~Enlpa(s)px(s)]. x # z.
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Boundary layer estimates

e for any t > 0 there exists C > 0 such that

t —+00 ( ) 5
/ds/ [Bnp’v(s,g)] do<C, v=0,1,n=12,...,
0 0
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Asymptotics of the boundary terms

As n — +oo:

WSpr)(go'; n) =0,

1
() + 7 (o)) = 0a(D),

1 (pr); o 21/2’7 = 2
L) = 20 37 S )t
v=0,1 /=1

+ on(1).

t +oo B(PvV) d
y / e p 2(57015
0 0 (m0)2 + 20
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Identification of the limit of 6;,""/(s, 0) - closure of

the equation for the energy

For any test function f € L?[0,4+0c0), t >0 and v = 0,1 we have
t +o00
(1+29) [as [ 6. 0 ()0
0 0

_ T = 720*c(v)€n(s, 0)
_\@/O ds/O (Tv— f(o)do

22 ()2 + A2

;? t +oo
+ = / ds / 6")(s, 0)TF(0)do + on(1).
0 0
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Energy Fourier coefficients & operator ©

e Fourier cosine coefficients of the energy functional

Eals ZE& s)co(uy),

co(u) =1, Ce(U) = V2cos(mlu), u, = "

e operator T : CL[0, +00) — LP[0, +00):

o [T = fa)le T
‘If(g)_2/0 (0o et o) f e CL[0, +00).

It extends continuously to LP[0, +00) for any p € (1, +00)

T. Komorowski et al. Superdiffusion of energy



Boundary layer estimates: p — r covariances

e p — r covariances:

BPD(s) = En[Fi(s Zqﬁj(x )r(s)],

e Boundary layer: v =0,1, 6P . [0, +00)?> = R

e where

6£'pr,v)(t’ Q) =0, o> ( + ]_)2/37'(',

6,(1pr,v)(t7 0) = (n+1)2h (Pr)( ),0<j<(n+1)?3 pe o), 0j+1),
R

Qj = (n+ 1)1/2
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e thanks to the L? control of covariances
n
(n + 1)1/2 Z (bgp,f)(t)> n +1 1/2 Z ( pr) ) C
j=0

forn=1,2,...,z=0,n.
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e thanks to the L? control of covariances
n
(n + 1)1/2 Z (bgp,f)(t)> n +1 1/2 Z ( pr) ) C
j=0
forn=1,2,...,z=0,n.

e = for any t > 0 there exists C > 0 such that

t “+oo ( ) 5
/ds/ [Bnpr’v(s,g)} do<C, v=0,1,n=12,...,
0 0
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Proposition

For any test function f € L2[0,+00), t >0 and v = 0,1 we have

t —+o0
/ s / 6™(s, 0)f (0)de
0 0

;>'/ t +o0o
= ——/ ds/ 6,(7”"/)(5, 0)%*f(0)do + on(1).
T Jo 0
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Properties of ¥

e T* - the formal adjoint of ¥

wri o [TELIF() — of (0)lde’
wro=z [

, f e CHO,400).
e It extends continuously to the space L2[0, +00) and
T = 7°Id,

where Id is the identity operator on L2[0, +00).
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Summary: identification of the boundary layer

For f € L2[0,40), t >0 and v =0,1 we have

t “+o0 ﬁ
ds / 6P (s, 0)f(0)do = l
/O O (5. ) (2o = Lo

Y X 120t cp(v)€x(s, £)
<[l | (n—u el )f(e)dg+on(1)

where @n(t,é) the Fourier cosine coeffcients of the energy
functional.

e Change of variables ¢’ := ,/7p. This ends the proof.

T. Komorowski et al. Superdiffusion of energy



Energy bound - the case of arbitrary T;, T > 0

e relative entropy w.r.t. the tilted Gibbs measure

H,5(t) ::/ fo(t) log fo(t)dusg,

fi(e) = )

e Here for 5 : [0,1] — (0, +o00)
e 50[30/2

V,B(dra dp) := de exp { BxEx g(ﬂx)}drxdpm
\/27r[5’0 H

x=1
9(8) = Iog/ e 2(*+P)dpdr = log (2r871), B>0,
R2

B, :=5(nil),
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Estimates of entropy

e easy estimate: 3:[0,1] — [T, ', Tz'] a C'-smooth function
s.t.

g'>0, suppp C(0,1), B(O)=T;' andB(1)= T

C t
Hos(t) < Hpp(0) + n'/2|Jn(t: 8)] + ,71/2/ En#q(s)ds,
0

n t
() = 308 [ B (s)as -
x=1
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Crucial estimate

e crucial estimate, quite technical
M1 0n(t B)| < € |n+ 14| Jn(t, B2 + Eatn(0) + Endtal )

+ / B gtn(s)ds + (nE,,c%’,,(O))l/ g (nIE,,%,,(t))l/ ’

0
t 1/2
+ (n/ Ené‘u‘,’n(s)ds) }
0
e Young’s inequality
2 b2
abgi"i_Lv aab77>07
2 2

=

n*2|Ju(t; B)] < C<n + /t]E,,E‘f,,(s)ds + E #n(t) + E,,%,,(O)).
0
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Energy and current bounds

e Recall

C t
Ho () < Hop(0) + /2 Jn(t: ) + —5 / B 0(s)ds
0

=
t
Hos(t) < Hos(0) + c(n + / B, #(s)ds + E, 3 (t) + E,,&’€,,(O)).
0
= energy bound

Vi, >03C >0 sup E,#,(t)<C
te[0,t4]
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Time integral of the energy current

o = |Up(t;8) < Cy/n

e Estimate of the supremum of the current

t
sup | / Eoj_1.4(s)ds|
x=0,...,n+1

(Zﬁx) {u (:8)] + 1Blle( T + Tr)t

5 [(n+1 +Zﬁx} (Enn(t) + Endt,(0))

o]}

Vg gy 217

/2 Edtn(0)

= SUPx=o,...,n+1 ’ fot Enjx_17x(5)d5| < %
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Solving the equation for temperature

e Equations for the Fourier coefficients.

Suppose that T(t,-) € H3/4[0,1] for t > 0. Then the Fourier
coefficients of T(t,-) satisfy :

=0
+o0 R —+o0 .
Te(t, 0)pe(l) — im,cw)@cw)
=0 =0
+00 t
e S (702 (1) / 7.(s, £)ds
=0 0
— 22704 Z Z K, (,0)p )/ Te(s, 0)ds
v=0,10,0'=1
for all o € HY/*[0,1].
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e For 0,0 =1,2,..., c/(v) = V2 cos(rlv)

co(vV) ey (V) (w02 (w2 (1l + 7l + (mlml')L/?)
((w0)Y/2 + (wl')1/2) (7l + l")

K, (0,0) =

e For trig. polynomials ¢, € P[0, 1]

k(o) = 55 D Z K6 )pe(Cybe(t)

v=0,1¢¢'=1

Proposition
There exists Cx > 0 such that

+oo

R 1/2
0 < 8k(¢) < Crllpll3ao = (Do(r0*?2(0) " e Plo1],
(=1

where Ex(p) := 8k (¢, ¢).
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e boundary conditions =

3

< 1

Te(t,20)c(0) =T = :

(TL + TR) and

& T
8 &

“ 1
Tc(t, 20 — ].)ng,]_(O) = EAT, where AT = TL — TR.

~
Il
a
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Even and odd modes

Denote

+oo
L20.1] := [p(u) == Y @e(20)car(u).
=0
+o0
L20.1] == [io(u) i= Y @e(2l — Dear-1(u)|

(=1

counterparts HL3/4[O, 1], ¢ = e, o - subspaces of H3/*[0, 1].
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e We have

Skl = 5373 Z[l ~1) R pe(0)De(0), 0 € PO, 1]
£,0=1
~ (V)2 (el 4 7l + (nlml')Y?) ,
HEL) = ((m0)/2 4 (ml)/2) (b 4+ ml) bE=12,...
()

e = Equation for evolution of temperature decouples into even
and odd modes.
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Even modes

e for even indexed Fourier coefficients.

—+00

o0
> Te(t,20@c(20) = Tinic(20)Pe(20)
=0 =0

+0c0 t
= —cpur »_(2m0)*2pc(20) / Te(s,20)ds
0

/=1
+oo N t
—2Propa > He(l,0)pc(20) / Te(s,20')ds
00=1 0
“+00
forall e HZ*0,1] st. > @c(2)c(v) =0, v=0,1
/=0

subject to the condition Y,2% T.(t,2¢)co(0) = T = 2T+ Tr).

Here Ko(£,0') := K (2¢,20").
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Odd harmonics

+00 +oo
Te(t, 20— 1)gc(20 = 1) = Y Tini (20 — 1)@c(20 — 1)
/=1 £=0

+o0 t
= o Y (m(20 — 1))@ (26 - 1)/ To(s,20-1)
=1 0

+o0 N t
—23Prcoq Y Koll,l)pc(20— 1) / Te(s, 20 — 1)ds,
0

0,0=1
+00
forall e HY*0,1] st. > @e(2f —1)cp1(v) =0, v=0,1,
(=1
subject to the condition Z © To(t,20 — 1)cp_1(0) = 3AT, where
AT = T, — Tg. Here Ko, e') = K(20—1,20 —1).
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o ( §L)) a strongly continuous semigroup associated with each
equation

QM p(u) = Ze "9, ) 121009 (1) (6)

for o € 12[0,1], t = o, e, L the generator.

. 19%), m=1,2,..., the orthonormal bases of eigenvectors of L(*),
eigenvalues 0 < )\gL) < )\g) <...

1
mZ::I/\%)<+oo

e Convention 1986)( )=1and 19 (u) =0 and )\( )= o.
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e Looking for solutions of the form
t
T(t u) = Q) Tini.e(u) + / (5)QV 0 (u)ds.  (7)
0

where

1
(8,,0) =@, where &) = 5 (9(0) + (1)),

7 = 2 (6(0) ~ o(1)), p € H0,1]

T. Komorowski et al. Superdiffusion of energy



e Looking for solutions of the form
t
T(t u) = Q) Tini.e(u) + / e(5)QV 0, (u)ds. (8
0

where

1
(8,,0) =@, where &) = 5 (9(0) + (1)),

7 = 2 (6(0) ~ o(1)), p € H0,1]
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e functions ¢, : [0,400) — R, ¢ = e, 0 determined by the equations

T = (To(£),02) = (@ Tnse, 62) + / (5) (00, Q©).6.)ds
%AT:<A507 Tc,o(t» <Qto 1n107 +/ Co 5070
0

e Performing the Laplace transform

0o)ds

; (A + L(e)) Tini,e; Oe) + Ce(A)(de, (A + L(e))_15e>7
B = (s (0 L) M i) 800, (0 -+ L) 65),

Superdiffusion of energy
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Ee()‘) =

XA fe(m)ﬁgﬁ){ f (555))2 }*1
pra D YO DY) I mar DY
2

3 = *i AT (m)avd { i" (a0D) }
m=1 )‘()‘ + AST(’I))) m=1 A + )\gr?)

o
[e]
—~~
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Lemma

Suppose that Tip; € H3/2 [0,1]. Then, there exist functions c, such
that e "tc,(t) € L?[0,4o0) for any n > 0 and

+o0
G\ = / e Me ()dt, Red> 0. (9)
0
In addition,
t
F,(t) ::/ (5)QW,5,ds € C([0, +o0); L2[0,1]), t>0 (10)
0

and fo s)ds € C([0, +o0); H 3/4[0 1]), the target spaces with
the strong topologles.
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If we assume that Ty € H3/4(0,1], then
F, € L2 ([0, 400); L2[0,1]) and its integral belongs to

loc

L120C ([07 +OO); HL3/4[0, 1]) i
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Stationary solution

Let
+o0 (0) 4(0)
AY 0w’ (u)
Du(u) = 3 A0 Im (1)
m=1 2)‘$7?)
- AT
TS(U) =T+ Tﬁslgs(u)
We have

+o00 (Aﬂgﬁ))z

s =S80

V)
We have T4(v) = T,, v=20,1. For any ¢ € H3/4[O, 1]

AT & o o(o
(AP0, Teizp + 6k, T) = 5= D~ (o 9 )0 )20,
s
m=1
_ATap
o2ads

T. Komorowski et al.

Superdiffusion of energy



Thank you for your attention!!!
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