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Until 2020, precision of lattice calculation was not

enough to be significant

Theory results with competing precision were
data-driven, leading to WP20.

2020: first sub-percent lattice determination
[BMW20] casts doubts on the WP20-experiment

tension.

2024: BMW-DMZ “hybrid" calculation: most precise
to date.

2024-2025: many LQCD calculation at sub-percent.
Theory result of WP25 is fully lattice.
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Error budget and improvement

- 2017 = 2020 s This work
1.89%

Error x10'°

(@) ()
Statistical Continuum
limit breaking
References:
Borsanyi, S. et al. Leading hadronic contribution to the muon magneic moment from latice QCD.
BMW 20 = Meture 593, 5185 arkiv: 20212547 (nep-iac) (2021,
Borsanyi,S. et a. i h
BMW 17 = "»

from first principles. Phys. Rev. Lett. 121, 022002. arXiv: 1711.04980 [hep-1at] (2018
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Lattice QCD approach %

= Time + zero-momentum representation [hep-lat/1107.4388 Meyer,

Bernecker]
LO-HVP _ 2 (¥
= dt K(t)C(t
i “ /o (£)C() 13 F window [RBC/UKQCD'18] ——— ']
m  Two-point function of electromagnetic currents: ():5 L : : : . ]
40'0 T dagdi BMWGT7] o
13 00 4 da i/t [BMWC'17] —o—
C() = 3 X (h(0)4(0) /
i=1 300

200

00 05 10 15 20 25 30 35 40 45
=[r4+2—/r(r+4)%/y/r(r+4) t[fm]

Construct and compare window observables [RBC/UKQCD '18] to
reduce/enhance certain systematics
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Improvement over BMW20 %

w28 large-scale simulations, scattered around the physical point. We use
“staggered fermions”.

Physical point |
B =3.7000 (1)
8=3.7500 (5)
B =3.7753 (4)
8 =3.8400 (4) ]
4 =13.9200 (6)
8 =14.0126 (6) 4

= Including new lattice spacing, closer to the continuum. L~ 6 fm, T ~9 ) 5 =4.1479 2)l

fm. 501 06 095 L0 Loz L0 L6 108
a = 0.064fm [96° x 144] — 0.048 fm [128% x 192]. Mt/ M)

u Blinded analysis.

# VAdoODPe®

phys

m Break up calculation into optimised set of 5 windows. 4000 — [0,00] fm
— [0,0.4] fm
300} B ]
= Hybrid approach: bulk of the value from Lattice QCD-+QED in [0,2.8] = 0.4,0.6] fm
fm, 96.1% of total ay. £ 2000 — [0.6,1.2] fm |
gl= — [1.2,2.8]fm
= Data-driven tail: [2.8, 0] fm (3.9%) from low-energy region of eTe™ 1o\ — [2.8,00] fm 1
annihilation data. N
0 i 2 3 r 5
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Finite volume %

= Typical lattice volumes have size L..f ~ 6 fm: it contains ~ 98% of ay

m The remaining 2% needs to be estimated precisely: need 0.2% total
uncertainty to match experiment

- ChPT: low-energy (long-range) effective theory of QCD. Three loop in

progress: infinite volume calculation finished
[Lellouch, Lupo, Sjs, Szabo, Vanhove '25]

- Turn et e~ data into finite-volume physics T T T T T

[Liischer '91, Lellouch-Lisscher '01, H.B.Meyer '11], Hansen-Patella ['19, '20]
—— *  NNLO ChPT
= BMW20: Ly, ~ 11fm box which contains almost entirely a,. *  NLO ChPT
® Lattice
A CMD3
. v KLOE
s BMW/DMZ-24: e"e™ tail reduces the part of the calculation that is in a finite " : 2;[2' —59)
volume R
18.5(2.5) — 9.3(9) 1 Full error
= BMW/DMZ-24 uses lattice in the Ly,;, = 11fm box, and checks consistency with
other methods (Fig. —)
| | ) L |
7 B 9 10 1l
Aajgh o
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_ntermediate window

= Euclidean window [RBC'18] corresponding to [0.4, 1] fm

= Contains the bulk of the p-resonance contributions to ay, BMW 24 ]

m Cleanest LQCD observable, and shows clear tensions with
data-driven minus CMD3. Consistent between LQCD BaBar e
calculations.

CMD-3 o

— ———T—TTT III —
FNAL/HPQCD/MILC *24 1
RBC/UKQCD '23 (L] KLOE HcH
ETM '22 =
Mainz/CLS 22 H-H
Aubin '22 —+—
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BMW '20 i 1 L L
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Data-driven tail

— [0,00] fm
lat:[0,2.8] fm
m Consider the long-distance tail of the correlator — e*e:[2.8,00] fm

beyond 2.8 fm, ~ 4% of a.

100 J AN
. . f
m In the tail, LQCD has larger uncertainty because of N
statistical errors and enhanced finite-volume effects. 1 2 3 4
t [fm]
x10°

e
% 16— « TOF + SND =
g i 4+ OLYA o SND20 j
= On the other hand, data agrees for the tail. g M soMD - oDz
2 5 4 KLOEB « CLEO
= 10E & KLOE10 o BABAR |
] E o KLOE12 B
? 8 * BES {
= Dominated by low-energy spectrum: p-region heavily T s 3
1 £ |
3 E ]
suppressed. e E
% 2F E
H; E | |
Pt %.3 04 0.5 0.6 0.7 0.8 0.9 1
& Vs [GeV]
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Hybrid approach %

e
Lattice —+ —
m Hybrid approach: use lattice below 2.8, dispersive Babar .
above. Calculation is mostly lattice.
CMD-3 o
KLOE ——o—+
m Hybrid strategy first proposed in RBC'18.
Tau —t—
B R T R T Y TRV
u All datasets and lattice agree in this region -
T
BaBar —e—
u Offers significant reduction in error (statistics and CMD-3 ——
finite-volume). Lok \ :
Tau | ————
= For central value, we consider datasets with full /s I
inal Resu —————t——i
coverage of the dominant 77771~ contribution. N R AR
27.0 27.5 28.0 28.5
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Uncertainties on the data-driven tail

m To be very conservative we include a number of

additional systematics.

1 Ordering of operations: averaging the spectra, and
integrating into ay.

2 Other experiments with less coverage. Other eXp_
3 Removing/including CMD3. CMD3

BaB LOE
4 Removing BaBar/KLOE.

= Negligible impact on full result.

= 3,280 = 27.59(26)(45)[52].
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Points raised in A. Wright's talk on Monday to motivate the statement:

2

Does not touch root cause of tensions.

Obviously, does not intend to. Provides a high-precision value for a, within
the current landscape of lattice/data, in a way that avoids tensions.

Value dependent on switchover time.

An obvious feature: we ensure that only data free from tensions enter the
hybrid calculation.

KNT19/CMD3 tension still large at 2.8 fm.

Removal of CMD3 accounted for in our error, as is removal of
BaBar/KLOE.

Notice that our value for the tail agrees with all individual datasets we
consider: any further difference is due data combination procedure.

Still desirable to have two independent theory methods.

Of course!
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Figures from A. Wright's talk on Monday
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CMD-3 obtained by substituting into KNT19 where available.

CMD-3 significance

BMW/DMZ-24 est. by subtraction of KNT19 non-27 in window.

BMW/DMZ-24 from D. Giusti — FCCP25; The HVP contribution

to the muon g — 2 from the lattice.
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With BMW+DMZ-24:
m Hybrid approach provides the most precise value, to date:

T T T T
BNL & FNAL'25 ]
0.50]

LO-HVP _
ay =715.1(2.5)(2.3)[3.4].
Still work to be done: E—
= Story far from over until tensions in data-driven are resolved. —a i
m Matching precision of BNL & FNAL experiments, to which the S
hybrid method provides a possible path. Ha
P S s s
1 1 1 1 1 1

And of course we wait with excitement:

= new e’ e analyses.

m New experimental setup at JPARC.

u MUonE for spacelike HVP.
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Backup...



Full estimate of systematics e %

206 10°
m Thousands of analysis variations to account for systematics: e.g. EM N~ 104_*;3
extrapolations from lattice to continuum (different functional 3 ok
forms, remove coarse lattices, etc.) combined using the Akaike = 1045
Information Criterion (AIC). 20 ' N
0.0000  0.0025  0.0050 0;(30/72“200100 0.0125  0.0150
m Statistical error from jackknife.
LN L L e
: — PDF
m Each fit is assigned a weight, used to build histograms, -+ Median
68.3%
95.4%

1
w = exp |:—§ ()(2 + 2npar - ndata)] .

u Take one (two) sigma confidence band.

205 206 207 208

ﬂz,g;‘/:fln(me)

= Total error from half (quarter, if larger) of the width.



Scale setting

301 3 II j j j (] ! 5 excltatjion 1
= ® 4™ excitation
., . . g = =z @ 3 excitation |
m Scale setting's uncertainty enters in all aspects of the sk T L EE 1 B 2 excitation
. =z r A 1 excitation
calculation. S2itay ® ground state
il gl
oot J
s U
. T ‘.Lll L EY i_IL 1 T+
m We set the scale in two ways to cross-check s 1
eeeeses ! ) ’ .
0.4 0.6 0.8 1.0 12 14
t/fm
®m a=aMqg/ MP hys r r r r T T T
Q Q This work () -
This work (Mq) -
FLAG 24 —
— phys ETM 21 (f,) —a—
moa afn/ fn ETM 20 (f;) —_—e
BMW 20 (Mg) —a—
CalLat "20 (Mq) —a—
MILC "15 (f,) —_——
u Blinded analysis returned compatible values. HPacD T () ‘

. . . \ ,
0160 0170 0171 0172 0173 0174 0175
wy/fm



	Appendix

