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Motivation

Current situation:

• Tension in the 2π data
• Differences in datasets are almost exclusively contained in

inelastic contributions Stoffer et al. (2023)

• Inelastic effects are combined as a multiplicative factor in the
current dispersive treatment Leplumey and Stoffer (2025)

• No unified fits available for multi-channel treatments
Achasov and Kozhevnikov (2013)

Two-potential model: Hanhart (2012)

• Based on unitarity and analytic properties of the S-matrix
• Inelastic channels built explicitly and fit to data
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Two-potential model: the concept

Model data with resonances (VR) and non-resonant contribution (VB)

• Background should only be small part ← VMD assumption
• Need T -matrix that corresponds to the potentials VR/B

• Sum of two unitary objects not unitary
→ TB is unitary, TR not unitary, Ttot = TB + TR unitary

⇒ Background dresses all resonant interactions
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Two-potential model: diagrammatic representation

VB =

f0/f

=⇒ TB =VB + ΠVB TB

γ 1= + ΠTB

VR = gT g
GR

=⇒ TR gT g
G̃R

= γ γ =
VR

γ γ + Π
VR G̃R

γγ γ

F =
P

+
P

TB Π + Π
P

TR
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Two-potential model: formal representation

VB(s)ab = f0,ab =⇒ TB = (1−VBΠ)
−1 VB

Background T-matrix

with Π(s) = s
π

∫ ∞

sthr

ds′

s′
ρ(s′)ξ(s′)2

s′ − s − iε
+ const.

γ(s) = 1 + TB(s)Π(s) =̂ p(s) exp
(

s
π

∫ ∞

sthr

ds′

s′
δB(s′)

s′ − s − iε

)

VR(s)ab =

nR∑
k=1

gk
agk

b
m2

k − s
=⇒ TR = γ† (1−VRΣ)

−1 VRγ

Resonance T-matrix

with Σ(s) = s
π

∫ ∞

sthr

ds′

s′
ρ(s′)ξ(s′)2|γ(s′)|2

s′ − s − iε
+ const.

F = γ (1−VRΣ)
−1 P with P(s)b =

nR∑
k=1

gk
b ak

m2
k − s

Form factor Application to σ(500), ρ(770): Heuser et al. (2024)
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Vertex structures

µ ∼ ξµVPP = (p1 − p2)
µ

µ

(λ)

∼ ξ
(λ)µ
VVP = εµναβn(λ)

ν pαqβ

1µ

(λ)

∼ ξ
(λ)µ
VAP,1 = (q · k)n(λ)µ − (n(λ) · q) kµ

2µ

(λ)

∼ ξ
(λ)µ
VAP,2 = q2k2n(λ)µ + (q · k)(n(λ) · q)qµ − k2(n(λ) · q)qµ

(for γ∗ → ππ,KK̄)

(for γ∗ → ωπ0, ρη,K∗K)

(for γ∗ → a1π)

q

p1

p2

q

k

p

q

k

p

q

k

p

5



Included channels (J = 1, I = 1)

1st

π

π

2nd

ω

π0

3rd

π

π

π

π

4th

π

π

η

5th

K

K̄

6th

π

K

K̄

a1(1260)

ρ(770)

ρ(770)

K∗(892)
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Semistable channels

Spectral function for an unstable state A via dressed propagator
→ fix parameters g, MA like in Heuser et al. (2024) via pole position

σA(q2) = − 1
π

Im
(
GA(q2)

)
, where GA(q2) =

1
q2 −M 2

A + g2Πi(q2)

Imaginary part of the self-energy ΠAB with A being a (broad)
resonance

ImΠAB =

∫ (
√

s−MB)2

sthr,decay

dq2
Aρ(s, q2

A,M 2
B)ξ

2(s, q2
A,M 2

B)σA(q2
A)

ImΠππη(s) =
∫ (

√
s−Mη)

2

(2Mπ)2
dq2

ρ σρ(q2
ρ)ρ(s, q2

ρ ,M 2
η ) ξ

2
VVP(s, q2

ρ ,M 2
η )

ImΠπKK(s) =
∫ (

√
s−MK )2

(Mπ+MK )2
dq2

K∗ σK∗(q2
K∗)ρ(s, q2

K∗ ,M 2
K)ξ2

VVP(s, q2
K∗ ,M 2

K)
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Semistable channels: 4π and the a1 spectral function

a1π problematic:
a1 pole might be model dependent + three-body effects
→ use τ -decay data for a1 and fit ga1ρπ, Ma1
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ALEPH data [Davier et al. (2014)]
a1 spectral function
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Semistable channels: 4π and the a1 spectral function

a1π problematic:
difference between interference effects in 2π0π+π− and 2(π+π−) not
accounted for within the model
→ fit multiplicative factor to ratio of corresponding cross sections

rN/C(s) = 1
2

(
1 + exp−1

(
a2 − s

b2

))
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Data (interp.) [Lees et al. (2012b, 2017)]
Phenomenological fit rN/C
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Semistable channels: 4π and the a1 spectral function
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ImΠρπ(q2
a1
) =

∫ (
√

q2
a1

−Mπ)
2

(2Mπ)2
dq2

ρ σρ(q2
ρ) ρ(q2

a1
, q2

ρ ,M 2
π) ξ

2
VVP(q2

a1
, q2

ρ ,M 2
π)

σa1(q2
a1
) = − 1

π
Im

(
1

q2
a1
−M 2

a1
+ g2

a1ρπΠρπ(q2
a1
)

)
ImΠi,4π(s) =

∫ (
√

s−Mπ)
2

(3Mπ)2
dq2

a1
σa1(q2

a1
) ρ(s, q2

a1
,M 2

π) ξ
2
i,VAP(s, q2

a1
,M 2

π) rN/C(s)
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Model is set up – what now?

The fully set-up model can be used to

• test compatibility of data sets
• understand the complex plane
• extract poles and residues

For all of this: we need to fit!

Parameters 3 resonances 4 resonances
Background parameters f0,ij 28 28
Resonance masses mk 3 4
Source couplings ak 3 4
Resonance couplings gk

i 21 28
Total 59 68

+ parameters from isospin-breaking effects (see e.g. slide 19 below)
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Semistable channels: 4π and the a1 spectral function

a1π problematic: two structures ξVAP,1 and ξVAP,2 for V → AP
Want no interference between form factors to isolate Im(Π4π) clearly
→ rotate into suitable basis

σ
(0)
e+e−→4π(s) =

(
e2

s

)2 [
ImΠ4π,1(s)|f (1)a1π(s)|

2 + ImΠ4π,2(s)|f (2)a1π(s)|
2
]

⇒ a1π is split into two channels
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Simultaneous fit to data

π+π− production: BaBar [Lees et al. (2012a)],
KLOE [Anastasi et al. (2018)], CMD-3 [Ignatov et al. (2024)]

ππ p-wave phase shift: Bern [Colangelo (2004), …, Stoffer et al. (2023), …]

π0ω production: BaBar [Lees et al. (2017)],
CMD-2 [Akhmetshin et al. (2003)], SND [Achasov et al. (2000, 2016)]

ω decay: NA60 [Arnaldi et al. (2009, 2016)]

4π production: BaBar [Lees et al. (2012b, 2017)]

Kaon VFF from τ decay: BaBar [Lees et al. (2018)]

ππη production: BaBar [Aubert et al. (2007)],
CMD-2 [Akhmetshin et al. (2000)], SND [Aulchenko et al. (2015)]

KKπ production: BaBar [Aubert et al. (2008)]

Radiative decay widths for V → Pγ: PDG [Takahashi et al. (2026)]

a1 spectral function from τ decay: ALEPH [Davier et al. (2014)]
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Simultaneous fit to data
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Simultaneous fit to data: model performance
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Challenges and strategies

• Large number of parameters
=⇒ must be careful with local minima
=⇒ both gradient-based and global minimization routines

• Risk of overfitting
=⇒ lowest number of resonances (ρ, ρ′, ρ′′)
=⇒ diagonal background preferable

• Asymptotic behaviour not built in
=⇒ must be imposed: punishing factors and post-processing

• Narrow (unphysical) resonances occur as fit artefacts
=⇒ must be filtered out in the post-processing step

• Data quality not uniform
=⇒ must be compensated for during fitting

• Pion VFF sensitive to phase shifts, ω parameters
=⇒ individual input for different datasets

• Need to correct for bias
=⇒ d’Agostini procedure (see e.g. Ball et al. (2010))
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Contributions to the global χ̄2

|FVπ |<1 |FVπ |≥1 |fπ0ω| σ4π |F vK | σηππ |fρη(0)| σπKK̄ |fK∗K(0)| δ1
1

Total
10−2

10−1

100

101

BaBar

CMD-3

KLOE

Individual contributions to the reduced χ2 (preliminary!)

PRELIMINARY
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ππ fits below 1 GeV
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ω parameters from 2-pion data

FV
π (s) =

(
1 + κω

s
s −M 2

ω + iMωΓω
+ . . .

)
FV ,I=1
π (s)

• Γω fixed from 3π Hoferichter et al. (2023)

• Bounds for Mω and κω were selected according to the ππ dataset
[Stoffer et al. (2023)]
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Summary

• Global fits performed to data from multiple channels.
• Dispersive constraints imposed through ππ-specific phases.
• Two-potential formalism ensures unitarity and analyticity.
• Preliminary analysis shows noticeable differences in the quality of

fit between the pion production datasets.
• Early evidence suggests that CMD-3 leads to better consistency

with data for inelastic channels.
• Quantification of significance currently under study

(stay tuned for the publication!).
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Fits with diagonal background

1 2 3
10−3

10−1

101

|F V
π |

0 1 2
10−2

100

102

|fπ0ω|

1.0 1.5 2.0 2.5 3.0

0

10

20

30

σe+e−→4π [nb]

1.0 1.2 1.4 1.6

10−1

100
|F v
K |

1.0 1.5 2.0 2.5 3.0

0

2

4

σe+e−→ηππ [nb]

1.5 2.0 2.5 3.0

0

2

4

σe+e−→πKK̄ [nb]

0.5 1.0 1.5

0

π/2

π

Pion p-wave phase shift

2 4

K∗K

ρη

ωπ0

|fV P (0)|

0.50 0.75 1.00 1.25 1.50

0

5

10

σa1

21



Fits with diagonal background, ππ favoured
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χ̄2, diagonal background

|FVπ |<1 |FVπ |≥1 |fπ0ω| σ4π |F vK | σηππ |fρη(0)| σπKK̄ |fK∗K(0)| δ1
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Individual contributions to the reduced χ2 (preliminary!)

PRELIMINARY
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