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Introduction: Historical comments

The Fermi-Pasta-Ulam-Tsingou numerical experiment (1955):

H(q,p) = ∑
j

⎛

⎝

p2
j

2
+V (qj − qj−1)

⎞

⎠
, V (r) =

c2

2
r2
+
c3

3
r3
+
c4

4
r4

Fermi wanted to check if the non-linearities (c3 ≠ 0, c4 > 0) will generate equipartition (i.e.
’Thermalization’ or ’ergodicity’ in a generic sense).
The experiment was done at very low energy, and it ’failed’. But repeating it at higher
energies, numerical evidence confirm equipartition at relatively short time.

Questions remain open, and it motivated wide physical and mathematical research in many

directions. Completely integrable dynamics (like Toda lattice) provide conterexamples.
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The hamiltonian dynamics

A chain of n particles connected by springs. Phase space is given by R2n,
(q,p) = (q1, . . . ,qn,p1, . . . ,pn),
qj denotes the position of the particle j and pj denotes its velocity.
Particle j is connected to particles j ± 1 by springs with potential energy V (r).

V (r) → +∞ ∣r ∣ → ∞

The dynamics is therefore given for any j = 1, . . . ,n, n + 1 ∼ n (periodic BC) by

q̇j(t) = pj(t),

ṗj(t) = V ′
(qj+1(t) − qj(t)) −V ′

(qj(t) − qj−1(t))
(1)
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Hamiltonian (total energy)

Hn(t) ∶= ∑
j∈Tn

ej(t), ej ∶= V (qj − qj−1) +
1

2
p2
j .

The equation (1) defines the Hamiltonian dynamics associated with Hn, and
Hn(t) ≡ Hn(0) is constant in time. The generator of this dynamics is is

An = ∑
j∈Tn

{pj∂qj + [V ′
(qj+1 − qj) −V ′

(qj − qj−1)]∂pj} .

Since the dynamics is translation invariant, we introduce the variables

rj = qj − qj−1, j = 1, . . . ,n, (q0 = qn).
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Conserved quantities

Hn ∶= ∑
j∈Tn

ej , Pn ∶= ∑
j∈Tn

pj , Rn ∶= ∑
j∈Tn

rj .

Consequently the trajectories must ly in the microcanonical surface determined by
these quantities at initial time:

Σ
(n)
E ,P,R = {(r,p) ∶ Hn = E ,Pn = P,Rn = R} .

Notice that this surface is of finite volume. When V (r) = r2

2 (harmonic chain), this is
just a sphere.
Of course there are other conserved quantities, and the motion will happen in some

submanifold of Σ
(n)
E ,P,R . The ergodic property is that in some sense, as n →∞, the

other submanifold fold densely inside Σ
(n)
E ,P,R . This does not always happens as we will

see later.
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Microcanonical Gibbs Measure

Given E ,P,R there exists a stationary measure for the dynamics given by the

projection of the Lebesgue measure of R2n on Σ
(n)
E ,P,R . We call this measure the

microcanonical Gibbs measure dσ
(n)
E ,P,R :

∫ F (q,p)G(Hn,Pn,Rn)dqdp = ∫ dE dP dR G(E ,P,R)∫
Σ
(n)
E ,P,R

F (q,p)dσ
(n)
E ,P,R

The stationarity follows from the stationarity of the Lebesgue measure and the

conservation of (Hn,Pn,Rn). Since Σ
(n)
E ,P,R has finite Lebesgue measure, the

microcanonical measure can be normalized to a probability measure.
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Equivalence Microcanonical - Canonical

Taking E = ne,P = np̄,R = nr , and n →∞ one can prove that the microcanonical
measure converges to the canonical Gibbs measure (in the sense of the convergence of
the finite dimensional distributions)

dµβ,p,τ =∏
j

e−β(ej+p̄pj+τ rj)−G(β,p̄,τ)drjdpj

where β, τ are function of e, r (we will see later the explicit expression). This is called
equivalence of ensembles.
β−1 = T is called the temperature, while τ is the tension. In fact we have

T = β−1
= ∫ (pj − p̄)2dµβ,p,τ , τ = ∫ V ′

(r)dµβ,p,τ .

A precise statement of the ergodicity: The only ”regular” stationary measures for the
infinite dynamics are the canonical Gibbs measures.
Thermalization, 0-principle of Thermodynamics, chaotic dynamics, etc
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Fourier Modes

q̂(k) ∶= ∑
j∈Tn

qj e
−2πikj , p̂(k) ∶= ∑

j∈Tn

pj e
−2πikj , k ∈ T̂n ∶= {0, 1

n , ...,
n−1
n

}.

qj =
1

n
∑

k∈T̂n

e2πijk q̂(k), pj =
1

n
∑

k∈T̂n

e2πijk p̂(k) j ∈ Tn.

By Parseval’s identity

∑
j∈Tn

p2
j =

1

n
∑

k∈T̂n

∣p̂(k)∣2

The canonical distribution of the velocities (with p̄ = 0) is the Gaussian

1

(2πβ−1)n/2
e−

β
2 ∑j p

2
j =

1

(2πβ−1)n/2
e−

β
2n ∑k∈T̂n ∣p̂(k)∣2

i.e. all the frequencies are equidistributed.
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Equidistribution ∼ thermalization

1

(2πβ−1)n/2
e−

β
2 ∑j p

2
j =

1

(2πβ−1)n/2
e−

β
2n ∑k∈T̂n ∣p̂(k)∣2

At low temperatures (large β) / low energies, this is also approximatively true of the
positions.
By the equivalence of ensembles, the microcanonical is well approximated by the
canonical, so if the system is close to the microcanonical distribution the frequencies
are (approximatively) equidistributed.
This is what the Fermi-Pasta-Ulam-Tsingou experiment was about.

It turns out to be a failure (the most succesful failure in physics).
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Fourier Modes interaction

Consider

V (r) =
r2

2
+ c3

r3

3
+ c4

r4

4
, c4 ≥ 0.

This was the original choice made in FPUT, and the model is usually referred as
α-FPU, and if c3 = 0 as β-FPU. Notice that we always need c4 > 0 if c3 ≠ 0 (This point
it was actually dismissed in FPUT). For simplicity let us consider c3 = 0:

q̇j(t) = pj(t),

ṗj(t) = ∆qj(t) + C4 [(qj+1(t) − qj(t))
3
− (qj(t) − qj−1(t))

3] ,

∂t p̂(t, k) = −ω(k)
2q̂(t, k)+c4 ∑

k1,k2,k3,k4

C(k , k1, k2, k3, k4)q̂(t, k1)q̂(t, k2)q̂(t, k3)q̂(t, k4),

with some complicated function C(k , k1, k2, k3, k4).
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Fermi-Pasta-Ulam-Tsingou experiment
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ABSTRACT 

A one-dimensional dynamical syst^n of 6k particles with forces be­

tween neighbors containing nonlinear terms has been studied on the Los 

Alamos ccunputer MANIAC I. The nonlinear terms considered are q.uadratic, 

cubic, and broken linear types. The results are analyzed into Fourier 

components and plotted as a function of time. 

The results show very little, if any, tendency toward equipartition 

of energy among the degrees of freedom. 

The last few examples were calculated in 1955. After the untimely 

death of Professor E. Fermi in November, 1954, the calculations were 

continued in Los Alamos. 

630 002 
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Fermi-Pasta-Ulam-Tsingou experiment

This report is intended to be the first one of a series dealing 

with the behavior of certain nonlinear physical systems where the non-

linearity is introduced as a perturbation to a primarily linear problem. 

The behavior of the systems is to be studied for times which are long 

compared to the characteristic periods of the corresponding linear 

problems. 

The problems in question do not seem to admit of analytic solutions 

in closed form, and heuristic work was performed numerically on a fast 

electronic computing machine (MANIAC I at Los Alamos).* The ergodic 

behavior of such systems was studied with the primary aim of establish­

ing, experimentally, the rate of approach to the equipartition of energy 

among the various degrees of freedon of the system. Several problems 

will be considered in order of increasing complexity. This paper is 

devoted to the first one only. 

We imagine a one-dimensional continuum with the ends kept fixed and 

with forces acting on the elements of this string. In addition to the 

usual linear term expressing the dependence of the force on the dis­

placement of the element, this force contains higher order terms. For 

It 
We thank Miss Mary Tsingou for efficient coding of the problems and 
for running the computations on the Los Alamos MANIAC machine. 

630 003 
-3-

the purposes of numerical work this continuum is replaced by a finite 

number of points (at most &\ in our actual computation) so that the par­

tial differential equation defining the motion of this string is replaced 

by a finite number of total differential equations. We have, therefore, 

a dynamical system of 6k particles with forces acting between neighbors 

with fixed end points. If x. denotes the displacement of the i-th 

point from its original position, and <X denotes the coefficient of the 

quadratic term in the force between the neighboring mass points and /3 

that of the cubic term, the equations were either 

i = 1, 2, ... 64, 

or 

^ = (Xi^l + x^.l - 2x^) + P[(Xi^i - x^)^ - (̂ i - x^_^)3] (2) 

1 = 1, 2, ... 64. 

<X and ^ were chosen so that at the maximum displacement the nonlinear 

term was small, e. g., of the order of one-tenth of the linear term. The 

corresponding partial differential equation obtained by letting the 

number of particles become infinite is the usual wave equation plus non­

linear terms of a complicated nature. 

Another case studied recently was 

X 1 =- *l(Vl - ̂ î  - ^2^\ - î-1̂  * ^ ^3) 

where the parameters 5-, 6 p, c were not constant but assumed differ­

ent values depending on whether or not the quantities in parentheses 

-4-
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Fermi-Pasta-Ulam-Tsingou experiment

Let us say here that the results of our ctxnputations show features 

which were, from the beginning, surprising to us. Instead of a gradual, 

continuous flow of energy from the first mode to the higher modes, all 

of the problems show an entirely different behavior. Starting in one 

problem with a quadratic force and a pure sine wave as the initial 

position of the string, we indeed observe initially a gradual increase 

of energy in the higher modes as predicted (e. g., by Rayleigh in an 

infinitesimal analysis). Mode 2 starts increasing first, followed by 

mode 3> and so on. Later on, however, this gradual sharing of energy 

among successive modes ceases. Instead, it is one or the other mode 

that predominates. For example, mode 2 decides, as it were, to increase 

rather rapidly at the cost of all other modes and becomes predominant. 

At one time, it has more energy than all the others put together! Then 

mode 3 undertakes this role. It is only the first few modes which ex­

change energy among themselves and they do this in a rather regular 

fashion. Finally, at a later time mode 1 comes back to within one per 

cent of its initial value so that the system seems to be almost periodic. 

All our problems have at least this one feature in common. Instead of 

gradual increase of all the higher modes, the energy is exchanged, es­

sentially, among only a certain few. It is, therefore, very hard to 

observe the rate of "thermalization" or mixing in our problem, and this 

was the initial purpose of the calculation. 

If one should look at the problem from the point of view of sta­

tistical mechanics, the situation could be described as follows: the 

630 007 
-7-

phase space of a point representing our entire system has a great num­

ber of dimensions. Only a very small part of its volume is represented 

by the regions where only one or a few out of all possible Fourier 

modes have divided among themselves almost all the available energy. 

If our system with nonlinear forces acting between the neighboring 

points should serve as a good example of a transformation of the phase 

space which is ergodic or metrically transitive, then the trajectory of 

almost every point should be everywhere dense in the whole phase space. 

With overwhelming probability this should also be true of the point 

\rtiich at time t = 0 represents our Initial configuration, and this 

point should spend most of its time in regions corresponding to the 

equipartition of energy among various degrees of freedom. As will be 

seen from the results this seems hardly the case. We have plotted 

(Figs. 1 to 7) the ergodic sojourn times in certain subsets of our 

phase space. These may show a tendency to approach limits as guar­

anteed by the ergodic theorem. These limits, however, do not seem to 

correspond to equipartition even in the time average. Certainly, there 

seems to be very little, if any, tendency towards equipartition of 

energy among all degrees of freedom at a given time. In other words, 

the systems certainly do not show mixing.* 

The general features of our computation are these: in each 

problem, the system was started from rest at time t = 0. The 

*One should distinguish between metric transitivity or ergodic behavior 
and the stronger property of mixing. 

^^^ 008 
-8-
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Fermi-Pasta-Ulam-Tsingou experiment

300 

200 
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10 20 
t IN THOUSANDS OF CYCLES 

30 

Fig. 1. The quantity plotted is the energy (kinetic plus potential 
in each of the first fiVe modes). The units for energy are arbitrary. 
N = 32; a = 1/4; 6t = 1/8. The initial form of the string was a single 
sine wave. The higher modes never exceeded in energy 20 of our units. 
About 30,000 computation cycles were calculated. 

^^0 
12 o^p 

4 6 8 10 12 
POSITION OF THE MASS POINT 

16 

Fig. 8. This drawing shows not the energy but the actual shapes, 
i.e., the displacement of the string at various times (in cycles) in-
dicated on each curve. The problem is that of Fig. 1. 
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Fermi-Pasta-Ulam-Tsingou experiment

Today we can repeat the numerical experiment for larger systems and much longer
times, and in particular at higher energies, and we observe thermalization! FPUT
experiment was at very low energy, the dynamics was stuck in some kind of metastable
quasi–periodic state. But their result showed that the problem of thermalization is
much more complex than expected and non-linearity alone cannot guarantee such
ergodic behaviour. Two main remarks following the FPUT experiment:

1. Even if the system should eventually thermalize, the time needed could be
enourmous, the time scale for thermalization will be irrelevant for thermodynamic
behaviour. The systems seems to behave like a completey integrable systems for a
long time.

2. It was discovered later that non-linearity does not prevent the dynamics to be
completely integrable. The most famous non-linear complete integrable dynamics
is give by the Toda Lattice, that correspond to an exponential interaction

V (r) = aebr − cr + d .
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Ballistic behaviour (under ergodicity assumption)

We assume now that the dynamics is ergodic (in the sense defined above).
Then the only relevant conserved quantities (energy, momentum, volume) evolve
macroscopically at different time scales.
The first time scale is the ballistic (or hyperbolic or Euler) time scale: space and time
are rescaled equally.

G ∈ C1(T),

Rn,t(G) =
1

n

n

∑
j=1

G (
j

n
) rj(nt) Pn,t(G) =

1

n

n

∑
j=1

G (
j

n
)pj(nt) En,t(G) =

1

n

n

∑
j=1

G (
j

n
) ej(nt),

Rn,t(G) Ð→ ∫
T
G(x)r(t, x)dx

Pn,t(G) Ð→ ∫
T
G(x)p(t, x)dx

En,t(G) Ð→ ∫
T
G(x)e(t, x)dx ,
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Ballistic behaviour preliminaries: thermodynamic relations

dµ
(n)
β,p̄,τ =∏

j

e−β(ej−p̄pj−τ rj)−G(β,p̄,τ)drjdpj , ej =
p2
j

2
+V (rj).

G(β, p̄, τ) = log∬ e−β(
p2

2
+V (r)−p̄p−τ r)dr dp = β

p̄2

2
+

1

2
log(πβ−1

) + G(β,0, τ),

G(β, τ) ∶= G(β,0, τ) = log∫ e−βV (r)+βτ rdr Gibbs Potential

T = β−1
= ∫

R2n
(pj − p̄)2 dµ

(n)
β,p̄,τ , τ = ∫

R2n
V ′

(rj) dµ
(n)
β,p̄,τ ,

r(τ,T ) ∶= ∫
R2n

rj dµ
(n)
β,p̄,τ =

1

β

∂G

∂τ
(τ, β),

u(τ,T ) ∶= ∫
R2n

ej dµ
(n)
β,0,τ = −

∂G

∂β
(τ, β) + τ r(τ,T ).
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Thermodynamic entropy

For any bounded, integrable function f on R ×R+, we define the microcanonical
volume Wn(r ,u) of all the configurations of total length nr and total energy nu as

∫
R2n

f (r (n), e(n))
n

∏
i=1

drjdpj = ∫
R×R+

f (r ,u)Wn(r ,u)drdu,

where (r (n), e(n)) ∶= 1
n ∑

n
j=1(rj , ej).

Since Σn(r ,u) ×Σm(r ,u) ⊆ Σn+m(r ,u),

logWn(r ,u) + logWm(r ,u) ≤ logWn+m(r ,u).

S(r ,u) ∶= lim
n→∞

1

n
logWn(r ,u) = sup

n≥1

1

n
logWn(r ,u) ∈ R ∪ {±∞}. Thermodynamic entropy
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Thermodynamic entropy

S(r ,u) ∶= lim
n→∞

1

n
logWn(r ,u) = inf

τ∈R,β>0
{βu − βτ r + G(τ, β)}.

τ(r ,u) = −
1

β(r ,u)

∂S

∂r
(r ,u), β(r ,u) =

∂S

∂u
(r ,u),

dS(r ,u) = −βτdr + βdu =
d/Q

T
,

where d/Q = −τdr + du is the (non-exact) differential (1st principle of thermodynamic).
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Euler equations

Rn,t(G) =
1

n

n

∑
j=1

G (
j

n
) rj(nt) Ð→ ∫

T
G(x)r(t, x)dx

Pn,t(G) =
1

n

n

∑
j=1

G (
j

n
)pj(nt) Ð→ ∫

T
G(x)p(t, x)dx

En,t(G) =
1

n

n

∑
j=1

G (
j

n
) ej(nt) Ð→ ∫

T
G(x)e(t, x)dx

∂tr = ∂xp, ∂tp = ∂xτ(r ,u), ∂te = ∂x (pτ(r ,u)) , u = e −
p2

2
. (2)
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Heuristics (under ergodicity assumption)

ṙj = pj − pj−1, ṗj = V ′
(rj+1) −V ′

(rj), ėj = pjV
′
(rj+1) − pj−1V

′
(rj).

d

dt
Pn,t(G) = ∑

j

G (
j

n
) (V ′

(rj+1(nt)) −V ′
(rj(nt)))

= ∑
j

[G (
j − 1

n
) −G (

j

n
)]V ′

(rj(nt)) = −
1

n
∑
j

G ′
(
j

n
)V ′

(rj(ns)) +O (
1

n
)

= −
1

n
∑
j

G ′
(
j

n
)

1

2k
∑
∣j ′−j ∣≤k

V ′
(rj ′(nt)) +O (

k

n
) .

Since the equilibrium expectation of V ′(rj) is τ , if at time nt the local distribution is
an equilibrium one, we expect the local averaging is, for large k and large n, with
k << n,

1

2k
∑

∣j ′−j ∣≤k

V ′
(rj ′(nt)) ∼ τ (r(t, j/n),u(t, j/n)) ,

Energy conservation has a similar argument.
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Ingredients for the proof of Euler equations

Under the ergodicity assumption on the dynamics, i.e. that the only stationary
translation invariant probability measure for the corresponding infinite system are given
by the canonical Gibbs measures, it is possible to prove such convergence if Euler
equations have smooth strong solutions (Olla-Varadhan-Yau 1993)(Even-Olla 2015).
Beside the ergodicity, there are some technical important conditions:

1. The initial distribution must have finite relative entropy (with respect to the
equilibrium) bounded by cn for some constant c . This implies some local
regularity of the initial distribution with respect to the Lebesgue measure that will
be maintained at later times.

2. The interaction V must have second derivative bounded: supr ∣V
′′(r)∣ ≤ C .

3. Smoothness of the solution of (2). Eventually shock will appear, and the solution
should be in a weak sense. Then uniqueness of the weak solution maybe lost and
we have to select the right solution by entropy dissipation.
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Entropy evolution

denoting u(t, x) = e(t, x) − p(t, x)2/2 (local internal entropy),

d

dt
S(r(t, x),u(t, x)) = (∂rS)∂tr + (∂uS) (∂te − p∂tp)

= −βτ∂xp + β∂x(pτ) − βp∂xτ = 0.

This means that smooth solution do not increase the thermodynamic entropy. It
implies that, in order to get to a global equilibrium, shocks have to appear and produce
thermodynamic entropy, so that to attain the maximum entropy state. This suggest
that a positive entropy production is the criteria to select weak solution of (2). At the
moment there are no results about the uniqueness of the entropy weak solution in the
analysis of (2), this is one of the main open problems in hyperbolic partial differential
equations.
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Mechanical equilibrium

The mechanical equilibrium is reached when τ(u(t, x), r(t, x)) = τ̄ = const and
p(t, x) = p̄ = const.

Recall β = T−1 = ∂uS(u, r), u = e − p2

2 .
The inverse temperature macroscopic profile is given by

∂tβ(t, x) = ∂
2
uS(u, r)∂tu + ∂r∂uS(u, r)∂tr = ∂

2
uS(u, r)τ(u, r)∂xp + ∂r∂uS(u, r)∂xp = 0,

i.e. the temperature profile does not move in the mechanical equilibrium in the Euler
time scale.

The question is in which time scale it evolves (diffusive Ô⇒ heat equation,
superdiffusive Ô⇒ fractional heat equation).
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Equilibrium Fluctuations

We start in equilibrium with P = 0 and τ = 0 (for simplicity) and temperature T = β−1.
Define the fluctuating fields for the conserve quantities

R̃n,t(G) =
1

√
n

n

∑
j=1

G (
j

n
) (rj(nt) − r̄) Ð→ ∫

T
G(x)r̃(t, x)dx

P̃n,t(G) =
1

√
n

n

∑
j=1

G (
j

n
)pj(nt) Ð→ ∫

T
G(x)p̃(t, x)dx

Ẽn,t(G) =
1

√
n

n

∑
j=1

G (
j

n
) (ej(nt) − ē) Ð→ ∫

T
G(x)ẽ(t, x)dx

The initial fluctuations of the three conserved quantities are gaussian (CLT) and evolve
deterministically following the linearized Euler equations:

∂t r̃ = ∂x p̃, ∂t p̃ = c2∂x r̃, ∂t ẽ = 0,

c =
√
∂rτ(r̄ , ū) is the sound velocity.
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Normal Modes

χ± ∶= c r̃ ± p̃ two phonon or sound modes

χ0
∶= ẽ energy or heat mode

they evolve deterministically as

χσ(t, x) = χσ(x + σct), σ = −1,0,1.

Phonon modes evolves ballistically with opposite velocities ±c , heat mode does not
evolve in the Euler scale.
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Beyond Euler time scale?

Numerical evidence since the 90’s showed that the energy mode evolves in a
superdiffusive time scale (cf. Lepri, Livi, Politi PRL 1997).

Nonlinear Fluctuating Hydrodynamics Theory
Van Beijeren PRL 2012, Spohn JSP 2014
This is a mesoscopic approach to catch the superdiffusive macroscopic broadening of
the modes.
Develop Euler equations up to second order and add a dissipative randomness (a
gradient of space-time white noises). This is a system of stochastic Burgers equations.

∂tχ
σ
= σc∂xχ

σ
+ ∂x∑

σ′
Gσ′,σχ

σ′χσ +∑
σ′

(Dσ′,σ∂
2
xχ

σ′
+Bσ′,σ∂xWσ′) , σ = −1,0,1,

where {Wσ(t, x)} are independent space-time white noises.
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Beyond Euler time scale

Nonlinear Fluctuating Hydrodynamics Theory
Van Beijeren PRL 2012, Spohn JSP 2014

∂tχ
σ
= σc∂xχ

σ
+ ∂x∑

σ′
Gσ′,σχ

σ′χσ +∑
σ′

(Dσ′,σ∂
2
xχ

σ′
+Bσ′,σ∂xWσ′) , σ = −1,0,1,

where {Wσ(t, x) are independent space-time white noises.
From a mode coupling analysis of the corresponding correlations

▸ phonon modes Ô⇒ KPZ universal scaling function,

▸ energy mode Ô⇒ 5/3-Levy distribution

If c3 = 0 and τ = 0 (even potential)

▸ phonon modes Ô⇒ diffusive

▸ energy mode Ô⇒ 3/2-Levy distribution
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Mathematical Results

Rigorous mathematical results have been obtained by adding noise directly on the
microscopic hamiltonian dynamics. Noise is such that conserves the three modes,
destroying all other conserved quantities, for example exchanging momentum between
nearest neighbor particles at random times.

▸ This gives the required ergodicity to the infinite system. (Fritz, Funaki, Lebowitz,
PTRF, 1994).

▸ With such stochastic perturbation, compressible Euler Equations can be proven in
the smooth regime (Olla, Varadhan, Yau, CMP 1993; Even, Olla, ARMA, 2014).

▸ Linearized fluctuations on the Euler scale can be proven with a smoother noise
(Olla, Xu, Nonlinearity, 2020, includes also mechanical boundary conditions on the
tension).
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Mathematical Results beyond the Euler Scale

Beyond Euler scaling it is very hard to obtain mathematical results, even in presence of
conservative noise. Results can be obtained for the Harmonic Chain (c3 = 0 = c4):

▸ Thermal diffusivity diverges: superdiffusion of the energy
(Basile, Bernardin, Olla, CMP 2009).

▸ energy mode Ô⇒ 3/2-Levy distribution, and also corresponding fractional
non–stationary superdiffusion given by

∂te = −D ∣∆x ∣
3/4e D = 23γ−1/2

γ > 0 rate of the random exchanges. (Jara, Komorowski, Olla, CMP 2015)

▸ Recentered phonon modes are diffusive (Komorowski, Olla, Nonlinearity, 2016).

Unlike the Euler equation, here the superdiffusive and diffusive equations depend of the
rate γ of the random momentum exchange.
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Weak non-linearity

(work with Kohei Hayashi), arXiv:2510.12922
Infinite dynamics (j ∈ Z), with random nearest neighbor exchanges of velocities with
rate γ, in equilibrium with τ = 0,P = 0 and β > 0.
V is a smooth non-linear and V (0) = V ′(0) = 0. Then we scale it as Vε(r) = ε

−2V (εr):

Vε(r) =
c2

2!
r2
+
c3

3!
εr3

+
c4

4!
ε2r4

+O(ε3
), ck = V (k)

(0).

Choose εn =
1√
n

.

ξ±j =
√
c2rj+1 ± pj , ξ0

j = ej =
p2
j

2
+Vn(rj), ξ̄σj = ξσj −E(ξσj ).

Recentered Fluctuating fields, for σ = −1,0,1

X
σ,n
t (ϕ) =

1
√
n
∑
j∈Z
ξσj (t)ϕ(

[j + σt]

n
)
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Evolution of fluctuating fields

X
σ,n
t (ϕ) =

1
√
n
∑
j∈Z
ξσj (t)ϕ(

[j + σ
√
c2t]

n
)

At time 0 they converge in law to the white noises

X
σ,n
0 (ϕ) Ð→

n→∞
X
σ
0 (ϕ), E [X

σ
0 (ϕ)X σ

′

0 (ϕ)] = 0, if σ ≠ σ′

E [(X
±
0 (ϕ))

2
] =

2

β
∥ϕ∥2

L2 , E [(X
0
0 (ϕ))

2
] =

3

β2
∥ϕ∥2

L2 .

At the hyperbolic time scale nothing moves:

X
σ,n
nt (ϕ) Ð→

n→∞
X
σ
0 (ϕ), σ = −1,0,1.

S. Olla - CEREMADE anomalous transport



Evolution of fluctuating fields

X
σ,n
t (ϕ) =

1
√
n
∑
j∈Z
ξσj (t)ϕ(

[j + σ
√
c2t]

n
)

At time 0 they converge in law to the white noises

X
σ,n
0 (ϕ) Ð→

n→∞
X
σ
0 (ϕ), E [X

σ
0 (ϕ)X σ

′

0 (ϕ)] = 0, if σ ≠ σ′

E [(X
±
0 (ϕ))

2
] =

2

β
∥ϕ∥2

L2 , E [(X
0
0 (ϕ))

2
] =

3

β2
∥ϕ∥2

L2 .

At the hyperbolic time scale nothing moves:

X
σ,n
nt (ϕ) Ð→

n→∞
X
σ
0 (ϕ), σ = −1,0,1.

S. Olla - CEREMADE anomalous transport



Non-linear fluctuations of the phonon modes

At diffusive time scale (n2t) we prove the convergence to the energy solutions of two
uncoupled stochastic Burgers equations with drift:

X
±,n
n2t

(ϕ) Ð→
n→∞
∫ u±(t, x)ϕ(x)dx

∂tu
±
=
γ

4
∂2
xu

±
±

c3

8c2
2

∂x(u
±
)

2
±DV ∂xu

±
+
√
γβ−1∂xẆ

±

DV =
2c2c4 − c2

3

24c3
2

.

Here Ẇ +(t, x), Ẇ −(t, x) are independent standard white noises, γ > 0 is the rate of
the random exchanges of velocities.
Notice that the nonlinear term depends on the presence of c3 ≠ 0 (asymmetric
interaction).
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Kinetic approach

Recall

q̂(k) ∶= ∑
j∈Tn

qj e
−2πikj , p̂(k) ∶= ∑

j∈Tn

pj e
−2πikj , k ∈ T̂n ∶= {0, 1

n , ...,
n−1
n

}.

And consider first the deterministic harmonic chain, eventually with a pinning
potential, i.e.

q̇j(t) = pj(t),

ṗj(t) = (qj+1 − qj)(t) − (qj − qj−1)(t) − ω
2
0qj(t) =∶ ∆qj(t) − ω

2
0qj(t)

∂t q̂(t, k) = p̂(t, k),

∂t p̂(t, k) = −ω(k)
2 q̂(t, k).

k ∈ T̂n.

ω(k) =
√

ω2
0 + 4 sin2(πk), dispersion relation
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Kinetic approach: harmonic case

φ̂(t, k) = ω(k)q̂(t, k) + i p̂(t, k).

Then1

∂t φ̂(t, k) = −iω(k)(i p̂(t, k) + ω(k)q̂(t, k)) = −iω(k)φ̂(t, k).

The explicit solution is given by

φ̂(t, k) = e−itω(k)φ̂(0, k), t ≥ 0, k ∈ T̂n.

Hn =
1

2
∑
j∈Tn

((qj − qj−1)
2
+ ω2

0q
2
j + p2

j ) =
1

2n
∑

k∈T̂n

∣φ̂(k)∣2,

∣φ̂(k)∣2 = ω(k)2
∣q̂(k)∣2 + ∣p̂(k)∣2 energy of the frequency k.

1Similar to the Schrödinger equation i∂tφ =∆φ that gives ∂t φ̂(t, k) = −iω(k)
2φ̂(t, k).
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Wigner distribution

Ŵn(t, η, k) = φ̂(
nt

2
, k −

η

n
)
∗

φ̂(
nt

2
, k +

η

n
) , η ∈ Z, k ∈ T̂n.

For the deterministic linear evolution

Ŵn(t, η, k) = e−itn[ω(k+
η
n
)−ω(k− η

n
)]/2Ŵn(0, η, k)

= e−itω
′(k)ηŴn(0, η, k) +O (

1

n
) .

It can be proven that the limit exists, consequently

Ŵ (t, η, k) ∶= lim
n→∞

Ŵn(t, η, k) = e−itω
′(k)ηŴ (0, η, k), k ∈ T,
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Evolution of the Wigner Distribution: Phonons

Ŵ (t, η, k) ∶= lim
n→∞

Ŵn(t, η, k) = e−itω
′(k)ηŴ (0, η, k), k ∈ T,

W (t,u, k) =
n

∑
η=1

e i2πηuŴ (t, η, k), u ∈ T, k ∈ T, Wigner distribution

∂tW (t,u, k) +
ω′(k)

2π
∂uW (t,u, k) = 0, u ∈ T, k ∈ T,

i.e. W (t,u, k) =W (0,u − ω̄′(k)t, k), with ω̄′(k) = ω′(k)
2π .

k-Phonon moves, without interacting with the other phonons, with velocity

ω̄′(k) =
ω′(k)

2π
=

8π sin(πk) cos(πk)

4π
√

ω2
0 + 4 sin2(πk)

=
sin(2πk)

√

ω2
0 + 4 sin2(πk)

.
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Random exchanges of velocities

Ln = An + γSn,

An = ∑
j∈Tn

{pj∂qj + [V ′
(qj+1 − qj) −V ′

(qj − qj−1)]∂pj} .

SnF (r,p) =
n

∑
j=1

[F (r,pj ,j+1
) − F (r,p)] ,

where pj ,j+1 is the configuration p after the exchange pj ↔ pj+1.

For every couple (j , j + 1) there is a Poisson process Nj ,j+1(t) that exchanges the
velocities pj ↔ pj+1.

q̇j(t) = pj(t),

ṗj(t) = V ′
(qj+1(t) − qj(t)) −V ′

(qj(t) − qj−1(t))

+ (pj+1(t
−
) − pj(t

−
))dNj ,j+1(γt) + (pj−1(t

−
) − pj(t

−
))dNj−1,j(γt).
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Random exchanges of velocities

Ln = An + γSn,

An = ∑
j∈Tn

{pj∂qj + [V ′
(qj+1 − qj) −V ′

(qj − qj−1)]∂pj} .

SnF (r,p) =
n

∑
j=1

[F (r,pj ,j+1
) − F (r,p)] ,

where pj ,j+1 is the configuration p after the exchange pj ↔ pj+1.
For every couple (j , j + 1) there is a Poisson process Nj ,j+1(t) that exchanges the
velocities pj ↔ pj+1.

q̇j(t) = pj(t),

ṗj(t) = V ′
(qj+1(t) − qj(t)) −V ′

(qj(t) − qj−1(t))

+ (pj+1(t
−
) − pj(t

−
))dNj ,j+1(γt) + (pj−1(t

−
) − pj(t

−
))dNj−1,j(γt).
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Random exchange of velocities

q̇j(t) = pj(t),

ṗj(t) = V ′
(qj+1(t) − qj(t)) −V ′

(qj(t) − qj−1(t))

+ (pj+1(t
−
) − pj(t

−
))dNj ,j+1(γt) + (pj−1(t

−
) − pj(t

−
))dNj−1,j(γt).

This stochastic exchanges impose that every stationary measure for Ln has to be
excheangeable in the pj . This is enough, when n →∞, for ensuring that only canonical
Gibbs measure are the only regular stationary translation invariant measure
(Fritz-Funaki-Lebowitz 1994). This happens for any interaction V , even those where
the ergodicity was not true for the deterministic dynamics (like the harmonic or the
Toda lattice).
We should also remark that the corresponding Euler equation will not depend on γ, i.e.
are the same as in the deterministic case.
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Phonon scattering by random exchange of velocities

We rescale γ with n as γ = γ̃
n .

q̇j(t) = pj(t),

ṗj(t) = V ′
(qj+1(t) − qj(t)) −V ′

(qj(t) − qj−1(t))

+ (pj+1(t
−
) − pj(t

−
))dNj ,j+1(γ̃t/n) + (pj−1(t

−
) − pj(t

−
))dNj−1,j(γ̃t/n).

so that at time nt each couple has a finite number of exchanges.

φ̂(t, k) = ω(k)q̂(t, k) + i p̂(t, k).

is now a random process.

Ŵn(t, η, k) = E(φ̂(
nt

2
, k −

η

n
)
∗

φ̂(
nt

2
, k +

η

n
)) , η ∈ Z, k ∈ T̂n.
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Kinetic limit

Ŵn(t, η, k) = E(φ̂(
nt

2
, k −

η

n
)
∗

φ̂(
nt

2
, k +

η

n
)) , η ∈ Z, k ∈ T̂n.

In (Basile-Olla-Spohn, ARMA 2009) is proven that for n →∞ the Ŵn(t, η, k)
converges to the solution of

∂tW (t, x , k) + ω̄′(k)∂xW (t, x , k) = γ̃ ∫
T
R(k, k ′) (W (t, x , k ′) −W (t, x , k)) dk ′, (3)

x ∈ T, k ∈ T and
R(k , k ′) = 4 sin2

(πk) sin2
(πk ′). (4)

This is the forward equation for the Markov process of a particle (phonon) of mode k
that move with velocity ω̄′(k), and change mode to k ′ with rate R(k , .k ′).
Notice that the uniform measure on k is the stationary measure for the scattering part
of the equation (i.e. equidistribution on the frequencies).
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Kinetic limit (idea of the proof)

The proof of (48) requires some long but elementary computations, and one mian
argument: denoting

CF (k) = γ̃ ∫
T
R(k , k ′) (F (k ′) − F (k)) dk ′ (5)

and the anti-Wigner distribution

Ŷn(t, η, k) = E [φ̂(
nt

2
, k +

η

n
) φ̂(

nt

2
,−k +

η

n
)] , η ∈ Z, k ∈ T̂n, (6)

the long calculations gives a non closed evolution equation for Ŵn:

∂tŴn(t, η, k) + ω
′
(k)∂xŴn(t, η, k) = CŴn(t, η, k)

+
1

2
CŶn(t, η, k) +

1

2
CŶn(t, η, k)

∗
+O (

1

n
) ,

u ∈ T, k ∈ T.

(7)
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Kinetic limit (idea of the proof)

Now notice that

Ŷn(t,0, k) = E [φ̂(
nt

2
, k) φ̂(

nt

2
,−k)]

= E [ω(k)2q̂ (
nt

2
, k) q̂ (

nt

2
,−k) − p̂ (

nt

2
, k) p̂ (

nt

2
,−k)]

= E [ω(k)2
∣q̂ (

nt

2
, k)∣

2

− ∣p̂ (
nt

2
, k)∣

2

] ,

i.e. is the difference between the potential energy and the kinetic energy of the mode
k . In equilibrium these quantities have the same expectations (equipartition) and it
turns out that taking the time average

∫

t

0
Ŷn(s, η, k) ds Ð→

n→∞
0.
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Pinned (optical) harmonic chain: diffusive behavior of the phonons

∂tW (t, x , k) + ω̄′(k)∂xW (t, x , k) = γ̃ ∫
T
R(k , k ′) (W (t, x , k ′) −W (t, x , k)) dk ′,

x ∈ T, k ∈ T and
R(k , k ′) = 4 sin2

(πk) sin2
(πk ′).

ω̄′(k) =
ω′(k)

2π
=

8π sin(πk) cos(πk)

4π
√

ω2
0 + 4 sin2(πk)

=
sin(2πk)

√

ω2
0 + 4 sin2(πk)

.

If ω2
0 > 0 (pinned or optical chain), ω̄′(k) → 0 for ∣k ∣ → 0.
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Pinned (optical) harmonic chain: diffusive behavior of the phonons

Forward equation of a Markov process (X (t),K(t)) on T ×T, where

X (t) = X (0) + ∫
t

0
ω̄′(K(s)) ds,

while K(t) is an autonomous jump process on T whose generator is the collision
operator C defined by

CF (k) = R(k)γ̃ ∫
T
R(k ′) (F (k ′) − F (k)) dk ′, R(k) = 2 sin2

(πk).

The process K(t) has a unique stationary reversible measure given by the Lebesgue
(i.e. uniform) measure on T. Furthermore notice that

∫ ω̄′(k)dk = 0,

i.e. the average velocity of X (t) is null.
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Pinned (optical) harmonic chain: diffusive behavior of the phonons

We can prove that
lim
ε→0

{εX (ε−2t), t ≥ 0} = {B(t), t ≥ 0} , (8)

where B(t) is a brownian motion with variance E(B(t)) = Dt where

D = γ̃−1
∫
T

ω̄′(k)2

R(k)
dk = γ̃−1

∫
T

sin2(2πk)

(ω2
0 + 4 sin2(πk))2 sin2(πk)

dk

= γ̃−1
∫
T

2 cos2(πk)

(ω2
0 + 4 sin2(πk))

dk.

Notice that D → +∞ if ω0 → 0, that suggest a superdiffusive behaviour for the
unpinned chain.
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Proof of diffusion in pinned chain

Notice that ∫TR(k)dk = 1, then we have an explicit solution for the equation

Cf (k) = ω̄′(k), k ∈ T ∶ f (k) = −
ω̄′(k)

γ̃R(k)

Consequently

X (t) = X (0) + ∫
t

0
Cf (K(s)) ds. (9)

From the general theory of Markov processes, ε ∫
ε−2t

0 Cf (K(s)) ds is a martingale with
quadratic variation

ε2
∫

ε−2t

0
[f (K(s))Cf (K(s)) − 2Cf 2

(K(s))] ds
a.s.
Ð→
ε→0

t ∫
T
f (k)Cf (k) dk = tD

by the ergodicity of the process K(t). This is enough to characterize the limiting
process.
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Diffusive equation for the phonons in Pinned chain

As consequence of the previous theorem we have the convergence of the solution of

∂tW (t, x , k) + ω̄′(k)∂xW (t, x , k) = γ̃ ∫
T
R(k , k ′) (W (t, x , k ′) −W (t, x , k)) dk ′,

to
W (ε−2t, ε−1x , k)Ð→

ε→0
T (t, x),

where T is the solution of the heat equation

∂tT (t, x) = D∂2
xT (t, x).

Thermal boundary conditions can be included (Basile-Komorowski-Olla KRM 2016).
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3/2-Levy superdiffusion for the energy in the unpinned chain

From the explicit expression of the diffusion coefficient D we see that it diverges when
ω0 → 0. In fact in the unpinned chain (ω0 = 0), the velocity

ω̄′(k) = sign(k) cos(πk)

does not converges to 0 as k → 0, while these longwave modes scatters very little
(R(k) → 0 as k → 0). The phonon when is in a low mode k , move ballistically with a
non-null velocity ω̄′(k) scattering very rarely, then this happens it changes mode to a
higher k, diffuse but sometimes scatters to a low mode and move ballistically again.
This give rise to a Levy superdiffusion and it can be proven that
(Jara-Komorowski-Olla 2009, Basile-Bovier 2009)

{εX (ε−3/2t), t ≥ 0}Ð→
ε→0

{L(t), t ≥ 0} (10)

where L(t) is the Markov process generated by −∣∆∣3/4.
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3/2-Levy superdiffusion for the energy in the unpinned chain

−∣∆∣3/4 is fractional laplacian is defined as follows. Consider the ON base for the
Laplacian on T: ψk(x) = e i2πkx , k ∈ Z, then

∣∆∣
αf (x) = ∑

k∈Z
f̂ (k)∣2πk ∣2αψk(x)

∗.

For α ≠ 1 it can also be (formally) written as

− ∣∆∣
αf (x) = ∫

T
K(x , y) (f (y) − f (x)) dy , (11)

with

K(x , y) =
∞

∑
n=0

4αΓ (1
2 + α)

π1/2∣Γ(−s)∣

1

∣x − y + n∣1+2α
. (12)

in the sense that

−∣∆∣
αf (x) = lim

r→0+
∫
T∖Br (x)

K(x , y) (f (y) − f (x))dy .

Notice the non-locality of this operator if α ≠ 1.
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Fractional heat equation for unpinned chain

As consequence of the previous theorem we have the convergence

W (ε−3/2t, ε−1x , k)Ð→
ε→0

T (t, x),

where T is the solution of the fractional heat equation

∂tT (t, x) = −γ−1/2
∣∆x ∣

3/4T (t, x).

Tomasz will explain in the next lectures how to obtain directly the fractional heat
equation as a direct Hydrodynamic limit without passing through the kinetic limit.
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Heuristic of the Levy superdiffusion

For ε > 0 very small (and N ∼ ε−3/2)

ε (X (ε−3/2t) −X (0)) ∼
1

N2/3

[Nt]

∑
j=0

ω̄′(K̃j)
1

R(K̃j)
τj

where {K̃j}j ≥ 1 is the embedded Markov chain (p(k ′, k) = R(k)), R(k) ∼ k2 for
k → 0, {τj}j≥1 are exponential i.i.d.
The stationary measure for the embedded chain is π̃(dk) = R(k)dk.

π̃ (
1

R(k)
> λ) = π̃ (R(k) < λ−1) ∼ π̃ (∣k ∣ < λ−1/2

) ∼ ∫

λ−1/2

0
k2dk ∼ λ−3/2
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Harmonic Chain with Random Masses

(F. Huveneers, C. Bernardin, S.Olla, 2017)

{mj} i.i.d. with absolutely continuous distribution,
0 < m− ≤ mj ≤ m+,
m = E(mx).

mj q̇j(t) = pj(t), ṗj(t) = ∆qj(t), j = 1, . . . ,N

with q0 = q1 and qN+1 = qN as boundary conditions.
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Gibbs States, Local Gibbs States

The Gibbs states are characterized by three parameters: β > 0 and p, r ∈ R. Its
probability density writes

N

∏
j=1

e
−
βmj

2
(

pj
mj
−

p
m
)

2

−
β
2
(rj−r)

2

Z(β,p, r ,mj)
.

We start with a local Gibbs state:

N

∏
j=1

e
−
β(j/N)mx

2
(

pj
mj
−

p(j/N)
m

)
2

−
β(j/N)

2
(rj−r(j/N))2

Z(β(j/N),p(j/N), r(j/N),mj)
.
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Harmonic Chain with Random Masses: hydrodynamic limit

Almost surely with respect to {mx}:

< r[Ny](Nt) >,< p[Ny](Nt) >,< EEE[Ny](Nt) > ⇀ (r(y , t),p(y , t), e(y , t))

∂tr(t, y) =
1

m
∂yp(t, y)

∂tp(t, y) = ∂y r(t, y)

∂te(t, y) =
1

m
∂y (r(t, y)p(t, y))

with initial conditions:

r(y ,0) = r(y), p(y ,0) = p(y), e(y ,0) =
1

β(y)
+
p2(y)

2m
+
r2(y)

2
.
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Random Masses: Localization of Thermal Modes

Equation of motion can be written as

r̈j = −(∇
∗M−1

∇r)j (1 ≤ j ≤ N − 1), p̈j = (∆M−1p)
j

(1 ≤ j ≤ N),

where Mj ,j ′ = δj ,j ′mj .

M−1/2
(−∆)M1/2ϕk

= ω2
k ϕ

k , k = 0, . . . ,N − 1.

ψk
=M−1/2ϕk , M−1∆ψk

= ω2
kψk

r(t) =
N−1

∑
k=1

(
⟨∇ψk , r(0)⟩

ωk
cosωkt + ⟨ψk ,p(0)⟩ sinωkt)

∇ψk

ωk
,

p(t) =
N−1

∑
k=0

(⟨ψk ,p(0)⟩ cosωkt −
⟨∇ψk , r(0)⟩

ωk
sinωkt)Mψk .
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Localization of Thermal Modes

Localization length ξk diverges with N:

ξ−1
k ∼ ω2

k ∼ (
k

N
)

2

,

only the modes k >
√
N are localized.

More precisely: for 0 < α < 1
2

E
⎛

⎝

N−1

∑
k=N1−α

∣ψk
j ψ

k
j ′ ∣
⎞

⎠
≤ Ce−cN

−2α∣j−j ′∣.

This estimate is enough to prove that thermal modes remains localized and do not
move macroscopically.
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Random masses: Larger time scales

Assume for simplicity that we are in a mechanical equilibrium:

⟨⟨⟨ rj(0) ⟩⟩⟩ = 0, ⟨⟨⟨ pj(0) ⟩⟩⟩ = 0,

(only thermal energy present)
but not in thermal equilibrium, then, for any α ≥ 1

< EEE[Ny](N
αt) > Ð→

N to∞
e (0, y) = C̄(β(y))

NO evolution for the temperature profile at any scale!

In particular, for α = 2 (diffusive scaling), thermal diffusivity is null.

All this results can be extended to the quantum harmonic chain with random masses
(Hannani CMP 2021)
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Thermal boundaries: Langevin Heat BathHeat transport in low dimensions 3

T+ T−

Fig. 2 A one-dimensional chain of coupled oscillators interacting with two thermal reservoirs ad
different temperatures T+ and T−.

qn, described by the Hamiltonian

H =
N

∑
n=1

[
p2n
2m

+U(qn)+V(qn+1− qn)
]

. (1)

The potential V (x) accounts for the nearest-neighbour interactions between con-
secutive particles, while the on-site potential U(qn) takes into account the pos-
sible interaction with an external environment (either a substrate, or some three-
dimensional matrix). The corresponding evolution equations are

mq̈n = −U ′(qn)−F(rn)+F(rn−1) , n= 1, . . . ,N , (2)

where rn = qn+1− qn, F(x) = −V ′(x), and the prime denotes a derivative with re-
spect to the argument. Usually qn denotes the longitudinal position along the chain,
so that

L=
N

∑
n=1

rn , (3)

represents the total length of the chain (which, in the case of fixed b.c., is a constant
of motion). Different kinds of boundary conditions may and will be indeed used in
the various cases. For instance, if the particles are confined in a simulation “box” of
length L with periodic boundary conditions,

qn+N = qn + L . (4)

Alternatively one can adopt a lattice interpretation, in which case, the (discrete) po-
sition is zn = an (where a is lattice spacing), while qn is a transversal displacement.
Thus, the chain length is obviously equal to Na.
The Hamiltonian (1) is generally a constant of motion. In the absence of an on-

site potential (U = 0), the total momentum is conserved, as well,

P=
N

∑
n=1

pn ≡ ∑
N=1

mq̇n . (5)

Heat transport in low dimensions 3

T+ T−

Fig. 2 A one-dimensional chain of coupled oscillators interacting with two thermal reservoirs ad
different temperatures T+ and T−.

qn, described by the Hamiltonian

H =
N

∑
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[
p2n
2m

+U(qn)+V(qn+1− qn)
]

. (1)

The potential V (x) accounts for the nearest-neighbour interactions between con-
secutive particles, while the on-site potential U(qn) takes into account the pos-
sible interaction with an external environment (either a substrate, or some three-
dimensional matrix). The corresponding evolution equations are

mq̈n = −U ′(qn)−F(rn)+F(rn−1) , n= 1, . . . ,N , (2)

where rn = qn+1− qn, F(x) = −V ′(x), and the prime denotes a derivative with re-
spect to the argument. Usually qn denotes the longitudinal position along the chain,
so that

L=
N

∑
n=1

rn , (3)

represents the total length of the chain (which, in the case of fixed b.c., is a constant
of motion). Different kinds of boundary conditions may and will be indeed used in
the various cases. For instance, if the particles are confined in a simulation “box” of
length L with periodic boundary conditions,

qn+N = qn + L . (4)

Alternatively one can adopt a lattice interpretation, in which case, the (discrete) po-
sition is zn = an (where a is lattice spacing), while qn is a transversal displacement.
Thus, the chain length is obviously equal to Na.
The Hamiltonian (1) is generally a constant of motion. In the absence of an on-

site potential (U = 0), the total momentum is conserved, as well,

P=
N

∑
n=1

pn ≡ ∑
N=1

mq̇n . (5)

q̇j(t) = pj(t),

dpj(t) = ∆qj(t)dt

+ (pj+1(t
−
) − pj(t

−
))dNj ,j+1(γ̃t/n) + (pj−1(t

−
) − pj(t

−
))dNj−1,j(γ̃t/n)

− δj ,0p0(t)dt +
√

2TdW0(t)
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Kinetic equation with thermal boundary

ν(k) = (1 + γJ̃(−iω(k)))
−1
, J̃(λ) = ∫

T

λ

λ2 + ω2(k)
dk.

Re ν(k) = (1 +
γπ

∣ω′(k)∣
) ∣ν(k)∣2

g(k) =
2πγ∣ν(k)∣2

∣ω′(k)∣
absorbtion probability

p+(k) = ∣1 −
γπν(k)

∣ω′(k)∣
∣

2

transmission probability

p−(k) = ∣
γπν(k)

∣ω′(k)∣
∣

2

reflection probability

g(k) + p+(k) + p−(k) = 1
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Kinetic equation with thermal boundary

T.Komorowski, L.Ryzhik, S.O., H.Spohn, ARMA (2020)

∂tW (t, y , k) +
ω′(k)

2π
∂yW (t, y , k) = CW (t, y , k), y ∈ R ∖ {0}

with boundary conditions:

W (t,0+, k) = p−(k)W (t,0+,−k) + p+(k)W (t,0−, k) + g(k)T , 0 < k < 1/2

W (t,0−, k) = p−(k)W (t,0−,−k) + p+(k)W (t,0+, k) + g(k)T , −1/2 < k < 0

Since g(k) + p+(k) + p−(k) = 1, we have that

W (t, y , k) = T is a stationary solution.

Without the thermostat: Basile, O., Spohn, ARMA 2009.
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Diffusive behaviour with thermal BC: γ′ > 0, γ > 0

Giada Basile, Tomasz Komorowki, S.O.,
Kinetic and Related Models, AIMS, (2019)
In the cases of bulk diffusive behavior: ω′(k) ∼ k (optical chain)

W (λ2t, λy , k) Ð→
λ→0

e(t, y)

∂te = D∂yye, y ≠ 0, D =
1

4π2γ′
∫

ω′(k)2

R(k)
dk

e(t,0+) = T = e(t,0−)

Reflection and transmission of phonons are irrelevant in this time scale: phonons gets
absorbed and created such that energy density is T at y = 0.
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Superdiffusive behaviour with thermal boundary

Tomasz Komorowki, S.O., Lenya Rhyzik, Ann. of Prob. (2020)
Situation is different in the super-diffusive case.

∂tW (t, y , k) +
ω′(k)

2π
∂yW (t, y , k) = ∫ R(k , k ′) (W (k ′) −W (k))

R(k , k ′) = R(K)R(k ′), R(k) ∼ ∣k ∣2, ∣ω′(k)∣ ∼ 2, k ∼ 0,

W (t,0+, k) = p−(k)W (t,0+,−k) + p+(k)W (t,0−, k) + g(k)T , 0 < k < 1/2

W (t,0−, k) = p−(k)W (t,0−,−k) + p+(k)W (t,0+, k) + g(k)T , −1/2 < k < 0

R(k, k ′) ∼ 0, k ∼ 0,

the phonon is crossing the thermostat when k ∼ 0.
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Superdiffusive behaviour with thermal boundary

Tomasz Komorowki, S.O., Lenya Rhyzik, Ann. of Prob. (2020)
For k → 0, g(k) → g0 > 0, p−(k) → p−(0) > 0.

W (λ3/2t, λy , k) Ð→
λ→0

e(t, y)

∂te(t, y) = − ĉ ∣∆∣
3/4e(t, y)

+ ĉg0 ∫

yy ′<0

q(y − y ′)(T − e(t, y ′))dy ′

+ ĉp−(0) ∫
yy ′<0

q(y − y ′)(e(t,−y ′) − e(t, y))dy ′.

q(y) =
c

∣y ∣5/4
kernel of ∣∆∣

3/4.
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How hot is the sun?
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Why? It has been a mistery for a while

Article https://doi.org/10.1038/s41467-023-41029-8

Polarisation of decayless kink oscillations of
solar coronal loops

Sihui Zhong 1, Valery M. Nakariakov 1,2 , Dmitrii Y. Kolotkov 1,3,
Lakshmi Pradeep Chitta 4, Patrick Antolin 5, Cis Verbeeck6 &
David Berghmans 6

Decayless kink oscillations of plasma loops in the solar coronamay contain an
answer to the enigmatic problem of solar and stellar coronal heating. The
polarisation of the oscillations gives us a unique information about their
excitation mechanisms and energy supply. However, unambiguous determi-
nation of the polarisation has remained elusive. Here, we show simultaneous
detection of a 4-min decayless kink oscillation from two non-parallel lines-of-
sights, separated by about 104∘, provided by unique combination of the High
Resolution Imager on Solar Orbiter and the Atmospheric Imaging Assembly on
Solar Dynamics Observatory. The observations reveal a horizontal or weakly
oblique linear polarisation of the oscillation. This conclusion is based on the
comparison of observational results with forward modelling of the observa-
tional manifestation of various kinds of polarisation of kink oscillations. The
revealed polarisation favours the sustainability of these oscillations by quasi-
steady flows which may hence supply the energy for coronal heating.

The outermost, fully-ionised and magnetically-dominated part of the
atmosphere of the Sun, the corona, attracts our attention as the
birthplace of extreme events of space weather, such as flares and
coronal mass ejections1. The corona is a natural plasma physics
laboratory allowing for high-resolution study of basic phenomena
which are of interest for various astrophysical, geophysical and
laboratory plasma physics applications. The corona offers us several
enigmatic puzzles, such as the rapid release of the magnetic energy,
and heating of the plasma to temperatures about three orders of
magnitude higher than the surface temperature. One of the most
rapidly developing avenues of modern coronal physics is the study of
magnetohydrodynamic (MHD) wave phenomena, see, e.g., ref. 2.
Coronal waves are of specific interest as possible agents of coronal
heating, see, e.g., ref. 3, seismological probes of the coronal plasma
structures e.g., refs. 4–7, and an important element of flaring energy
releases, e.g., ref. 8. A ubiquitous phenomenon are transverse, or kink,

oscillations of coronal plasma loops9, which appear in two different
regimes. Large-amplitude rapidly-decaying kink oscillations are nor-
mally excited by displacements of the loops from the equilibrium,
caused by low-coronal eruptions10, and decay by resonant absorption
(e.g., ref. 11) and/or by Kelvin–Helmholtz instability (KHI, e.g.,
refs. 12,13). The nature of another type, low-amplitude decayless kink
oscillations14–17 is subject to intensive ongoing studies. The mechan-
isms which could counteract the oscillation damping are random
footpoint movements, e.g., refs. 18–20 and quasi-stationary coronal,
chromospheric or photospheric flows, e.g., refs. 21–23, or their
combination24. Alternative mechanisms for the apparent decayless
behaviour are the Kelvin-Helmholtz instability25 and a pattern of
interference fringes26. In addition, field-aligned flows such as coronal
rain could be accompanied by decayless kink oscillations27,28.

In contrast with large-amplitude decaying kink oscillations which
are relatively rare and therefore cannot contribute to coronal heating,
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Another example (in a different scale): the mitocondria
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Another example (in a different scale): the mitocondria

PRIMER

Hot mitochondria?

Nick Lane*

Department of Genetics, Evolution and Environment, University College London, London, United Kingdom

* nick.lane@ucl.ac.uk

Abstract

Mitochondria generate most of the heat in endotherms. Given some impedance of heat

transfer across protein-rich bioenergetic membranes, mitochondria must operate at a higher

temperature than body temperature in mammals and birds. But exactly how much hotter

has been controversial, with physical calculations suggesting that maximal heat gradients

across cells could not be greater than 10−5 K. Using the thermosensitive mitochondrial-tar-

geted fluorescent dye Mito Thermo Yellow (MTY), Chrétien and colleagues suggest that

mitochondria are optimised to nearly 50 ˚C, 10 ˚C hotter than body temperature. This

extreme value questions what temperature really means in confined far-from-equilibrium

systems but encourages a reconsideration of thermal biology.

Self-respecting scientists might be inclined to back away from the claims made by Chrétien

and colleagues in PLOS Biology this week: mitochondria in endothermic mammals operate

optimally at close to 50 ˚C [1]. That is a radical claim, and if it is true, how come we didn’t

know something so important long ago? If it isn’t true, then why is it figuring so prominently

in the pages of a respected journal and how did it get through peer review? The answer is that

this finding challenges many of our cherished beliefs, whether it is right or wrong, or perhaps

more probably somewhere in between.

Molecular probes

The study uses the thermosensitive dye Mito Thermo Yellow (MTY), which accumulates in

the mitochondrial matrix depending on the membrane potential [2]. Within the matrix, MTY

appears to bind to the matrix isoform of aldehyde dehydrogenase 2 (ALDH2), although its

exact submitochondrial location is uncertain [3]. The fluorescence of MTY falls by around

2.7% for each 1 ˚C rise in temperature in aqueous solution; hence, in principle, this allows cali-

bration of the temperature right next to the main source of heat in cells, the mitochondrial

inner membrane [1,2].

Many other variables could potentially affect its fluorescence, notably pH, oxygen tension,

superoxide production, and membrane potential, but Chrétien and colleagues controlled for

these variables as well as can readily be done given that MTY quickly leaks out of uncoupled

mitochondria, abolishing a meaningful signal [1]. That precluded a closer analysis of other

possible confounding factors, such as changes in Ca2+ concentration. Like other rosamine-

based dyes, MTY fluorescence can be quenched by aggregation at high concentrations, but the
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Stationary non-equilibrium states

These are stationary states of the system (in the time scale we are interested they do
not change in time) where there is a constant flux of energy (and eventually mass or
other quantities).

These are called non-equilibrium stationary states, opposite to equilibrium
stationary states, where there is no flux of energy or other quantities.

The fluxes are of quantities that are conserved by the dynamics in the bulk of the
system, and are caused by difference in the boundary conditions.
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Harmonic chain with velocity random flip

Joint works with Tomasz Komorowski and Marielle Simon.

q0 q1 qnqx−1 qx qx+1

rx

T− T+

τ̄+(t)

Chain of n harmonic springs,
▸ with random velocity sign flip,
▸ in contact with two Langevin thermostats,
▸ pulled on one side by a force τ̄ .

ri = qi − qi−1, i = 1, . . . ,N.

(r,p) = (r1, . . . , rN ,p0, . . . ,pN) ∈ RN
×RN+1.

Hn ∶= ∑
i

{
p2
i

2
+
r2
i

2
} +

p2
0

2
.

Two (locally) conserved quantities:

∑
i

ri volume, ∑
i

ei = ∑
i

(
p2
i

2
+
r2
i

2
)

S. Olla - CEREMADE anomalous transport



Harmonic chain with velocity random flip

Joint works with Tomasz Komorowski and Marielle Simon.

q0 q1 qnqx−1 qx qx+1

rx

T− T+

τ̄+(t)

Chain of n harmonic springs,
▸ with random velocity sign flip,
▸ in contact with two Langevin thermostats,
▸ pulled on one side by a force τ̄ .

ri = qi − qi−1, i = 1, . . . ,N.

(r,p) = (r1, . . . , rN ,p0, . . . ,pN) ∈ RN
×RN+1.

Hn ∶= ∑
i

{
p2
i

2
+
r2
i

2
} +

p2
0

2
.

Two (locally) conserved quantities:

∑
i

ri volume, ∑
i

ei = ∑
i

(
p2
i

2
+
r2
i

2
)

S. Olla - CEREMADE anomalous transport



Harmonic chain with velocity random flip

Chain of n harmonic springs,

▸ with random velocity sign flip,

▸ in contact with two Langevin thermostats,

▸ pulled on one side by a force τ̄ .

rx = qx − qx−1, x = 1, . . . ,n, Hn ∶= ∑
n
i=1 {

p2
i

2 +
r2
i
2 } +

p2
0

2 .

q̇x(t) = px(t), x ∈ {0, . . . ,n},

ṗx(t) = ∆qx − 2px(t−)dNx(γt), x ∈ {1, . . . ,n − 1},

Two (locally) conserved quantities:

∑
i

ri volume, ∑
i

ei = ∑
i

(
p2
i

2
+
r2
i
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)
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Unpinned harmonic chain with random velocity flip

Macroscopic behaviour

r[ny](n
2t) ⇀

n→∞
r(t, y)

E[ny](n
2t) ⇀

n→∞
e(t, y) =

1

2
(T (t, y) + r2

(t, y))

∂tr =
1

2γ
∂2
y r , r(t,0) = 0, r(t,1) = τ̄+

∂tT =
1

4γ
∂2
yT +

1

2γ
(∂y r)

2 , T (t,0) = T−, T (t,1) = T+.
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Stationary Non-equilibrium state

rss(x) = τ̄+x

∂2
xT (x) + 2 τ̄2

+ = 0,

T (0) = T−, T (1) = T+.

Explicit solution

T (x) = τ̄2
+ x(1 − x) + (T+ −T−)x +T−, x ∈ [0,1].
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Periodic forcing: work and heat

q0 q1 qnqx−1 qx qx+1

rx

T−

Fn(t)

q̇x(t) = px(t), x ∈ {0, . . . ,n},

ṗx(t) = V ′
(qx+1 − qx) −V ′

(qx − qx−1) − 2px(t−)dNx(γt), x ∈ {1, . . . ,n − 1},

dp0(t) = V ′
(q1 − q0)dt−2γp0(t)dt +

√
4γT−dw−(t)

dpn(t) = −V ′
(qn(t) − qn−1)dt +Fn(t)dt

Fn(t)= cos(wt)
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Work and Neumann boundary condition

Wn(t) =
1

n ∫
n2t

0
Fn(s)pn(s)ds macroscopic work

Wn(t) Ð→
n→∞

WQt

∂tr =
1

2γ
∂2
y r , r(t,0) = 0, r(t,1) = 0

∂tT =
1

4γ
∂2
yT +

1

2γ
(∂y r)

2 , T (t,0) = T−, (∂yT )(t,1) =WQ .
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