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Ruds(s) data and perturbative QCD

2 Diogo Boito 

Inclusive data for R(s) below open charm (Ruds)
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๏ 2021 BES-III results show a tension with pure pQCD. BES-III, 2112.11728, PRL (2022)
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Inclusive data for R(s) below open charm (Ruds)

๏ Do the data agree with perturbative QCD (pQCD)? Possible duality violations (DV)?

๏ Are the data sets mutually compatible? Can the data be combined?

๏ Potential implications for g—2, strong coupling, and charm- and bottom-mass determinations.
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R(s): theory
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R(s) =
3s

4⇡↵2
EM

�(0)(e+e� ! hadrons(+�))
<latexit sha1_base64="Q60P21ALd7qBc831CYtgzywBUGo="></latexit>

⇧V
µ⌫(q

2) = (qµq⌫ � gµ⌫q
2)⇧(q2) = i

Z
d4x eiq·xh0|jVµ (x)jV⌫ (0)†|0i

<latexit sha1_base64="RuUPgVvD/05M1bjNmXqPKksRKbQ="></latexit>

๏ Correlator of two vector currents

⇢(s) =
1

⇡
Im⇧(s+ i0)

<latexit sha1_base64="Qp5ZVsmp9Ko/0yFQBpHKfgaZGkU=">AAACEXicbVDLSgMxFM34rPU16tJNsAhThDJTBd0IRTe6q2Af0BlKJs20oUlmSDJCGfoLbvwVNy4UcevOnX9j2s5CWw/cy+Gce0nuCRNGlXbdb2tpeWV1bb2wUdzc2t7Ztff2mypOJSYNHLNYtkOkCKOCNDTVjLQTSRAPGWmFw+uJ33ogUtFY3OtRQgKO+oJGFCNtpK7t+HIQO6oML6EfSYQzb5z5CTVNcnjLx36dOuqEuuWuXXIr7hRwkXg5KYEc9a795fdinHIiNGZIqY7nJjrIkNQUMzIu+qkiCcJD1CcdQwXiRAXZ9KIxPDZKD0axNCU0nKq/NzLElRrx0ExypAdq3puI/3mdVEcXQUZFkmoi8OyhKGVQx3ASD+xRSbBmI0MQltT8FeIBMsFoE2LRhODNn7xImtWKd1qp3p2Vald5HAVwCI6AAzxwDmrgBtRBA2DwCJ7BK3iznqwX6936mI0uWfnOAfgD6/MHYoWcGQ==</latexit>

๏ Usual definition of R(s)

spectral function

jEM
µ = Qu ū�µu+Qd d̄�µd+Qs s̄�µs =

1

2
(ū�µu� d̄�µd) +

1

6
(ū�µu+ d̄�µd� 2s̄�µs)

<latexit sha1_base64="Z1mLKV8ZcKKl493TpU+iZoZyJ1k="></latexit>

๏ EM current for the R(s):

I = 0I = 1
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๏ EM current for the R(s):

I = 0I = 1

↵s
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D(q2) = �q2
d

dq2
⇧(q2) =

Nc

12⇡2

⇣
1 + bD(q2)

⌘

<latexit sha1_base64="QTSVjQpTuPejCezFTi3fD8RQCfY="></latexit>

๏ We will work with the Adler function when discussing pQCD

hatted quantities contain only    corrections
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Ruds(s) = 12⇡2⇢EM(s) = Nc

X

q=u,d,s

Q2
q

⇣
1 + �(0)↵s

+ �DVs + �m2
q
+ �EM

⌘

<latexit sha1_base64="OkTBCJjSU+F+tzQxXeAMmnjK2Rc="></latexit>



: pQCD contribution (      corrections, dominant). ↵s
<latexit sha1_base64="fQFQ26Crymgf7FY2AWTKPFjxqyg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR93S9X3Ko7B1klXk4qkKPRL3/1BjFNIyYNFah113MT42eoDKeCTUu9VLME6RiHrGupxIhpP5vfOyVnVhmQMFa2pCFz9fdEhpHWkyiwnRGakV72ZuJ/Xjc14bWfcZmkhkm6WBSmgpiYzJ4nA64YNWJiCVLF7a2EjlAhNTaikg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTaAg4Ble4c15dF6cd+dj0Vpw8plj+APn8wcaNpAC</latexit>
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: quark-hadron DV contribution, potential residual oscillations around pQCD due to tail of resonances.

: pQCD contribution (      corrections, dominant). ↵s
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: perturbative quark-mass corrections (in practice only strange-quark is relevant, but small).

: quark-hadron DV contribution, potential residual oscillations around pQCD due to tail of resonances.
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small OPE condensate contributions suppressed by       and 1/s not included ↵s
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Perturbative Adler function

pQCD contribution

5 Diogo Boito 

๏ pQCD computed with massless quarks. 

๏ Singlet diagram contributions vanish because of the quark charges for Ruds.

bDpert(q
2) =

1X

n=1

ans (µ
2)

n+1X

k=1

k cn,k


log

✓
�q2

µ2

◆�k�1

,
<latexit sha1_base64="9h3P3F6akAF6XCNsJZeplSC2XhY="></latexit>

๏ Coefficients         exactly known up to five loops,            . O(↵4
s)

<latexit sha1_base64="jiHRY8zeRad/sGPnPV3j6TaOJ0A=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqJuS1IIui27cWcE+oInhZjpph04ezEyEErLxV9y4UMStn+HOv3HSZqGtBy4czrmXe+/xYkaFNM1vrbSyura+Ud6sbG3v7O7p+wddESUckw6OWMT7HgjCaEg6kkpG+jEnEHiM9LzJde73HgkXNArv5TQmTgCjkPoUg1SSqx/ZAcgxBpbeZjUbWDwGVzw0z1y9atbNGYxlYhWkigq0Xf3LHkY4CUgoMQMhBpYZSycFLilmJKvYiSAx4AmMyEDREAIinHT2QGacKmVo+BFXFUpjpv6eSCEQYhp4qjM/Vyx6ufifN0ikf+mkNIwTSUI8X+QnzJCRkadhDCknWLKpIoA5VbcaeAwcsFSZVVQI1uLLy6TbqFvn9cZds9q6KuIoo2N0gmrIQheohW5QG3UQRhl6Rq/oTXvSXrR37WPeWtKKmUP0B9rnDzw1lik=</latexit>

cn,1
<latexit sha1_base64="Z2boEW/GbVCTWl0lgkUIQ+wYsE8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosevFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8NJME/YgOJQ85o8ZKbdbP5IU37ZcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdKqVb3Lau3hqlK/zeMowgmcwjl4cA11uIcGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx/o2Y9J</latexit>

๏ We will consider an estimate for the six-loop coefficient as well
Beneke and Jamin  ’08

DB, Masjuan, Oliani ’18


Caprini '19

b⇢(s) = 1

2⇡i

I

|x|=1

dx

x
bD(sx)

<latexit sha1_base64="2Jbu0Ygf1L05iunQNGogjn+ONGs="></latexit>

The spectral function can be written as an integral over the Adler function in the complex plane

c5,1 = 280± 140
<latexit sha1_base64="zyQwrNe7a/DV0FxVyn9BaBpYpeE=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgQkpSK3YjFN24rGAf0IYwmU7boZNJmJkINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954g5kxpx/m2lpZXVtfWcxv5za3tnV17b7+hokQSWicRj2QrwIpyJmhdM81pK5YUhwGnzWB4M/GbD1QqFol7PYqpF+K+YD1GsDaSbx8SP704c8foCpUqTicOkVt2fLvgFJ0p0CJxM1KADDXf/up0I5KEVGjCsVJt14m1l2KpGeF0nO8kisaYDHGftg0VOKTKS6fXj9GJUbqoF0lTQqOp+nsixaFSozAwnSHWAzXvTcT/vHaiexUvZSJONBVktqiXcKQjNIkCdZmkRPORIZhIZm5FZIAlJtoEljchuPMvL5JGqeieF0t35UL1OosjB0dwDKfgwiVU4RZqUAcCj/AMr/BmPVkv1rv1MWtdsrKZA/gD6/MHrfKSyA==</latexit>

Baikov, Chetyrkin, and Kühn ‘08

as ⌘ ↵s/⇡
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Perturbative Adler function

pQCD contribution
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๏ pQCD computed with massless quarks. 

๏ Singlet diagram contributions vanish because of the quark charges for Ruds.

bDpert(q
2) =

1X

n=1

ans (µ
2)

n+1X

k=1

k cn,k


log

✓
�q2

µ2

◆�k�1

,
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๏ Coefficients         exactly known up to five loops,            . O(↵4
s)
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๏ We will consider an estimate for the six-loop coefficient as well
Beneke and Jamin  ’08

DB, Masjuan, Oliani ’18
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This is a particular case of the integrated Adler function moments

• Extensively studied in the context of hadronic tau decays. 

• There is a body of work about how these moments behave in perturbation theory, convergence  
issues related to the gluon-condensate IR renormalon, how to cure them etc.

Beneke & Jamin ’08; Descotes-Genon & Malaescu ’10; DB, Beneke and Jamin ’12; DB and Oliani ’20;  Hoang & Regner ’20; 
Benitez-Rathgeb, DB and Hoang ’22; Golterman, Maltman and Peris ’23, Gracia, Hoang and Mateu '23….

b⇢(s) = 1

2⇡i

I

|x|=1

dx

x
bD(sx)
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The spectral function can be written as an integral over the Adler function in the complex plane

c5,1 = 280± 140
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pQCD contribution
Using “standard" Fixed Order Perturbation Theory (FOPT) (µ2 = s)
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๏ Higher-order coefficients from a reconstruction using        
Padé approximants DB, Masjuan, Oliani ’18


๏ Other higher-order models give similar results
Beneke & Jamin ’08


๏ Indication that the series stabilizes not too far from the 
result at 

๏ Leading IR renormalon strongly suppressed (gluon 
condensate). No indication of a renormalon-related issue

DB, Caram ’25
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pQCD contribution: large-�0
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In the above expression we note that the ambiguity possess a behaviour analogous to the
power corrections in Eq. (3.53). Thus the terms present in the OPE can, in principle,
cancel the ambiguity present in R̃. In fact this cancellation should occur, since observables
can not have ambiguities, although in practice this remains a conjecture.

Therefore, this example shows that the ambiguity in the Borel integral is related to
exponentially small terms due to IR divergences; the inclusion of OPE power corrections
which needs to be inserted due to the non-perturbative character of QCD at low-energies
then should cancel the ambiguity and result in a unambiguous observable.

Borel transform of the resummed gluon propagator

Since the leading-nf terms in H ! �� are due to the corrections to the gluon propagator
shown in Fig. 8 (which we usually call resummed gluon propagator) at the NLO level, it is
useful to introduce the resummed gluon propagator in Borel space.

Consider the gluon propagator, Gµ⌫ , with the corrections given by light quarks bubbles,

Gµ⌫ =
�i

k2

✓
gµ⌫ �

kµk⌫

k2

◆
1

1 + ⇧0(k2)
+ (�i)⇠

kµk⌫

k4
. (3.55)

The term 1 + ⇧0(k2) in the denominator of the above expression encodes the effect of the
corrections due to quark loops. Each renormalized fermion loop is given by

� �0,f↵s[ ln(�k
2
/µ

2) + C], (3.56)

where
�0,f =

nf

6⇡
(3.57)

is the fermionic contribution to the first term of the QCD �-function. The constant C

depends on the renormalization scheme. For the MS scheme, C = �5/3; in the MS scheme,
C = �5/3 + �E � ln 4⇡.

Using the definition in Eq. (3.46), the resummed gluon propagator in Borel space
reads [22]

B[↵sGµ⌫ ](u) =
(�i)

k2

✓
gµ⌫ �

kµk⌫

k2

◆✓
� µ

2

k2
e
�C

◆u

+ (�i)⇠
kµk⌫

k4
, (3.58)

where
u = ��0,f t. (3.59)

Notice that, in the definition of the transformation (Eq. (3.58)), we multiplied the gluon
propagator by ↵s; thus, the lowest order term in the u expansion corresponds already
to the first QCD correction. Furthermore, in Eq. (3.58), besides the factor (�µ

2
e
�C)u,

the first term of the propagator is basically the original gluon propagator in Landau
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In the above expression we note that the ambiguity possess a behaviour analogous to the
power corrections in Eq. (3.53). Thus the terms present in the OPE can, in principle,
cancel the ambiguity present in R̃. In fact this cancellation should occur, since observables
can not have ambiguities, although in practice this remains a conjecture.

Therefore, this example shows that the ambiguity in the Borel integral is related to
exponentially small terms due to IR divergences; the inclusion of OPE power corrections
which needs to be inserted due to the non-perturbative character of QCD at low-energies
then should cancel the ambiguity and result in a unambiguous observable.

Borel transform of the resummed gluon propagator

Since the leading-nf terms in H ! �� are due to the corrections to the gluon propagator
shown in Fig. 8 (which we usually call resummed gluon propagator) at the NLO level, it is
useful to introduce the resummed gluon propagator in Borel space.

Consider the gluon propagator, Gµ⌫ , with the corrections given by light quarks bubbles,
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k4
. (3.55)

The term 1 + ⇧0(k2) in the denominator of the above expression encodes the effect of the
corrections due to quark loops. Each renormalized fermion loop is given by
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nf
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(3.57)

is the fermionic contribution to the first term of the QCD �-function. The constant C

depends on the renormalization scheme. For the MS scheme, C = �5/3; in the MS scheme,
C = �5/3 + �E � ln 4⇡.

Using the definition in Eq. (3.46), the resummed gluon propagator in Borel space
reads [22]
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where
u = ��0,f t. (3.59)

Notice that, in the definition of the transformation (Eq. (3.58)), we multiplied the gluon
propagator by ↵s; thus, the lowest order term in the u expansion corresponds already
to the first QCD correction. Furthermore, in Eq. (3.58), besides the factor (�µ

2
e
�C)u,

the first term of the propagator is basically the original gluon propagator in Landau

Gluon propagator with insertions of       loopsqq̄
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In the above expression we note that the ambiguity possess a behaviour analogous to the
power corrections in Eq. (3.53). Thus the terms present in the OPE can, in principle,
cancel the ambiguity present in R̃. In fact this cancellation should occur, since observables
can not have ambiguities, although in practice this remains a conjecture.

Therefore, this example shows that the ambiguity in the Borel integral is related to
exponentially small terms due to IR divergences; the inclusion of OPE power corrections
which needs to be inserted due to the non-perturbative character of QCD at low-energies
then should cancel the ambiguity and result in a unambiguous observable.

Borel transform of the resummed gluon propagator

Since the leading-nf terms in H ! �� are due to the corrections to the gluon propagator
shown in Fig. 8 (which we usually call resummed gluon propagator) at the NLO level, it is
useful to introduce the resummed gluon propagator in Borel space.

Consider the gluon propagator, Gµ⌫ , with the corrections given by light quarks bubbles,
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The term 1 + ⇧0(k2) in the denominator of the above expression encodes the effect of the
corrections due to quark loops. Each renormalized fermion loop is given by
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is the fermionic contribution to the first term of the QCD �-function. The constant C

depends on the renormalization scheme. For the MS scheme, C = �5/3; in the MS scheme,
C = �5/3 + �E � ln 4⇡.

Using the definition in Eq. (3.46), the resummed gluon propagator in Borel space
reads [22]
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where
u = ��0,f t. (3.59)

Notice that, in the definition of the transformation (Eq. (3.58)), we multiplied the gluon
propagator by ↵s; thus, the lowest order term in the u expansion corresponds already
to the first QCD correction. Furthermore, in Eq. (3.58), besides the factor (�µ
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the first term of the propagator is basically the original gluon propagator in Landau
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<latexit sha1_base64="V5mb87+vK9Qkn7BVvudWkntmJkE=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIq6rLoxmUF+4AmhMn0ph06mYSZiVBD8VfcuFDErf/hzr9x2mahrQcuHM65l3vvCVPOlHacb2tpeWV1bb20Ud7c2t7Ztff2WyrJJIUmTXgiOyFRwJmApmaaQyeVQOKQQzsc3kz89gNIxRJxr0cp+DHpCxYxSrSRAvtQBBH2dIIvvJRhLwRNAiewK07VmQIvErcgFVSgEdhfXi+hWQxCU06U6rpOqv2cSM0oh3HZyxSkhA5JH7qGChKD8vPp9WN8YpQejhJpSmg8VX9P5CRWahSHpjMmeqDmvYn4n9fNdHTl50ykmQZBZ4uijGPz7SQK3GMSqOYjQwiVzNyK6YBIQrUJrGxCcOdfXiStWtU9q9buziv16yKOEjpCx+gUuegS1dEtaqAmougRPaNX9GY9WS/Wu/Uxa12yipkD9AfW5w/qrpQ7</latexit>

A set of non-abelian 
diagrams is included 
(running coupling)

�0,f ! �0 = �0,f + �0,nA
<latexit sha1_base64="R5oB9eYPxd7vGsjBQXOhDGYS0MU=">AAACIHicbZDLSsNAFIYn3q23qEs3wSIISkmqUDeCl43LCrYKTSmT6Uk7OJmEmROxhDyKG1/FjQtFdKdP4/Si1MsPA9/85xxmzh8kgmt03XdrYnJqemZ2br6wsLi0vGKvrtV1nCoGNRaLWF0FVIPgEmrIUcBVooBGgYDL4Pq0X7+8AaV5LC+wl0Azoh3JQ84oGqtlV/wAkLYydzfMfYy/bvnhmL/zzT7CLWbyOM9bdtEtuQM5f8EbQZGMVG3Zb347ZmkEEpmgWjc8N8FmRhVyJiAv+KmGhLJr2oGGQUkj0M1ssGDubBmn7YSxMkeiM3DHJzIaad2LAtMZUezq37W++V+tkWJ40My4TFIEyYYPhalwMHb6aTltroCh6BmgTHHzV4d1qaIMTaYFE4L3e+W/UC+XvL1S+Xy/eHQyimOObJBNsk08UiFH5IxUSY0wckceyBN5tu6tR+vFeh22TlijmXXyQ9bHJxpno5A=</latexit>

Model for the series to all orders in pQCD

bD(Q2) =
1X

n=0

rn↵
n+1
s (Q2)

<latexit sha1_base64="afgrMZaVh8GYdcTm9XAPSj8LAc4="></latexit>

B[ bD](t) ⌘
1X

n=0

rn
tn

n!
<latexit sha1_base64="iLmn/ScuAGrAMW0zYXfuG5b68uQ="></latexit>

Borel transform

Borel transform exactly known (here we know everything)

B[ bDL�0 ](u) =
32

3⇡

✓
Q2

µ2

◆�u
e�Cu

(2� u)

1X

k=2

(�1)kk

[k2 � (1� u)2]2
<latexit sha1_base64="WMqbgxaJBgfRDN8gnxRV61Cq4Ew="></latexit>

bD(↵) =

Z 1

0
dt e�t/↵B[ bD](t)

<latexit sha1_base64="FH2FEeQSPDClcpH+wFqh9xLWrps="></latexit>

True value of the series can be 
calculated from the Borel integral

Beneke ’93

Broadhurst ’93




8 Diogo Boito 

pQCD contribution: large-�0
<latexit sha1_base64="UUKsz4eWhdaG2E6PjUv6Wy+lYIs=">AAAB/HicdVDLSsNAFJ3UV62vaJduBlvBVUjqo+2u6MZlBfuAJoTJZNoOnTyYmQgh1F9x40IRt36IO//GSRtBRQ8MHM65l3vmeDGjQprmh1ZaWV1b3yhvVra2d3b39P2DvogSjkkPRyziQw8JwmhIepJKRoYxJyjwGBl4s6vcH9wRLmgU3so0Jk6AJiEdU4ykkly9ansR8wMkp7Bue0Qi16y7es002qbVPm/CJWmdFeSiDS3DXKAGCnRd/d32I5wEJJSYISFGlhlLJ0NcUszIvGIngsQIz9CEjBQNUUCEky3Cz+GxUnw4jrh6oYQL9ftGhgIh0sBTk3lM8dvLxb+8USLHLSejYZxIEuLloXHCoIxg3gT0KSdYslQRhDlVWSGeIo6wVH1VVAlfP4X/k37DsE6Nxk2j1rks6iiDQ3AEToAFmqADrkEX9AAGKXgAT+BZu9cetRftdTla0oqdKvgB7e0TCRuUYQ==</latexit>

�(0)↵s,L�0
= as(s) + 1.56 a2s(s)� 0.944a3s(s)� 52.9a4s(s)� 283a5s(s)� 2241a6s(s) + · · ·

<latexit sha1_base64="aIgLCYATIU86ML5XtF7kn2HeNXY="></latexit>

�(0)↵s
(s) = as(s) + 1.6398 a2s(s)� 10.284a3s(s)� 106.88a4s(s) + (c5,1 � 779.58)a5s(s) + · · ·

<latexit sha1_base64="XbBaK5nxlkbbbIkDDqc82Vjgzpw="></latexit>

�(499.6± 140)a5s(s) + · · ·
<latexit sha1_base64="fMH4s3zjFPGG7CzHhlPoxXhp4hA=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFaxJLU+uiu6MZlBfuAJobJZNIOnTyYmQgldOfGX3HjQhG3/oI7/8Zpm4W2HrhwOOde7r3HjRkV0jC+tYXFpeWV1dxafn1jc2tb39ltiSjhmDRxxCLecZEgjIakKalkpBNzggKXkbY7uB777QfCBY3COzmMiR2gXkh9ipFUkqMfnBSrtVr53IoDaFaNEnLE/VlRlI4t7EVSOHrBKBsTwHliZqQAMjQc/cvyIpwEJJSYISG6phFLO0VcUszIKG8lgsQID1CPdBUNUUCEnU7+GMEjpXjQj7iqUMKJ+nsiRYEQw8BVnQGSfTHrjcX/vG4i/Us7pWGcSBLi6SI/YVBGcBwK9CgnWLKhIghzqm6FuI84wlJFl1chmLMvz5NWpWyeliu31UL9KosjB/bBISgCE1yAOrgBDdAEGDyCZ/AK3rQn7UV71z6mrQtaNrMH/kD7/AFkJpZ/</latexit>

+ · · ·
<latexit sha1_base64="baRqLcvupVWbYoIZjH+dm6VJXno=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBT0WvXisYD+gDWWz2bRLN5uwOxFK6Y/w4kERr/4eb/4bt20O2vpg4PHeDDPzglQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZrzJEpnoTkANl0LxJgqUvJNqTuNA8nYwupv57SeujUjUI45T7sd0oEQkGEUrtS96LEzQ9MsVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/d0rOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0Y0/ESrNkCu2WBRlkmBCZr+TUGjOUI4toUwLeythQ6opQ5tQyYbgLb+8Slq1qndZrT1cVeq3eRxFOIFTOAcPrqEO99CAJjAYwTO8wpuTOi/Ou/OxaC04+cwx/IHz+QMW0I9o</latexit>large-�0:

<latexit sha1_base64="kb2yasG+9Qh04V7rHhISCWWpaI4=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDCaCjWE3FopV0MYygnlAEsLd2bvJkNkHM7NCWAI2/oqNhSK2/oSdf+PkUWj0wMDhnHu5c46XCK6043xZuaXlldW1/HphY3Nre8fe3WuoOJUM6ywWsWx5oFDwCOuaa4GtRCKEnsCmN7ye+M17lIrH0Z0eJdgNoR/xgDPQRurZBx0VBBByMaICZB9PSx0PNfSc0mXPLjplZwr6l7hzUiRz1Hr2Z8ePWRpipJkApdquk+huBlJzJnBc6KQKE2BD6GPb0AhCVN1smmFMj43i0yCW5kWaTtWfGxmESo1Cz0yGoAdq0ZuI/3ntVAcX3YxHSaoxYrNDQSqojumkEOpziUyb/D4HJrn5K2UDkMC0qa1gSnAXI/8ljUrZPStXbivF6tW8jjw5JEfkhLjknFTJDamROmHkgTyRF/JqPVrP1pv1PhvNWfOdffIL1sc3iqSWyQ==</latexit>

QCD:
<latexit sha1_base64="OFu9/iIiDGEZNWnUI7QmmHKG1nU=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSD4qnYj14bMF+QBvKZrNpl+4mYXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5vkJZ0o7zrdV2Njc2t4p7pb29g8Oy/bRcUfFqSS0TWIey56PFeUsom3NNKe9RFIsfE67/qQx97uPVCoWRw96mlBP4FHEQkawNtLQLg9UGGLB+BS1Gnc3aGhXnKqzAFonbk4qkKM5tL8GQUxSQSNNOFaq7zqJ9jIsNSOczkqDVNEEkwke0b6hERZUedni8Bk6N0qAwliaijRaqL8nMiyUmgrfdAqsx2rVm4v/ef1Uh9dexqIk1TQiy0VhypGO0TwFFDBJiTZPBwwTycytiIyxxESbrEomBHf15XXSqVXdy2qtVavUb/M4inAKZ3ABLlxBHe6hCW0gkMIzvMKb9WS9WO/Wx7K1YOUzJ/AH1ucPeE2STA==</latexit>



8 Diogo Boito 

pQCD contribution: large-�0
<latexit sha1_base64="UUKsz4eWhdaG2E6PjUv6Wy+lYIs=">AAAB/HicdVDLSsNAFJ3UV62vaJduBlvBVUjqo+2u6MZlBfuAJoTJZNoOnTyYmQgh1F9x40IRt36IO//GSRtBRQ8MHM65l3vmeDGjQprmh1ZaWV1b3yhvVra2d3b39P2DvogSjkkPRyziQw8JwmhIepJKRoYxJyjwGBl4s6vcH9wRLmgU3so0Jk6AJiEdU4ykkly9ansR8wMkp7Bue0Qi16y7es002qbVPm/CJWmdFeSiDS3DXKAGCnRd/d32I5wEJJSYISFGlhlLJ0NcUszIvGIngsQIz9CEjBQNUUCEky3Cz+GxUnw4jrh6oYQL9ftGhgIh0sBTk3lM8dvLxb+8USLHLSejYZxIEuLloXHCoIxg3gT0KSdYslQRhDlVWSGeIo6wVH1VVAlfP4X/k37DsE6Nxk2j1rks6iiDQ3AEToAFmqADrkEX9AAGKXgAT+BZu9cetRftdTla0oqdKvgB7e0TCRuUYQ==</latexit>

�(0)↵s,L�0
= as(s) + 1.56 a2s(s)� 0.944a3s(s)� 52.9a4s(s)� 283a5s(s)� 2241a6s(s) + · · ·

<latexit sha1_base64="aIgLCYATIU86ML5XtF7kn2HeNXY="></latexit>

�(0)↵s
(s) = as(s) + 1.6398 a2s(s)� 10.284a3s(s)� 106.88a4s(s) + (c5,1 � 779.58)a5s(s) + · · ·

<latexit sha1_base64="XbBaK5nxlkbbbIkDDqc82Vjgzpw="></latexit>

�(499.6± 140)a5s(s) + · · ·
<latexit sha1_base64="fMH4s3zjFPGG7CzHhlPoxXhp4hA=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFaxJLU+uiu6MZlBfuAJobJZNIOnTyYmQgldOfGX3HjQhG3/oI7/8Zpm4W2HrhwOOde7r3HjRkV0jC+tYXFpeWV1dxafn1jc2tb39ltiSjhmDRxxCLecZEgjIakKalkpBNzggKXkbY7uB777QfCBY3COzmMiR2gXkh9ipFUkqMfnBSrtVr53IoDaFaNEnLE/VlRlI4t7EVSOHrBKBsTwHliZqQAMjQc/cvyIpwEJJSYISG6phFLO0VcUszIKG8lgsQID1CPdBUNUUCEnU7+GMEjpXjQj7iqUMKJ+nsiRYEQw8BVnQGSfTHrjcX/vG4i/Us7pWGcSBLi6SI/YVBGcBwK9CgnWLKhIghzqm6FuI84wlJFl1chmLMvz5NWpWyeliu31UL9KosjB/bBISgCE1yAOrgBDdAEGDyCZ/AK3rQn7UV71z6mrQtaNrMH/kD7/AFkJpZ/</latexit>

+ · · ·
<latexit sha1_base64="baRqLcvupVWbYoIZjH+dm6VJXno=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBT0WvXisYD+gDWWz2bRLN5uwOxFK6Y/w4kERr/4eb/4bt20O2vpg4PHeDDPzglQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZrzJEpnoTkANl0LxJgqUvJNqTuNA8nYwupv57SeujUjUI45T7sd0oEQkGEUrtS96LEzQ9MsVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/d0rOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0Y0/ESrNkCu2WBRlkmBCZr+TUGjOUI4toUwLeythQ6opQ5tQyYbgLb+8Slq1qndZrT1cVeq3eRxFOIFTOAcPrqEO99CAJjAYwTO8wpuTOi/Ou/OxaC04+cwx/IHz+QMW0I9o</latexit>large-�0:

<latexit sha1_base64="kb2yasG+9Qh04V7rHhISCWWpaI4=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDCaCjWE3FopV0MYygnlAEsLd2bvJkNkHM7NCWAI2/oqNhSK2/oSdf+PkUWj0wMDhnHu5c46XCK6043xZuaXlldW1/HphY3Nre8fe3WuoOJUM6ywWsWx5oFDwCOuaa4GtRCKEnsCmN7ye+M17lIrH0Z0eJdgNoR/xgDPQRurZBx0VBBByMaICZB9PSx0PNfSc0mXPLjplZwr6l7hzUiRz1Hr2Z8ePWRpipJkApdquk+huBlJzJnBc6KQKE2BD6GPb0AhCVN1smmFMj43i0yCW5kWaTtWfGxmESo1Cz0yGoAdq0ZuI/3ntVAcX3YxHSaoxYrNDQSqojumkEOpziUyb/D4HJrn5K2UDkMC0qa1gSnAXI/8ljUrZPStXbivF6tW8jjw5JEfkhLjknFTJDamROmHkgTyRF/JqPVrP1pv1PhvNWfOdffIL1sc3iqSWyQ==</latexit>

QCD:
<latexit sha1_base64="OFu9/iIiDGEZNWnUI7QmmHKG1nU=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSD4qnYj14bMF+QBvKZrNpl+4mYXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5vkJZ0o7zrdV2Njc2t4p7pb29g8Oy/bRcUfFqSS0TWIey56PFeUsom3NNKe9RFIsfE67/qQx97uPVCoWRw96mlBP4FHEQkawNtLQLg9UGGLB+BS1Gnc3aGhXnKqzAFonbk4qkKM5tL8GQUxSQSNNOFaq7zqJ9jIsNSOczkqDVNEEkwke0b6hERZUedni8Bk6N0qAwliaijRaqL8nMiyUmgrfdAqsx2rVm4v/ef1Uh9dexqIk1TQiy0VhypGO0TwFFDBJiTZPBwwTycytiIyxxESbrEomBHf15XXSqVXdy2qtVavUb/M4inAKZ3ABLlxBHe6hCW0gkMIzvMKb9WS9WO/Wx7K1YOUzJ/AH1ucPeE2STA==</latexit>



8 Diogo Boito 

pQCD contribution: large-�0
<latexit sha1_base64="UUKsz4eWhdaG2E6PjUv6Wy+lYIs=">AAAB/HicdVDLSsNAFJ3UV62vaJduBlvBVUjqo+2u6MZlBfuAJoTJZNoOnTyYmQgh1F9x40IRt36IO//GSRtBRQ8MHM65l3vmeDGjQprmh1ZaWV1b3yhvVra2d3b39P2DvogSjkkPRyziQw8JwmhIepJKRoYxJyjwGBl4s6vcH9wRLmgU3so0Jk6AJiEdU4ykkly9ansR8wMkp7Bue0Qi16y7es002qbVPm/CJWmdFeSiDS3DXKAGCnRd/d32I5wEJJSYISFGlhlLJ0NcUszIvGIngsQIz9CEjBQNUUCEky3Cz+GxUnw4jrh6oYQL9ftGhgIh0sBTk3lM8dvLxb+8USLHLSejYZxIEuLloXHCoIxg3gT0KSdYslQRhDlVWSGeIo6wVH1VVAlfP4X/k37DsE6Nxk2j1rks6iiDQ3AEToAFmqADrkEX9AAGKXgAT+BZu9cetRftdTla0oqdKvgB7e0TCRuUYQ==</latexit>

�(0)↵s,L�0
= as(s) + 1.56 a2s(s)� 0.944a3s(s)� 52.9a4s(s)� 283a5s(s)� 2241a6s(s) + · · ·

<latexit sha1_base64="aIgLCYATIU86ML5XtF7kn2HeNXY="></latexit>

�(0)↵s
(s) = as(s) + 1.6398 a2s(s)� 10.284a3s(s)� 106.88a4s(s) + (c5,1 � 779.58)a5s(s) + · · ·

<latexit sha1_base64="XbBaK5nxlkbbbIkDDqc82Vjgzpw="></latexit>

�(499.6± 140)a5s(s) + · · ·
<latexit sha1_base64="fMH4s3zjFPGG7CzHhlPoxXhp4hA=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFaxJLU+uiu6MZlBfuAJobJZNIOnTyYmQgldOfGX3HjQhG3/oI7/8Zpm4W2HrhwOOde7r3HjRkV0jC+tYXFpeWV1dxafn1jc2tb39ltiSjhmDRxxCLecZEgjIakKalkpBNzggKXkbY7uB777QfCBY3COzmMiR2gXkh9ipFUkqMfnBSrtVr53IoDaFaNEnLE/VlRlI4t7EVSOHrBKBsTwHliZqQAMjQc/cvyIpwEJJSYISG6phFLO0VcUszIKG8lgsQID1CPdBUNUUCEnU7+GMEjpXjQj7iqUMKJ+nsiRYEQw8BVnQGSfTHrjcX/vG4i/Us7pWGcSBLi6SI/YVBGcBwK9CgnWLKhIghzqm6FuI84wlJFl1chmLMvz5NWpWyeliu31UL9KosjB/bBISgCE1yAOrgBDdAEGDyCZ/AK3rQn7UV71z6mrQtaNrMH/kD7/AFkJpZ/</latexit>

+ · · ·
<latexit sha1_base64="baRqLcvupVWbYoIZjH+dm6VJXno=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBT0WvXisYD+gDWWz2bRLN5uwOxFK6Y/w4kERr/4eb/4bt20O2vpg4PHeDDPzglQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZrzJEpnoTkANl0LxJgqUvJNqTuNA8nYwupv57SeujUjUI45T7sd0oEQkGEUrtS96LEzQ9MsVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/d0rOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0Y0/ESrNkCu2WBRlkmBCZr+TUGjOUI4toUwLeythQ6opQ5tQyYbgLb+8Slq1qndZrT1cVeq3eRxFOIFTOAcPrqEO99CAJjAYwTO8wpuTOi/Ou/OxaC04+cwx/IHz+QMW0I9o</latexit>large-�0:

<latexit sha1_base64="kb2yasG+9Qh04V7rHhISCWWpaI4=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDCaCjWE3FopV0MYygnlAEsLd2bvJkNkHM7NCWAI2/oqNhSK2/oSdf+PkUWj0wMDhnHu5c46XCK6043xZuaXlldW1/HphY3Nre8fe3WuoOJUM6ywWsWx5oFDwCOuaa4GtRCKEnsCmN7ye+M17lIrH0Z0eJdgNoR/xgDPQRurZBx0VBBByMaICZB9PSx0PNfSc0mXPLjplZwr6l7hzUiRz1Hr2Z8ePWRpipJkApdquk+huBlJzJnBc6KQKE2BD6GPb0AhCVN1smmFMj43i0yCW5kWaTtWfGxmESo1Cz0yGoAdq0ZuI/3ntVAcX3YxHSaoxYrNDQSqojumkEOpziUyb/D4HJrn5K2UDkMC0qa1gSnAXI/8ljUrZPStXbivF6tW8jjw5JEfkhLjknFTJDamROmHkgTyRF/JqPVrP1pv1PhvNWfOdffIL1sc3iqSWyQ==</latexit>

QCD:
<latexit sha1_base64="OFu9/iIiDGEZNWnUI7QmmHKG1nU=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSD4qnYj14bMF+QBvKZrNpl+4mYXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5vkJZ0o7zrdV2Njc2t4p7pb29g8Oy/bRcUfFqSS0TWIey56PFeUsom3NNKe9RFIsfE67/qQx97uPVCoWRw96mlBP4FHEQkawNtLQLg9UGGLB+BS1Gnc3aGhXnKqzAFonbk4qkKM5tL8GQUxSQSNNOFaq7zqJ9jIsNSOczkqDVNEEkwke0b6hERZUedni8Bk6N0qAwliaijRaqL8nMiyUmgrfdAqsx2rVm4v/ef1Uh9dexqIk1TQiy0VhypGO0TwFFDBJiTZPBwwTycytiIyxxESbrEomBHf15XXSqVXdy2qtVavUb/M4inAKZ3ABLlxBHe6hCW0gkMIzvMKb9WS9WO/Wx7K1YOUzJ/AH1ucPeE2STA==</latexit>
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8 Diogo Boito 

pQCD contribution: large-�0
<latexit sha1_base64="UUKsz4eWhdaG2E6PjUv6Wy+lYIs=">AAAB/HicdVDLSsNAFJ3UV62vaJduBlvBVUjqo+2u6MZlBfuAJoTJZNoOnTyYmQgh1F9x40IRt36IO//GSRtBRQ8MHM65l3vmeDGjQprmh1ZaWV1b3yhvVra2d3b39P2DvogSjkkPRyziQw8JwmhIepJKRoYxJyjwGBl4s6vcH9wRLmgU3so0Jk6AJiEdU4ykkly9ansR8wMkp7Bue0Qi16y7es002qbVPm/CJWmdFeSiDS3DXKAGCnRd/d32I5wEJJSYISFGlhlLJ0NcUszIvGIngsQIz9CEjBQNUUCEky3Cz+GxUnw4jrh6oYQL9ftGhgIh0sBTk3lM8dvLxb+8USLHLSejYZxIEuLloXHCoIxg3gT0KSdYslQRhDlVWSGeIo6wVH1VVAlfP4X/k37DsE6Nxk2j1rks6iiDQ3AEToAFmqADrkEX9AAGKXgAT+BZu9cetRftdTla0oqdKvgB7e0TCRuUYQ==</latexit>

�(0)↵s,L�0
= as(s) + 1.56 a2s(s)� 0.944a3s(s)� 52.9a4s(s)� 283a5s(s)� 2241a6s(s) + · · ·

<latexit sha1_base64="aIgLCYATIU86ML5XtF7kn2HeNXY="></latexit>

�(0)↵s
(s) = as(s) + 1.6398 a2s(s)� 10.284a3s(s)� 106.88a4s(s) + (c5,1 � 779.58)a5s(s) + · · ·

<latexit sha1_base64="XbBaK5nxlkbbbIkDDqc82Vjgzpw="></latexit>

�(499.6± 140)a5s(s) + · · ·
<latexit sha1_base64="fMH4s3zjFPGG7CzHhlPoxXhp4hA=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFaxJLU+uiu6MZlBfuAJobJZNIOnTyYmQgldOfGX3HjQhG3/oI7/8Zpm4W2HrhwOOde7r3HjRkV0jC+tYXFpeWV1dxafn1jc2tb39ltiSjhmDRxxCLecZEgjIakKalkpBNzggKXkbY7uB777QfCBY3COzmMiR2gXkh9ipFUkqMfnBSrtVr53IoDaFaNEnLE/VlRlI4t7EVSOHrBKBsTwHliZqQAMjQc/cvyIpwEJJSYISG6phFLO0VcUszIKG8lgsQID1CPdBUNUUCEnU7+GMEjpXjQj7iqUMKJ+nsiRYEQw8BVnQGSfTHrjcX/vG4i/Us7pWGcSBLi6SI/YVBGcBwK9CgnWLKhIghzqm6FuI84wlJFl1chmLMvz5NWpWyeliu31UL9KosjB/bBISgCE1yAOrgBDdAEGDyCZ/AK3rQn7UV71z6mrQtaNrMH/kD7/AFkJpZ/</latexit>

+ · · ·
<latexit sha1_base64="baRqLcvupVWbYoIZjH+dm6VJXno=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBT0WvXisYD+gDWWz2bRLN5uwOxFK6Y/w4kERr/4eb/4bt20O2vpg4PHeDDPzglQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZrzJEpnoTkANl0LxJgqUvJNqTuNA8nYwupv57SeujUjUI45T7sd0oEQkGEUrtS96LEzQ9MsVt+rOQVaJl5MK5Gj0y1+9MGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqID3rVU0ZgbfzI/d0rOrBKSKNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G0Y0/ESrNkCu2WBRlkmBCZr+TUGjOUI4toUwLeythQ6opQ5tQyYbgLb+8Slq1qndZrT1cVeq3eRxFOIFTOAcPrqEO99CAJjAYwTO8wpuTOi/Ou/OxaC04+cwx/IHz+QMW0I9o</latexit>large-�0:

<latexit sha1_base64="kb2yasG+9Qh04V7rHhISCWWpaI4=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDCaCjWE3FopV0MYygnlAEsLd2bvJkNkHM7NCWAI2/oqNhSK2/oSdf+PkUWj0wMDhnHu5c46XCK6043xZuaXlldW1/HphY3Nre8fe3WuoOJUM6ywWsWx5oFDwCOuaa4GtRCKEnsCmN7ye+M17lIrH0Z0eJdgNoR/xgDPQRurZBx0VBBByMaICZB9PSx0PNfSc0mXPLjplZwr6l7hzUiRz1Hr2Z8ePWRpipJkApdquk+huBlJzJnBc6KQKE2BD6GPb0AhCVN1smmFMj43i0yCW5kWaTtWfGxmESo1Cz0yGoAdq0ZuI/3ntVAcX3YxHSaoxYrNDQSqojumkEOpziUyb/D4HJrn5K2UDkMC0qa1gSnAXI/8ljUrZPStXbivF6tW8jjw5JEfkhLjknFTJDamROmHkgTyRF/JqPVrP1pv1PhvNWfOdffIL1sc3iqSWyQ==</latexit>

QCD:
<latexit sha1_base64="OFu9/iIiDGEZNWnUI7QmmHKG1nU=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSD4qnYj14bMF+QBvKZrNpl+4mYXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5vkJZ0o7zrdV2Njc2t4p7pb29g8Oy/bRcUfFqSS0TWIey56PFeUsom3NNKe9RFIsfE67/qQx97uPVCoWRw96mlBP4FHEQkawNtLQLg9UGGLB+BS1Gnc3aGhXnKqzAFonbk4qkKM5tL8GQUxSQSNNOFaq7zqJ9jIsNSOczkqDVNEEkwke0b6hERZUedni8Bk6N0qAwliaijRaqL8nMiyUmgrfdAqsx2rVm4v/ef1Uh9dexqIk1TQiy0VhypGO0TwFFDBJiTZPBwwTycytiIyxxESbrEomBHf15XXSqVXdy2qtVavUb/M4inAKZ3ABLlxBHe6hCW0gkMIzvMKb9WS9WO/Wx7K1YOUzJ/AH1ucPeE2STA==</latexit>
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pQCD: renormalon-free gluon-condensate scheme

๏ Results for FOPT and RF-CIPT with s = 4 GeV2:

๏ Another prescription for pQCD is Contour Improved Perturbation Theory (CIPT). It is strongly affected by the 
leading IR renormalon: can only be applied in schemes that consistently removes the GC renormalon. Here, 
we use CIPT in the renormalon free scheme of Benitez-Rathgeb, DB, Hoang ’22  (based on the conceptual work of Hoang & Regner ’20)
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๏ RF-CIPT leads to a fixed sign series that approaches the true value from below, smoothly. 
Good agreement with FOPT at higher orders.

 3rd indication that the series is not a bad approximation provided we have at least 4 or 5 terms

DB, Caram ’25

๏ Another prescription for pQCD is Contour Improved Perturbation Theory (CIPT). It is strongly affected by the 
leading IR renormalon: can only be applied in schemes that consistently removes the GC renormalon. Here, 
we use CIPT in the renormalon free scheme of Benitez-Rathgeb, DB, Hoang ’22  (based on the conceptual work of Hoang & Regner ’20)
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Duality Violations
๏ pQCD is not all: beyond pQCD + OPE condensates there are potential quark-hadron duality violations (DVs)

๏ DVs cannot be obtained from first principles but can be parametrized based on reasonable assumptions about the 
QCD spectrum (asymptotic Regge trajectories and large Nc arguments)

⇢DVs
EM (s) =

1

⇡
Im�(s)

<latexit sha1_base64="XYyuuek63RwuF7rlb84vEaapQ7M="></latexit>

๏ Asymptotically (large energies) one can show, given the assumptions above that (EM current,  I = 0 and I = 1)

๏ There are four parameters per channel, because DVs are associated with resonances.

Catà, Golterman and Peris ’05, ’08

DB, Caprini, Golterman, Maltman and Peris ’17


⇧(z) = ⇧OPE(z) + [⇧(z)�⇧OPE(z)] = ⇧OPE(z) +�(z)
<latexit sha1_base64="hZpQttlOqMJWwaRUxxBX5Y9Hj5U=">AAACPHicbZBLSwMxFIUz9VXra9Slm2ARKmKZqYJuhOID3FnRPmBmKJk0bUOTmSHJCHXoD3Pjj3Dnyo0LRdy6NtN2oW0vBD7OuZebe/yIUaks69XIzM0vLC5ll3Mrq2vrG+bmVk2GscCkikMWioaPJGE0IFVFFSONSBDEfUbqfu8i9esPREgaBveqHxGPo05A2xQjpaWmeedWaOFxH55BDc3EFRzeVK4GqXQAnZF5OGl5M9vdS8IU0tg081bRGhacBnsMeTCuStN8cVshjjkJFGZISse2IuUlSCiKGRnk3FiSCOEe6hBHY4A4kV4yPH4A97TSgu1Q6BcoOFT/TiSIS9nnvu7kSHXlpJeKszwnVu1TL6FBFCsS4NGidsygCmGaJGxRQbBifQ0IC6r/CnEXCYSVzjunQ7AnT56GWqloHxVLt8f58vk4jizYAbugAGxwAsrgGlRAFWDwBN7AB/g0no1348v4HrVmjPHMNvhXxs8vy66ptQ==</latexit>

⇢DVs
EM (s) =

5

9
e��1��1s sin(↵1 + �1s) +

1

9
e��0��0s sin(↵0 + �0s)

<latexit sha1_base64="tQ+1RAik/+XOR/hCaxTRdJrG84o="></latexit>

I = 0I = 1
DB, Golterman, Maltman and Peris ’18

also used in, e.g, 

Benton, DB, Keshavarzi, Maltman  
and Peris ’23, ’24, ’25


๏ Additional assumption:              and              . All 6 parameters fixed with external information.                                 �0 = �1
<latexit sha1_base64="hxHtLpwxKhPXn7tP/9XVssfRpxg=">AAAB+nicbZDLSgMxFIbPeK31NtWlm2ARXJWZKuhGKLpxWcFeoB2GTJppQ5PMkGSUUvsoblwo4tYncefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2Cpu7+zu7bulg6ZOMkVogyQ8Ue0Ia8qZpA3DDKftVFEsIk5b0fBmWm89UKVZIu/NKKWBwH3JYkawsVbolrp9LAQOvasc/NAtexVvJrQMfg5lyFUP3a9uLyGZoNIQjrXu+F5qgjFWhhFOJ8VupmmKyRD3aceixILqYDw7fYJOrNNDcaLskwbN3N8TYyy0HonIdgpsBnqxNjX/q3UyE18GYybTzFBJ5ovijCOToGkOqMcUJYaPLGCimL0VkQFWmBibVtGG4C9+eRma1Yp/VqnenZdr13kcBTiCYzgFHy6gBrdQhwYQeIRneIU358l5cd6dj3nripPPHMIfOZ8/awqTcw==</latexit>

�0 = �1
<latexit sha1_base64="tcQDQErXp0JUrL9EDHBTDT+6Rmc=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsJuFPQiBL14jGAekCzL7GQ2GTL7YKZXiCFf4sWDIl79FG/+jZNkD5pY0HRR1c30VJBKodFxvq3C2vrG5lZxu7Szu7dftg8OWzrJFONNlshEdQKquRQxb6JAyTup4jQKJG8Ho9uZ337kSoskfsBxyr2IDmIRCkbRSL5d7gUcqe9cL7rr2xWn6sxBVombkwrkaPj2V6+fsCziMTJJte66TorehCoUTPJpqZdpnlI2ogPeNTSmEdfeZH74lJwapU/CRJmKkczV3xsTGmk9jgIzGVEc6mVvJv7ndTMMr7yJiNMMecwWD4WZJJiQWQqkLxRnKMeGUKaEuZWwIVWUocmqZEJwl7+8Slq1qnterd1fVOo3eRxFOIYTOAMXLqEOd9CAJjDI4Ble4c16sl6sd+tjMVqw8p0j+APr8wfceZKR</latexit>

๏ I = 1 parameters can be fixed from fits to tau decay data while I = 0 can be fixed from fits to exclusive R(s) data.
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Duality Violations: parameters

�1 = 3.01(39)

�1 = 0.87(24) GeV�2

↵1 = �1.34(73)

�1 = 3.78(38) GeV�2
<latexit sha1_base64="/w7wUXd851JKuVgp3Wq/9R+WDkc="></latexit>

I=1 parameters ๏ Fits to sum rules from our most recent inclusive 
vector-isovector spectral function
DB, A. Eiben, M. Golterman, K. Maltman, L. Mansur,  
and S. Peris, 2502.08147, Phys. Rev D (2025)


(see talk by Lucas Mansur in the next session)

Isospin 1

Isospin 0
I=0 parameters

๏ Updated fit to the exclusive Ruds(s) data from 
the KNT compilation
DB, Golterman, Keshavarzi, Maltman, Nomura, Peris and Teubner, ‘18

�0 = 0.96(22)

↵0 = 0.80(27)
<latexit sha1_base64="1HQdp0VTlrZpH7MdNUZwGvqwbJA=">AAACE3icbVC7SgNBFJ31GeNr1dJmMCiJxTK7iomFELSxjGAekA1hdjKbDJl9MDMrhJB/sPFXbCwUsbWx82+cbLbQxAMXDufcy733eDFnUiH0bSwtr6yurec28ptb2zu75t5+Q0aJILROIh6Jlocl5SykdcUUp61YUBx4nDa94c3Ubz5QIVkU3qtRTDsB7ofMZwQrLXXNU7dHucJddHKFrMuLouOUIHTdvIt5PEhliKwKKjrlUtcsIAulgIvEzkgBZKh1zS+3F5EkoKEiHEvZtlGsOmMsFCOcTvJuImmMyRD3aVvTEAdUdsbpTxN4rJUe9COhK1QwVX9PjHEg5SjwdGeA1UDOe1PxP6+dKL/SGbMwThQNyWyRn3CoIjgNCPaYoETxkSaYCKZvhWSABSZKx5jXIdjzLy+ShmPZZ5Zzd16oXmdx5MAhOAJFYIMyqIJbUAN1QMAjeAav4M14Ml6Md+Nj1rpkZDMH4A+Mzx/wM5kj</latexit>
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Full Ruds(s)

:

:

:

:

Ruds(s) = 12⇡2⇢EM(s) = Nc

X

q=u,d,s

Q2
q

⇣
1 + �(0)↵s

+ �DVs + �m2
q
+ �EM

⌘

<latexit sha1_base64="OkTBCJjSU+F+tzQxXeAMmnjK2Rc="></latexit>

�(0)↵s
(s) = as(s) + 1.6398 a2s(s)� 10.284a3s(s)� 106.88a4s(s) + (c5,1 � 779.58)a5s(s) + · · ·

<latexit sha1_base64="XbBaK5nxlkbbbIkDDqc82Vjgzpw="></latexit>

�(499.6± 140)a5s(s) + · · ·
<latexit sha1_base64="fMH4s3zjFPGG7CzHhlPoxXhp4hA=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFaxJLU+uiu6MZlBfuAJobJZNIOnTyYmQgldOfGX3HjQhG3/oI7/8Zpm4W2HrhwOOde7r3HjRkV0jC+tYXFpeWV1dxafn1jc2tb39ltiSjhmDRxxCLecZEgjIakKalkpBNzggKXkbY7uB777QfCBY3COzmMiR2gXkh9ipFUkqMfnBSrtVr53IoDaFaNEnLE/VlRlI4t7EVSOHrBKBsTwHliZqQAMjQc/cvyIpwEJJSYISG6phFLO0VcUszIKG8lgsQID1CPdBUNUUCEnU7+GMEjpXjQj7iqUMKJ+nsiRYEQw8BVnQGSfTHrjcX/vG4i/Us7pWGcSBLi6SI/YVBGcBwK9CgnWLKhIghzqm6FuI84wlJFl1chmLMvz5NWpWyeliu31UL9KosjB/bBISgCE1yAOrgBDdAEGDyCZ/AK3rQn7UV71z6mrQtaNrMH/kD7/AFkJpZ/</latexit>

�DVs = 6⇡2

✓
5

9
e��1��1s sin(↵1 + �1s) +

1

9
e��0��0s sin(↵0 + �0s)

◆

<latexit sha1_base64="OR2lb4rXFCHTfDHiH655uHdHI+k="></latexit>

�m2
q
=

m2
s(s)

s

✓
1 + 2as +

227

12
a2s + · · ·

◆

<latexit sha1_base64="+qrlST1wPseJkZK0LVF3rfXu6tM="></latexit>

�EM =
↵EM

4⇡
<latexit sha1_base64="jzvMolPZShwsb3fxq0Eu3ZTK4f8=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwFZJa0I1QFMGNUME+oAlhMp20QyeTMDMRSshfuPFX3LhQxK3u/BunbUBtPXDhcM693HtPkDAqlW1/GaWl5ZXVtfJ6ZWNza3vH3N1ryzgVmLRwzGLRDZAkjHLSUlQx0k0EQVHASCcYXU78zj0Rksb8To0T4kVowGlIMVJa8k3L7ROmkJ+5IoJXNzk8h24oEM5cxJLhj55ndTehuW9WbcueAi4SpyBVUKDpm59uP8ZpRLjCDEnZc+xEeRkSimJG8oqbSpIgPEID0tOUo4hIL5v+lcMjrfRhGAtdXMGp+nsiQ5GU4yjQnRFSQznvTcT/vF6qwjMvozxJFeF4tihMGVQxnIQE+1QQrNhYE4QF1bdCPEQ6FqWjrOgQnPmXF0m7ZjknVu22Xm1cFHGUwQE4BMfAAaegAa5BE7QABg/gCbyAV+PReDbejPdZa8koZvbBHxgf35/un5k=</latexit>
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Full Ruds(s)
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Local discrepancies
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Combination of  the experimental data
๏ To investigate local discrepancies in the experimental data and obtain integrated results, we have combined the 
available data for Ruds.

๏ We used the KNT algorithm (but more modest analysis, restricted to the the interval 1.8 GeV to 3.66 GeV)
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<latexit sha1_base64="4U6uxRGd2jJx2+LydFM5DcENvw4=">AAACCnicbZC7TsMwFIYdrqXcAowshgqJKU3aSmVBqmBhLBK9SE2oHMdprTpxZDtIVdSZhVdhYQAhVp6AjbfBbTNAyy9Z+vSfc3R8fj9hVCrb/jZWVtfWNzYLW8Xtnd29ffPgsC15KjBpYc646PpIEkZj0lJUMdJNBEGRz0jHH11P650HIiTl8Z0aJ8SL0CCmIcVIaatvnrh4SO8r5cwVEQx4OIGXsOZY9XK1rsmxnGrfLNmWPRNcBieHEsjV7JtfbsBxGpFYYYak7Dl2orwMCUUxI5Oim0qSIDxCA9LTGKOISC+bnTKBZ9oJYMiFfrGCM/f3RIYiKceRrzsjpIZysTY1/6v1UhVeeBmNk1SRGM8XhSmDisNpLjCggmDFxhoQFlT/FeIhEggrnV5Rh+AsnrwM7YrOy6rc1kqNqzyOAjgGp+AcOKAOGuAGNEELYPAInsEreDOejBfj3fiYt64Y+cwR+CPj8weQcpb0</latexit>

p = 27.5%
<latexit sha1_base64="KWGQNo18P+L4KijrPTBCRX7OrjE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LJaCp5BUpV6EohePFewHtKFstpt26WYTdzdCCf0TXjwo4tW/481/4zbNQVsfDDzem2Fmnh9zprTjfFuFtfWNza3idmlnd2//oHx41FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP7md+50nKhWLxIOextQL8UiwgBGsjdSNr2t1+7JfHZQrju1kQKvEzUkFcjQH5a/+MCJJSIUmHCvVc51YeymWmhFOZ6V+omiMyQSPaM9QgUOqvDS7d4aqRhmiIJKmhEaZ+nsixaFS09A3nSHWY7XszcX/vF6igysvZSJONBVksShIONIRmj+PhkxSovnUEEwkM7ciMsYSE20iKpkQ3OWXV0m7Zrvndu3+otK4yeMowgmcwhm4UIcG3EETWkCAwzO8wpv1aL1Y79bHorVg5TPH8AfW5w861Y7I</latexit>  Local p-value per cluster

 (BES-III data above 3.4 GeV are highly positively correlated)

Keshavarzi, Nomura and Teubner ’18

๏ we do error inflation (à la KNT), we checked linear 
vs quadratic interpolation, no sign of d’Agostini bias, 
and we checked different procedures to deal with 
correlations.
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Contributions to aHVP

µ
<latexit sha1_base64="nU7EmT8sbE1L7kPo4zl4c9Ay8cQ=">AAACBHicdVDLSsNAFJ34rPUVddnNYCu4Kkl9tN0V3XRZwT6giWUymbRDZ5IwMxFK6MKNv+LGhSJu/Qh3/o2TtoKKHrhwOOde7r3HixmVyrI+jKXlldW19dxGfnNre2fX3NvvyCgRmLRxxCLR85AkjIakrahipBcLgrjHSNcbX2Z+95YISaPwWk1i4nI0DGlAMVJaGpgFx4uYz5EawRIaODy5SR3BYbPTmpYGZtEq1y27flaFc1I7XZDzOrTL1gxFsEBrYL47foQTTkKFGZKyb1uxclMkFMWMTPNOIkmM8BgNSV/TEHEi3XT2xBQeacWHQSR0hQrO1O8TKeJSTrinO7Nz5W8vE//y+okKam5KwzhRJMTzRUHCoIpglgj0qSBYsYkmCAuqb4V4hATCSueW1yF8fQr/J51K2T4pV64qxcbFIo4cKIBDcAxsUAUN0AQt0AYY3IEH8ASejXvj0XgxXuetS8Zi5gD8gPH2CSMFl8c=</latexit>

aHVP

µ [s1 : s2]⇥ 1010
<latexit sha1_base64="UTolQP4V9bQ5bvj4I4jCMyTWC0s=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VZIqKK6KbrqsYB+QpGEynbRDZ5IwMxFKyCe48VfcuFDErUt3/o3TNgttPXDhcM693HtPkDAqlWV9G6WV1bX1jfJmZWt7Z3fP3D/oyDgVmLRxzGLRC5AkjEakrahipJcIgnjASDcY30797gMRksbRvZokxONoGNGQYqS05JunyHd52s9cwWGz08od6dvX0q970FWUEwltq5/ZVu6bVatmzQCXiV2QKijQ8s0vdxDjlJNIYYakdGwrUV6GhKKYkbzippIkCI/RkDiaRkgv87LZQzk80coAhrHQFSk4U39PZIhLOeGB7uRIjeSiNxX/85xUhVdeRqMkVSTC80VhyqCK4TQdOKCCYMUmmiAsqL4V4hESCCudYUWHYC++vEw69Zp9XqvfXVQbN0UcZXAEjsEZsMElaIAmaIE2wOARPINX8GY8GS/Gu/Exby0Zxcwh+APj8wePP5uh</latexit>

p
s [GeV] pQCD pQCD+ DVs BESIII KEDR BES Comb.

[1.8 : 3.66] 33.135(51) 33.0(1.3) — 33.91(78) — 33.86(56)

[2.23 : 3.66] 17.875(23) 17.85(18) 19.21(39) 18.34(34) 19.21(60) 18.42(23)
<latexit sha1_base64="TEI3TCKSqiFJYYk/5rnwAVt6kGA="></latexit>

18 20
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pQCD+DVs

aHVP
µ [2.23 : 3.66]

aHVP

µ [s1; s2] =
⇣↵EMmµ

3⇡

⌘2
Z s2
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ds
K̂(s)

s2
R(s),

<latexit sha1_base64="NNCsjf4nXDxeSTR4++UkyqOr7kQ="></latexit>
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Contributions to aHVP

µ
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<latexit sha1_base64="UTolQP4V9bQ5bvj4I4jCMyTWC0s=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VZIqKK6KbrqsYB+QpGEynbRDZ5IwMxFKyCe48VfcuFDErUt3/o3TNgttPXDhcM693HtPkDAqlWV9G6WV1bX1jfJmZWt7Z3fP3D/oyDgVmLRxzGLRC5AkjEakrahipJcIgnjASDcY30797gMRksbRvZokxONoGNGQYqS05JunyHd52s9cwWGz08od6dvX0q970FWUEwltq5/ZVu6bVatmzQCXiV2QKijQ8s0vdxDjlJNIYYakdGwrUV6GhKKYkbzippIkCI/RkDiaRkgv87LZQzk80coAhrHQFSk4U39PZIhLOeGB7uRIjeSiNxX/85xUhVdeRqMkVSTC80VhyqCK4TQdOKCCYMUmmiAsqL4V4hESCCudYUWHYC++vEw69Zp9XqvfXVQbN0UcZXAEjsEZsMElaIAmaIE2wOARPINX8GY8GS/Gu/Exby0Zxcwh+APj8wePP5uh</latexit>
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s [GeV] pQCD pQCD+ DVs BESIII KEDR BES Comb.

[1.8 : 3.66] 33.135(51) 33.0(1.3) — 33.91(78) — 33.86(56)

[2.23 : 3.66] 17.875(23) 17.85(18) 19.21(39) 18.34(34) 19.21(60) 18.42(23)
<latexit sha1_base64="TEI3TCKSqiFJYYk/5rnwAVt6kGA="></latexit>
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� 3�
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⇠ 2�
<latexit sha1_base64="OIzxoeZbPDWdhal4CTgLDDRyFN4=">AAACC3icdVDLSgMxFM34rPVVdekmWARXw8y0tnVXdOOygn1AO5ZMmmlDk8mQZIQy9BPcu9VfcCdu/Qj/wM8w01awogdCDufcy733BDGjSjvOh7Wyura+sZnbym/v7O7tFw4OW0okEpMmFkzIToAUYTQiTU01I51YEsQDRtrB+Crz2/dEKiqiWz2Jic/RMKIhxUgb6a6nKIceNN+Qo3y/UHTsi1rFO/egYztO1StVMuJVy14JukbJUAQLNPqFz95A4ISTSGOGlOq6Tqz9FElNMSPTfC9RJEZ4jIaka2iEOFF+Ott6Ck+NMoChkOZFGs7Unx0p4kpNeGAqOdIj9dvLxL+8bqLDmp/SKE40ifB8UJgwqAXMIoADKgnWbGIIwpKaXSEeIYmwNkEtTQmEGGsUqGkWzff98H/S8my3ZHs35WL9chFSDhyDE3AGXFAFdXANGqAJMJDgETyBZ+vBerFerbd56Yq16DkCS7DevwBtmZss</latexit>

2.2�
<latexit sha1_base64="+8FV7EPgQGqtglc6GyU2aKFH5QM=">AAACCHicdVDLSgMxFM3UV62vqks3wSK4GmbS2tZd0Y3LCvYB06Fk0kwbmpkMSUYopT/g3q3+gjtx61/4B36GmbaCFT1w4XDOvdx7T5BwprTjfFi5tfWNza38dmFnd2//oHh41FYilYS2iOBCdgOsKGcxbWmmOe0mkuIo4LQTjK8zv3NPpWIivtOThPoRHsYsZARrI3nIRrCn2DDChX6x5NiX9Sq6QNCxHaeGytWMoFoFlaFrlAwlsESzX/zsDQRJIxprwrFSnusk2p9iqRnhdFbopYommIzxkHqGxjiiyp/OT57BM6MMYCikqVjDufpzYoojpSZRYDojrEfqt5eJf3leqsO6P2Vxkmoak8WiMOVQC5j9DwdMUqL5xBBMJDO3QjLCEhNtUlrZEggx1jhQsyya7//h/6SNbLdso9tKqXG1DCkPTsApOAcuqIEGuAFN0AIECPAInsCz9WC9WK/W26I1Zy1njsEKrPcvsheZqQ==</latexit>
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<latexit sha1_base64="NNCsjf4nXDxeSTR4++UkyqOr7kQ="></latexit>
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Conclusions

๏ pQCD in good shape: several indications that there is nothing problematic with the series

๏ Very little room for changes in pQCD. Uncertainty under control.

๏ DVs significant below 2.5 GeV and improve agreement between theory and data (but large errors)

๏ Data combination suggests that data sets are locally compatible

๏ We cannot provide a mechanism to account for the discrepancies between QCD and BES-III data 
points (mainly above 3.4 GeV)

๏ Local discrepancies reach       for the BES-III data set (mainly for                    , but data are correlated)3�
<latexit sha1_base64="URwv7w9MdAF2VXQD7n0rHOpvuXU=">AAACBXicbVDLSgNBEJyNrxhfUY9eFoPgKewmgh6DXjxGMA9IltA7mU2GzGOZmRXCkrN3r/oL3sSr3+Ef+BnOJnswiQUNRVU33V1hzKg2nvftFDY2t7Z3irulvf2Dw6Py8Ulby0Rh0sKSSdUNQRNGBWkZahjpxooADxnphJO7zO88EaWpFI9mGpOAw0jQiGIwVurW+5qOOJQG5YpX9eZw14mfkwrK0RyUf/pDiRNOhMEMtO75XmyCFJShmJFZqZ9oEgOewIj0LBXAiQ7S+b0z98IqQzeSypYw7lz9O5EC13rKQ9vJwYz1qpeJ/3m9xEQ3QUpFnBgi8GJRlDDXSDd73h1SRbBhU0sAK2pvdfEYFGBjI1raEko5MRDqWRaNvxrEOmnXqn69Wnu4qjRu85CK6Aydo0vko2vUQPeoiVoII4Ze0Ct6c56dd+fD+Vy0Fpx85hQtwfn6BQommMg=</latexit>

p
s � 3.4GeV

<latexit sha1_base64="u28wDPQNs8/6RojN2hMQDm0u+io=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4Cklb0GXRhS4r2Ac0oUymN+3QyaMzE6GEght/xY0LRdz6E+78G6dtFtp64MLhnHu59x4/4Uwq2/42VlbX1jc2C1vF7Z3dvX3z4LAp41RQaNCYx6LtEwmcRdBQTHFoJwJI6HNo+cPrqd96ACFZHN2rcQJeSPoRCxglSktd89iVI6EyOXH7MMIVq4ozV4T4BpqTrlmyLXsGvEycnJRQjnrX/HJ7MU1DiBTlRMqOYyfKy4hQjHKYFN1UQkLokPSho2lEQpBeNvthgs+00sNBLHRFCs/U3xMZCaUch77uDIkayEVvKv7ndVIVXHoZi5JUQUTni4KUYxXjaSC4xwRQxceaECqYvhXTARGEKh1bUYfgLL68TJply6lY5btqqXaVx1FAJ+gUnSMHXaAaukV11EAUPaJn9IrejCfjxXg3PuatK0Y+c4T+wPj8Aec+lwc=</latexit>

๏ More BES-III data and KEDR data will be very welcome 
see talks by Thatiana Kharlamova and Weiping Wang
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Extra



FOPT and CIPT

19 Diogo Boito 

x = s/s0
<latexit sha1_base64="xvih5xhsASYkMKLj2GbwF73VnZQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKe5GQS9C0IvHCOYByRJmJ51kyOzsMjMrhiUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zUdUmkfywYxj9EM6kLzPGTVWaj5d6zPddbvFklt2ZyDLxMtICTLUusWvTi9iSYjSMEG1bntubPyUKsOZwEmhk2iMKRvRAbYtlTRE7aezcyfkxCo90o+ULWnITP09kdJQ63EY2M6QmqFe9Kbif147Mf0rP+UyTgxKNl/UTwQxEZn+TnpcITNibAllittbCRtSRZmxCRVsCN7iy8ukUSl75+XK/UWpepPFkYcjOIZT8OASqnAHNagDgxE8wyu8ObHz4rw7H/PWnJPNHMIfOJ8/pdyPHQ==</latexit>�(0) =
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Fixed renormalization scale, strict Fixed Order expansion (Fixed Order Pt. Theory)
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µ2 = s0
<latexit sha1_base64="O3lTWL+DncB3iq8Xe9rqy2JrMwI=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EohePFewHtmvJptk2NMkuSVYoS/+FFw+KePXfePPfmG73oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG9mfvuJKs0ieW8mMfUFHkoWMoKNlR56InmsXem+i/rlilt1M6Bl4uWkAjka/fJXbxCRRFBpCMdadz03Nn6KlWGE02mpl2gaYzLGQ9q1VGJBtZ9mF0/RiVUGKIyULWlQpv6eSLHQeiIC2ymwGelFbyb+53UTE176KZNxYqgk80VhwpGJ0Ox9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2+vExatap3Vq3dnVfq13kcRTiCYzgFDy6gDrfQgCYQkPAMr/DmaOfFeXc+5q0FJ585hD9wPn8AXsGQDw==</latexit>

Running renormalization scale, no longer a strict power expansion in the coupling

integral over the 
running coupling

no obvious expansion 
parameter

CIPT
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<latexit sha1_base64="x3JD6rcOWzkdoKva23E4YGPXy28="></latexit>Pich & Le Diberder ’92
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pQCD: renormalon-free gluon-condensate scheme

20 Diogo Boito 

๏ FOPT not the only choice for the renormalization scale. 

๏ Another popular choice is Contour Improved Perturbation Theory (CIPT), with a running scale that ressums the 
running of the strong coupling along the contour integration. But it is well known that FOPT and CIPT do not agree.  
It became clear that standard CIPT is incompatible with the OPE. 

๏ For CIPT to work it is necessary to switch to a scheme that consistently removes the gluon-condensate renormalon.
Hoang & Regner ’20, Benitez-Rathgeb, DB, Hoang ’22, Golterman, Maltman and Peris ’23

Hoang & Regner ’20
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<latexit sha1_base64="XLi6Oi8j84hVxtjcRQ4FaMMgsjU="></latexit>

This function is introduced for the new GC 
to be independent of the IR scale R (in the 
RG sense) and such that the Borel integral 

of the series is unchanged

with

๏ We switch to the renormalon-free (RF) gluon-condensate scheme and and use a modified version of CIPT: RF-CIPT:
Benitez-Rathgeb, DB, Hoang, Jamin ‘22
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This defines another scheme for the same perturbative series

Hoang & Regner ’20
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Combining the data: correlations
๏ Data combination considering only the correlations within a given cluster (block-diagonal combination)
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Standard fit

๏ Block-diagonal data combination closer to BES-III
๏ Long-distance correlations not included in the fit (only included in error propagations), but statistical 
analysis possible using Bruno & Sommer ’22 
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Contributions to aHVP

µ
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p
s [GeV] pQCD pQCD+ DVs BESIII KEDR BES Comb.

[1.8 : 3.66] 33.135(51) 33.0(1.3) — 33.91(78) — 33.86(56)

[2.23 : 3.66] 17.875(23) 17.85(18) 19.21(39) 18.34(34) 19.21(60) 18.42(23)
<latexit sha1_base64="TEI3TCKSqiFJYYk/5rnwAVt6kGA="></latexit>
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An attempt to fit of  the strong coupling 

๏ An attempt to fit the strong coupling to Ruds(s) KEDR data with pure pQCD leads to large uncertainties 
(large exp. errors combined with a not-so-strong sensitivity to alpha_s)

๏ Errors of about 5% at the Z-boson mass

↵
nf=5
s (mZ) = 0.1307± (0.0064)stat
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๏ This is just an exploration, not a complete analysis (no theory error, for example)

๏ Very good        if only KEDR is used (bad        if BES-III data are included: p-value < 5%).�2
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๏ Fit with pQCD only, up to             use the estimate                              for the six-loop coefficient   O(↵5
s)
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c5,1 = 280± 140
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๏ Fits to only BES-III data don’t work: p-value = 0.000002.


