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Motivation
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๏ Competitive data-driven results for the light-quark connected (lqc) and full strange + light-quark 
disconnected (s+lqd) contributions to g—2

๏ Shed light on the origin of the discrepancies observed in g—2 comparing data-driven and lattice 
QCD results for the HVP contribution

Keshavarzi, Nomura, Teubner ’19 (KNT19)
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Lattice QCD Dispersive

Use isospin symmetry to isolate in the data-driven approach the lqc and s+lqd contributions in order to 
compare with lattice results [correcting for isospin breaking (IB).] Already published using          data.e+e�
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DB, Golterman, Maltman, Peris ’22 ’23;  Benton, DB, Golterman, Keshavarsi, Maltman, Peris '24 

This talk: what do tau-data give for the lqc contribution? Tau-based results (including 
isospin-breaking corrections) in order to compare with isospin symmetric lattice results

Allen, DB, Golterman, Maltman, Mansur, Peris 2605.12205  



Hadronic vacuum polarization
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QCD

Hadronic Vacuum Polarization (HVP) (qµq⌫ � q2gµ⌫)⇧(q
2) = i

Z
d4x h0|T (jEM

µ (x)jEM
⌫ (0)|0i
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Usual dispersive representation

⇧(q2)�⇧(0) = q2
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4m2
⇡

ds
1
⇡ Im⇧(s)

s(s� q2 + i✏)
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Brodsky & de Rafael, ’68
Lautrup & de Rafael ‘68

Leading order contribution to aHVP

µ
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Optical theorem relates the imaginary part to

Dispersive (data-driven)

aHVP

µ = 2

Z 1

0

dtw(t)C(t)
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Leading order contribution to aHVP

µ
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RBC/UKQCD windows
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Intermediate window:
 
๏ Cuts out lattice artifacts at short and long 
distances (lattice spacing, finite volume). Can be 
obtained very precisely on the lattice.

๏ Eight recent high-precision lattice QCD results

๏ lqc component accounts for about 90% of the total

aWµ (t0, t1;�) = 2

Z 1

0
dtW (t; t0, t1;�)w(t)C(t) =

4↵2m2
µ

3

Z 1

m2
⇡

ds
K̂(s)

s2
Ŵ (s; t0, t1;�) ⇢EM(s)
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short-distance

intermediate

long-distance

lattice QCD dispersive

Short- and long-distance windows:

๏ More difficult to calculate on the lattice  

๏ Four recent high-precision results for the lqc 
component of the SD window (BMW, Mainz, 
ETMC, RBC/UKQCD) 

๏ Four recent results for the LD window  

๏ Data-driven results: this talk 

๏

aHVP,LO
µ = [aHVP,LO

µ ]SD + [aHVP,LO
µ ]int + [aHVP,LO

µ ]LD
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Figure 1: Short-distance, intermediate, and long-distance weight functions in Euclidean time (left), and their correspondence in center-of-mass energy (right).

aHVP
SD aHVP

int aHVP
LD aHVP

total

All channels
68.4(5) 229.4(1.4) 395.1(2.4) 693.0(3.9)
[9.9%] [33.1%] [57.0%] [100%]

2⇡ below 1.0 GeV
13.7(1) 138.3(1.2) 342.3(2.3) 494.3(3.6)
[2.8%] [28.0%] [69.2%] [100%]

3⇡ below 1.8 GeV
2.5(1) 18.5(4) 25.3(6) 46.4(1.0)
[5.5%] [39.9%] [54.6%] [100%]

White Paper [1] – – – 693.1(4.0)
RBC/UKQCD [24] – 231.9(1.5) – 715.4(18.7)
BMWc [36] – 236.7(1.4) – 707.5(5.5)
BMWc/KNT [7, 36] – 229.7(1.3) – –
Mainz/CLS [99] – 237.30(1.46) – –
ETMC [100] 69.33(29) 235.0(1.1) – –

Table 1: Window quantities for HVP, based on Refs. [7–9, 11], using the merg-
ing procedure from Ref. [1] and the window parameters (11) (for all channels,
2⇡ below 1.0 GeV, and 3⇡ below 1.8 GeV; in each case indicating the decom-
position of the total in %). Previous results from lattice QCD and phenomenol-
ogy are shown for comparison where available (the quoted phenomenologi-
cal evaluation of aHVP

int from Ref. [36] is based on Ref. [7]). We also include
Refs. [99, 100], which appeared after the initial submission of our paper. All
numbers in units of 10�10.

more immediate conclusions once new lattice results become
available.

In Sec. 2, we provide such comparison numbers for the stan-
dard windows from Ref. [24], with e+e� uncertainties treated
in the same spirit as in Ref. [1]. In Sec. 3, we then consider a
set of modified window quantities that should allow for a more
detailed analysis of the energy dependence. The correlations
among the di↵erent windows are also evaluated and included.
Finally, we discuss the challenges in constructing optimized
window observables to isolate the origin of potential conflicts
between e+e� data and lattice QCD.

2. Euclidean windows

The master formula for the HVP contribution in the data-
driven approach reads [101, 102]

aHVP
µ =

✓↵mµ
3⇡

◆2 Z 1

sthr

ds
K̂(s)

s2 Rhad(s) ,

Rhad(s) =
3s

4⇡↵2�(e+e� ! hadrons(+�)) , (6)

with kernel function

K̂(s) =
3s
m2
µ

"
x2

2
�
2 � x2� +

1 + x
1 � x

x2 log x

+

�
1 + x2�(1 + x)2

x2

✓
log(1 + x) � x +

x2

2

◆#
,

x =
1 � �µ(s)
1 + �µ(s)

, �µ(s) =

s

1 �
4m2
µ

s
. (7)

The integration threshold takes the value sthr = M2
⇡0 , since the

⇡0� channel is included, by convention, in the photon-inclusive
cross section (in the same way, final-state radiation is included,
in particular in the 2⇡ and 3⇡ channels below). In lattice QCD,
most collaborations employ the time-momentum representa-
tion [98, 103, 104]

aHVP
µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t)G(t) , (8)

with another known kernel function K̃(t) and G(t) given by the
correlator of two electromagnetic currents jem

µ

G(t) = �a3

3

3X

k=1

X

x
Gkk(t, x) ,

Gµ⌫(x) = h0| jem
µ (x) jem

⌫ (0)|0i , (9)

with the lattice spacing taken to the limit a ! 0. Windows in
Euclidean time are defined by an additional weight function in

2

W (t)
<latexit sha1_base64="tT2RDbBpm+WwH8AzPH5XgWIzRFI=">AAAB63icbVBNS8NAEJ34WetX1aOXYBHqpSRV0GPRi8cK9gPaUDbbTbt0dxN2J0Ip/QtePCji1T/kzX/jps1BWx8MPN6bYWZemAhu0PO+nbX1jc2t7cJOcXdv/+CwdHTcMnGqKWvSWMS6ExLDBFesiRwF6ySaERkK1g7Hd5nffmLa8Fg94iRhgSRDxSNOCWZSu4IX/VLZq3pzuKvEz0kZcjT6pa/eIKapZAqpIMZ0fS/BYEo0cirYrNhLDUsIHZMh61qqiGQmmM5vnbnnVhm4UaxtKXTn6u+JKZHGTGRoOyXBkVn2MvE/r5tidBNMuUpSZIouFkWpcDF2s8fdAdeMophYQqjm9laXjogmFG08RRuCv/zyKmnVqv5ltfZwVa7f5nEU4BTOoAI+XEMd7qEBTaAwgmd4hTdHOi/Ou/OxaF1z8pkT+APn8wdQsI3C</latexit>

Ŵ (s)
<latexit sha1_base64="FPrVmPVq3vJBhetjoiuJzHc1EIc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwkWcLsZDYZMrO7zPQKIeQrvHhQxKuf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANlyLiDRQoeTvRnKpA8lYwup35rSeujYijBxwn3Fd0EIlQMIpWeuwOKZJW2Zz3iiW34s5BVomXkRJkqPeKX91+zFLFI2SSGtPx3AT9CdUomOTTQjc1PKFsRAe8Y2lEFTf+ZH7wlJxZpU/CWNuKkMzV3xMTqowZq8B2KopDs+zNxP+8TorhtT8RUZIij9hiUZhKgjGZfU/6QnOGcmwJZVrYWwkbUk0Z2owKNgRv+eVV0qxWvItK9f6yVLvJ4sjDCZxCGTy4ghrcQR0awEDBM7zCm6OdF+fd+Vi05pxs5hj+wPn8Aa8kj6w=</latexit>

WSD
<latexit sha1_base64="CqrORwG9cQ8OGMOxvr5eFM4aGOo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LevBY0X5gu5Rsmm1Dk+ySZIWy9F948aCIV/+NN/+N6XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Hrmt5+o0iySD2YSU1/goWQhI9hY6bHdT3tKoPubab9ccatuBrRMvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOi31Ek1jTMZ4SLuWSiyo9tPs4ik6scoAhZGyJQ3K1N8TKRZaT0RgOwU2I73ozcT/vG5iwks/ZTJODJVkvihMODIRmr2PBkxRYvjEEkwUs7ciMsIKE2NDKtkQvMWXl0mrVvXOqrW780r9Ko+jCEdwDKfgwQXU4RYa0AQCEp7hFd4c7bw4787HvLXg5DOH8AfO5w8NoJCC</latexit>

W1
<latexit sha1_base64="LhOsc6g5Z66/P4YFnllN9TQMEwU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7bXL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzByURjRo=</latexit>

WLD
<latexit sha1_base64="pAPvkRLDhZ2GH22i4K3RzvcijKg=">AAAB8XicbVA9SwNBEJ2LXzF+nVraLAbBKtxFQcugFhYWEcwHJkfY2+wlS3b3jt09IRz5FzYWitj6b+z8N26SKzTxwcDjvRlm5oUJZ9p43rdTWFldW98obpa2tnd299z9g6aOU0Vog8Q8Vu0Qa8qZpA3DDKftRFEsQk5b4eh66reeqNIslg9mnNBA4IFkESPYWOmx1cu6SqC7m0nPLXsVbwa0TPyclCFHved+dfsxSQWVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjPKAdSyUWVAfZ7OIJOrFKH0WxsiUNmqm/JzIstB6L0HYKbIZ60ZuK/3md1ESXQcZkkhoqyXxRlHJkYjR9H/WZosTwsSWYKGZvRWSIFSbGhlSyIfiLLy+TZrXin1Wq9+fl2lUeRxGO4BhOwYcLqMEt1KEBBCQ8wyu8Odp5cd6dj3lrwclnDuEPnM8fAvaQew==</latexit>

ŴLD
<latexit sha1_base64="6X2Y13c8N3tzSeaswEA8YbXUi+0=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mqoMeiHjx4qGA/oAlhs920SzebsDsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz88JUcA2O822trK6tb2yWtsrbO7t7FXv/oK2TTFHWoolIVDckmgkuWQs4CNZNFSNxKFgnHF1P/c4jU5on8gHGKfNjMpA84pSAkQK74g0J4E6QeyrGdzeTwK46NWcGvEzcglRRgWZgf3n9hGYxk0AF0brnOin4OVHAqWCTspdplhI6IgPWM1SSmGk/nx0+wSdG6eMoUaYk4Jn6eyInsdbjODSdMYGhXvSm4n9eL4Po0s+5TDNgks4XRZnAkOBpCrjPFaMgxoYQqri5FdMhUYSCyapsQnAXX14m7XrNPavV78+rjasijhI6QsfoFLnoAjXQLWqiFqIoQ8/oFb1ZT9aL9W59zFtXrGLmEP2B9fkD5TaSlw==</latexit>

ŴSD
<latexit sha1_base64="oliSLShDn20X381adgDDZIzNqsI=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0mqoMeiHjxWtB/QhLDZbtqlm03Y3Qg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zba2srq1vbJa2yts7u3sVe/+grZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wdD31O49UKpaIBz1OqR/jgWARI1gbKbAr3hBr1AlyT8bo/mYS2FWn5syAlolbkCoUaAb2l9dPSBZToQnHSvVcJ9V+jqVmhNNJ2csUTTEZ4QHtGSpwTJWfzw6foBOj9FGUSFNCo5n6eyLHsVLjODSdMdZDtehNxf+8XqajSz9nIs00FWS+KMo40gmapoD6TFKi+dgQTCQztyIyxBITbbIqmxDcxZeXSbtec89q9bvzauOqiKMER3AMp+DCBTTgFprQAgIZPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AHv4JKe</latexit>

Ŵ1
<latexit sha1_base64="/k2MO3MvDxwBDT3XnT2ImIMJMus=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCbQptKJvtpl262YTdiVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4l98Px3cz3n7g2IlGPOEl5ENOhEpFgFK3k90YUie/1K1W35s5BVolXkCoUaPYrX71BwrKYK2SSGtP13BSDnGoUTPJpuZcZnlI2pkPetVTRmJsgn587JedWGZAo0bYUkrn6eyKnsTGTOLSdMcWRWfZm4n9eN8PoJsiFSjPkii0WRZkkmJDZ72QgNGcoJ5ZQpoW9lbAR1ZShTahsQ/CWX14l7XrNu6zVH66qjdsijhKcwhlcgAfX0IB7aEILGIzhGV7hzUmdF+fd+Vi0rjnFzAn8gfP5A4GEjwU=</latexit>

Wint
<latexit sha1_base64="2MzSEseDdzwbmr4rQkSt9QtLum4=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoxWME84DNEmYns8mQeSwzvUJY8hlePCji1a/x5t84SfagiQUNRVU33V1xKrgF3//21tY3Nre2Szvl3b39g8PK0XHb6sxQ1qJaaNONiWWCK9YCDoJ1U8OIjAXrxOO7md95YsZyrR5hkrJIkqHiCacEnBR2+nnPSMwVTPuVql/z58CrJChIFRVo9itfvYGmmWQKqCDWhoGfQpQTA5wKNi33MstSQsdkyEJHFZHMRvn85Ck+d8oAJ9q4UoDn6u+JnEhrJzJ2nZLAyC57M/E/L8wguYlyrtIMmKKLRUkmMGg8+x8PuGEUxMQRQg13t2I6IoZQcCmVXQjB8surpF2vBZe1+sNVtXFbxFFCp+gMXaAAXaMGukdN1EIUafSMXtGbB96L9+59LFrXvGLmBP2B9/kDR6KRQA==</latexit>

Ŵint
<latexit sha1_base64="JJMma2wpgGW77K2B/vI0NkZTs/I=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mqoMeiF48V7Ac0IWy223bp7ibsTgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5cSq4Ac/7dkobm1vbO+Xdyt7+weGRe3zSNkmmKWvRRCS6GxPDBFesBRwE66aaERkL1onH93O/M2Ha8EQ9wTRloSRDxQecErBS5LrBiADuRHmgJeYKZpFb9WreAnid+AWpogLNyP0K+gnNJFNABTGm53sphDnRwKlgs0qQGZYSOiZD1rNUEclMmC8un+ELq/TxING2FOCF+nsiJ9KYqYxtpyQwMqveXPzP62UwuA1zrtIMmKLLRYNMYEjwPAbc55pREFNLCNXc3orpiGhCwYZVsSH4qy+vk3a95l/V6o/X1cZdEUcZnaFzdIl8dIMa6AE1UQtRNEHP6BW9Obnz4rw7H8vWklPMnKI/cD5/ACvTk1w=</latexit>

Blum et al,  1801.07224
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EM current: u, d, and s quarks 

jEM
µ =

2

3
ū�µu� 1

3
d̄�µd�

1

3
s̄�µs+

2

3
c̄�µc+ · · ·

<latexit sha1_base64="CQ3JNgbg11WW5wT/T1r9AStj9L4="></latexit>

jEM
µ =

1

2
(ū�µu� d̄�µd) +

1

6
(ū�µu+ d̄�µd)�

1

3
s̄�µs

<latexit sha1_base64="K/wZEFWxGDcOhHiS6NufZv31QNM="></latexit>

I = 1  I = 0 

For I = 0 light-quark current in the isospin limit, correlator contains connected and disconnected terms

1

36
h(ū�µu+ d̄�µd)(x)(ū�µu+ d̄�µd)(y)i =

<latexit sha1_base64="g0AZR1K9u1fHZBU22DA8SJURBTE="></latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

1

18
<latexit sha1_base64="SUSOPe9HthmW+FCk44SoVd96uLo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI9FLx4r2A9oQtlsN+3SzWbZ3Qgl5G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq5NUEdohCU9UP8SaciZoxzDDaV8qiuOQ0144vZv7vSeqNEvEo5lJGsR4LFjECDZW8v1IYZJ5eeY182G15tbdBdA68QpSgwLtYfXLHyUkjakwhGOtB54rTZBhZRjhNK/4qaYSkyke04GlAsdUB9ni5hxdWGWEokTZEgYt1N8TGY61nsWh7YyxmehVby7+5w1SEzWDjAmZGirIclGUcmQSNA8AjZiixPCZJZgoZm9FZIJtDMbGVLEheKsvr5Nuo+5d1RsP17XWbRFHGc7gHC7BgxtowT20oQMEJDzDK7w5qfPivDsfy9aSU8ycwh84nz+25pF4</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

1

9
<latexit sha1_base64="/Af9hri03nMpmdD1ymUnAm3GqYQ=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoN6KXjxWsB+QhrLZbtqlm92wOxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzwkRwA6777ZTW1jc2t8rblZ3dvf2D6uFRx6hUU9amSijdC4lhgkvWBg6C9RLNSBwK1g0ndzO/+8S04Uo+wjRhQUxGkkecErCS3480oZmXZzf5oFpz6+4ceJV4BamhAq1B9as/VDSNmQQqiDG+5yYQZEQDp4LllX5qWELohIyYb6kkMTNBNj85x2dWGeJIaVsS8Fz9PZGR2JhpHNrOmMDYLHsz8T/PTyG6DjIukxSYpItFUSowKDz7Hw+5ZhTE1BJCNbe3YjomNgWwKVVsCN7yy6uk06h7F/XGw2WteVvEUUYn6BSdIw9doSa6Ry3URhQp9Ixe0ZsDzovz7nwsWktOMXOM/sD5/AFFMZE+</latexit>

Considering the correlator of I =1 quark currents, in the isospin limit

isospin 1 is purely  
light-quark connected

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

1

4
h(ū�µu� d̄�µd)(x)(ū�µu� d̄�µd)(y)i =

<latexit sha1_base64="yHSopj/7DauG6pnf7+pzhIo9hVk="></latexit>

1

2
<latexit sha1_base64="91NJnNiONkuys7ZNVnXzJ8MXsG4=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7dbMLuRCghP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3czvPHFtRKwecZpwP6IjJULBKFqp1w81ZZmXZ/V8UKm6NXcOskq8glShQHNQ+eoPY5ZGXCGT1Jie5yboZ1SjYJLn5X5qeELZhI54z1JFI278bH5yTs6tMiRhrG0pJHP190RGI2OmUWA7I4pjs+zNxP+8XorhjZ8JlaTIFVssClNJMCaz/8lQaM5QTi2hTAt7K2FjalNAm1LZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMIjhGV7hzUHnxXl3Phata04xcwJ/4Hz+ADqOkTc=</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

s quark 

Dispersive determinations of aLO;HVPμ are typically obtained
by summing (i) exclusive-mode contributions up to just
below s ¼ 4 GeV2, (ii) narrow charm and bottom reso-
nance contributions, and (iii) contributions evaluated using
inclusive RðsÞ data and/or perturbative QCD (pQCD) in
the remainder of the high-s region. The exclusive-mode
regions in the analyses of Refs. [10,11] we employ below
are s ≤ ð1.8 GeVÞ2 ¼ 3.24 GeV2 and s ≤ ð1.937 GeVÞ2 ¼
3.7520 GeV2, respectively.
The isospin decomposition of Π̂EM in Eq. (2.5) leads to

the related decomposition for the three-flavor (u, d, s)
contribution to aLO;HVPμ ,

aLO;HVPμ ¼ a33μ þ 2ffiffiffi
3

p a38μ þ 1

3
a88μ ≡ aI¼1

μ þ aMI
μ þ aI¼0

μ :

ð2:8Þ

To first order in md −mu there are no SIB contributions to
either a33μ or a88μ , while SIB is expected to dominate a38μ .
In what follows, we will also denote contributions from

an individual exclusive mode, X, to aLO;HVPμ , aI¼1
μ , aI¼0

μ

and aMI
μ by ½aLO;HVPμ &X, ½aI¼1

μ &X, ½aI¼0
μ &X, and ½aMI

μ &X,
respectively.

B. The basic idea

The basic idea underlying the analysis is as follows. In
the isospin limit, Π̂I¼1

EM is pure light-quark-connected, while
Π̂I¼0

EM is a sum of light-quark-connected, strange-quark-
connected and all disconnected contributions, with light-
quark-connected contribution

½Π̂I¼0
EM &lqc ¼ 1

9
Π̂I¼1

EM : ð2:9Þ

The full light-quark-connected contribution to Π̂EM is thus

Π̂lqc
EM ≡ 10

9
Π̂I¼1

EM ð2:10Þ

and the corresponding spectral function

ρlqcEMðsÞ ¼
10

9
ρI¼1
EM ðsÞ: ð2:11Þ

The desired light-quark-connected contribution to aLO;HVPμ ,
alqc;ILμ , is then given by the following dispersive integral
involving the I ¼ 1 spectral function:

alqc;ILμ ¼
α2EMm

2
μ

9π2

Z
∞

m2
π

ds
K̂ðsÞ
s2

"#
10

9

$
12π2ρI¼1

EM ðsÞ
%
: ð2:12Þ

An accurate determination of alqc;ILμ is thus possible
provided the I ¼ 1 contribution to RðsÞ, or equivalently
ρEMðsÞ, can be identified with sufficient precision.

The separation of I ¼ 1 and I ¼ 0 contributions is
straightforward in the higher-s inclusive region, where
RðsÞ is approximated using pQCD and the I ¼ 1 part
represents 3=4 of the total. In the lower-s region, where
RðsÞ is obtained as a sum over exclusive-mode contribu-
tions, the separation is also straightforward for those
exclusive modes having well-defined G-parity since
states with positive/negative G-parity necessarily have
I ¼ 1=I ¼ 0. This provides unique isospin assignments
for contributions from exclusive modes consisting entirely
of narrow and/or strong-interaction-stable states having
well-defined G-parity (π, η, ω, ϕ), which constitute more
than 93% of the total exclusive-mode-region contribution.
Further input is needed to separate the I ¼ 1 and I ¼ 0
components of contributions from exclusive modes which
are not eigenstates of G-parity, such as those containing at
least one KK̄ pair. We outline in the next section how this
separation is accomplished using experimental input for the
KK̄ and KK̄π exclusive modes. For all other G-parity-
ambiguous exclusive modes, X, we employ a “maximally
conservative” assessment in which the I ¼ 1 contribution,
½aI¼1

μ &X, is taken to be 50' 50% of the total ½aLO;HVPμ &X.
Fortunately, spectral contributions from these additional
G-parity-ambiguous modes lie at higher s and thus have
contributions to aLO;HVPμ , and hence also I ¼ 0=1 separa-
tion uncertainties, which are strongly numerically sup-
pressed, in spite of their 100% uncertainties.
In Sec. III we will implement the above analysis

framework using as input the exclusive-mode results of
Refs. [10,11], neglecting, to begin with, isospin-breaking
(IB) corrections. The resulting nominal alqc;ILμ , which we
will denote by alqcμ , will differ from the desired isospin-limit
value by small IB contributions. These IB contributions are
taken into account and removed in Sec. IV, which contains
our final results for alqc;ILμ .

III. A DATA-BASED IMPLEMENTATION
IGNORING ISOSPIN-BREAKING EFFECTS

In this section we carry out two determinations of alqcμ ,
neglecting IB corrections. These differ in the input used for
the exclusive-mode aLO;HVPμ contributions, one employing
the results of Ref. [11] (KNT19), the other those of Ref. [10]
(DHMZ). The reader is reminded that the KNT19 and
DHMZ exclusive-mode regions are different, the former
extending up to s ¼ 3.7520 GeV2, the latter up to only
s ¼ 3.24 GeV2. Contributions from the region above these
exclusive-mode endpoints will be obtained using pQCD,1

with an error component, to be discussed below, designed to

1The shorthand “pQCD” refers here, and in what follows, to
dimension D ¼ 0, mass-independent perturbative OPE contribu-
tions. For the I ¼ 1 polarization ΠI¼1

EM considered this paper,
mass-dependent D ¼ 2 perturbative corrections are Oðm2

u;dÞ, and
numerically negligible.
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alqcµ =
10

9
aI=1
µ
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light-quark 
connected (lqc)

s-quark + light-quark 
disconnected (s+lqd)

The hadronic contribution aLO;HVPμ can be determined
using the standard “dispersive” representation

aLO;HVPμ ¼
α2EMm

2
μ

9π2

Z
∞

m2
π

ds
K̂ðsÞ
s2

RðsÞ; ð2:7Þ

where αEM is the EM fine-structure constant, RðsÞ is the
standard EM cross-section ratio,

RðsÞ ¼ 3s
4πα2EM

σð0Þ½eþe− → hadronsðþγÞ&; ð2:8Þ

with σð0Þ½eþe− → hadronsðþγÞ& the bare inclusive had-
ronic electroproduction cross section. The kernel K̂ðsÞ is
exactly known and slowly (and monotonically) increasing
with s (see, for example, Ref. [29]). The dispersive
determination typically employs a sum of exclusive-mode
contributions up to just below s ¼ 4 GeV2, and inclusive
RðsÞ determinations and/or perturbative QCD (pQCD)
above that, apart from in the region of narrow charm
and bottom resonances. Using the decomposition of
Eq. (2.6) for the EM spectral function, and the relation

RðsÞ ¼ 12π2ρEMðsÞ; ð2:9Þ

the three-flavor contribution to aLO;HVPμ can also be broken
down into I ¼ 1 (33), I ¼ 0 (88), and mixed-isospin (MI,
38þ 83) contributions,

aLO;HVPμ ¼a33μ þ 2ffiffiffi
3

p a38μ þ1

3
a88μ ≡aI¼1

μ þaMI
μ þaI¼0

μ : ð2:10Þ

Contributions to these quantities from an individual exclu-
sive mode, X, can also be defined, and are denoted as
½aLO;HVPμ &X, ½aI¼1

μ &X, ½aI¼0
μ &X, and ½aMI

μ &X.
The hadronic contribution aLO;HVPμ also has the standard

weighted Euclidean-Q2 integral representation [30–32],

aLO;HVPμ ¼ −4α2EM
Z

∞

0
dQ2fðQ2ÞΠ̂EMðQ2Þ; ð2:11Þ

with fðQ2Þ another exactly known kernel which diverges
as 1=

ffiffiffiffiffiffi
Q2

p
as Q2 → 0, and creates a peak in the integrand

of Eq. (2.11) at very low Q2 ≃m2
μ=4. This expression, or

the related time-momentum representation [33], forms the
basis for lattice determinations of aLO;HVPμ . Analogous
representations for aI¼1

μ , aI¼0
μ , and aMI

μ are obtained by
replacing Π̂EM in Eq. (2.11) with Π̂I¼1

EM , Π̂I¼0
EM , and Π̂MI

EM,
respectively. To first order in md −mu, there are no SIB
contributions to either a33μ or a88μ , while SIB is expected to
dominate a38μ .

III. THE BASIC IDEA

The basic idea of the analysis is the following. In the
isospin limit, Π̂I¼1

EM receives only light-quark-connected
contributions, while Π̂I¼0

EM is a sum of light-quark-
connected, strange-quark-connected, and all disconnected
contributions. It is thus obvious that there is a combination
of Π̂I¼1

EM and Π̂I¼0
EM in which the light-quark-connected

contributions cancel, leaving a result which is the sum
of the strange-quark-connected and disconnected contri-
butions. It is easy to check (as noted explicitly in Ref. [4])
that this combination is

Π̂sconnþdisc
EM ≡ Π̂I¼0

EM −
1

9
Π̂I¼1

EM : ð3:1Þ

The corresponding spectral function is

ρsconnþdisc
EM ðsÞ ¼ ρI¼0

EM ðsÞ − 1

9
ρI¼1
EM ðsÞ: ð3:2Þ

The appropriately weighted dispersive integral of the latter
combination produces a result, asconnþdisc

μ , which is the sum
of the strange-quark-connected and disconnected contribu-
tions to aLO;HVPμ . It follows that, if the I ¼ 0 and I ¼ 1
contributions to RðsÞ can be separated with sufficient
precision, an accurate experimental determination of this
combination will be possible. In terms of the I ¼ 0 and I ¼
1 contributions to aLO;HVPμ ,

asconnþdisc
μ ¼ aI¼0

μ −
1

9
aI¼1
μ : ð3:3Þ

Such a determination would serve as a useful target of
comparison for lattice determinations of the same sum.
The strange-quark-connected contribution to aLO;HVPμ ,

asconnμ , has been rather precisely determined by
several lattice groups [3,6,9,11,12,16,18,20]. Themost recent
(BMW) determination, 53.393ð89Þð68Þ × 10−10 [20], is in
excellent agreement with the average, ð53.2' 0.3Þ × 10−10,
of previous determinations quoted in the 2020 g − 2 Theory
Initiative white paper [29]. asconnμ is thus already known to
much higher precision than the final target ∼1.4 × 10−10

uncertainty on aμ expected from the full FNAL E989
experimental program. In view of this precision, an exper-
imental determination of asconnþdisc

μ will also provide a
determination, with comparable precision, of the full dis-
connected contribution to aLO;HVPμ , adiscμ ¼ asconnþdisc

μ −
asconnμ . All this, of course, assumes the experimentally
determined asconnþdisc

μ combination does not contain signifi-
cant beyond-the-SM contributions and hence should be
compatible with SM-based lattice determinations of this
quantity.
In Sec. IV, we will implement this idea neglecting, to

begin with, isospin-breaking (IB) corrections. Then, in
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The hadronic contribution aLO;HVPμ can be determined
using the standard “dispersive” representation

aLO;HVPμ ¼
α2EMm

2
μ

9π2

Z
∞

m2
π

ds
K̂ðsÞ
s2

RðsÞ; ð2:7Þ

where αEM is the EM fine-structure constant, RðsÞ is the
standard EM cross-section ratio,

RðsÞ ¼ 3s
4πα2EM

σð0Þ½eþe− → hadronsðþγÞ&; ð2:8Þ

with σð0Þ½eþe− → hadronsðþγÞ& the bare inclusive had-
ronic electroproduction cross section. The kernel K̂ðsÞ is
exactly known and slowly (and monotonically) increasing
with s (see, for example, Ref. [29]). The dispersive
determination typically employs a sum of exclusive-mode
contributions up to just below s ¼ 4 GeV2, and inclusive
RðsÞ determinations and/or perturbative QCD (pQCD)
above that, apart from in the region of narrow charm
and bottom resonances. Using the decomposition of
Eq. (2.6) for the EM spectral function, and the relation

RðsÞ ¼ 12π2ρEMðsÞ; ð2:9Þ

the three-flavor contribution to aLO;HVPμ can also be broken
down into I ¼ 1 (33), I ¼ 0 (88), and mixed-isospin (MI,
38þ 83) contributions,

aLO;HVPμ ¼a33μ þ 2ffiffiffi
3

p a38μ þ1

3
a88μ ≡aI¼1

μ þaMI
μ þaI¼0

μ : ð2:10Þ

Contributions to these quantities from an individual exclu-
sive mode, X, can also be defined, and are denoted as
½aLO;HVPμ &X, ½aI¼1

μ &X, ½aI¼0
μ &X, and ½aMI

μ &X.
The hadronic contribution aLO;HVPμ also has the standard

weighted Euclidean-Q2 integral representation [30–32],

aLO;HVPμ ¼ −4α2EM
Z

∞

0
dQ2fðQ2ÞΠ̂EMðQ2Þ; ð2:11Þ

with fðQ2Þ another exactly known kernel which diverges
as 1=

ffiffiffiffiffiffi
Q2

p
as Q2 → 0, and creates a peak in the integrand

of Eq. (2.11) at very low Q2 ≃m2
μ=4. This expression, or

the related time-momentum representation [33], forms the
basis for lattice determinations of aLO;HVPμ . Analogous
representations for aI¼1

μ , aI¼0
μ , and aMI

μ are obtained by
replacing Π̂EM in Eq. (2.11) with Π̂I¼1

EM , Π̂I¼0
EM , and Π̂MI

EM,
respectively. To first order in md −mu, there are no SIB
contributions to either a33μ or a88μ , while SIB is expected to
dominate a38μ .

III. THE BASIC IDEA

The basic idea of the analysis is the following. In the
isospin limit, Π̂I¼1

EM receives only light-quark-connected
contributions, while Π̂I¼0

EM is a sum of light-quark-
connected, strange-quark-connected, and all disconnected
contributions. It is thus obvious that there is a combination
of Π̂I¼1

EM and Π̂I¼0
EM in which the light-quark-connected

contributions cancel, leaving a result which is the sum
of the strange-quark-connected and disconnected contri-
butions. It is easy to check (as noted explicitly in Ref. [4])
that this combination is

Π̂sconnþdisc
EM ≡ Π̂I¼0

EM −
1

9
Π̂I¼1

EM : ð3:1Þ

The corresponding spectral function is

ρsconnþdisc
EM ðsÞ ¼ ρI¼0

EM ðsÞ − 1

9
ρI¼1
EM ðsÞ: ð3:2Þ

The appropriately weighted dispersive integral of the latter
combination produces a result, asconnþdisc

μ , which is the sum
of the strange-quark-connected and disconnected contribu-
tions to aLO;HVPμ . It follows that, if the I ¼ 0 and I ¼ 1
contributions to RðsÞ can be separated with sufficient
precision, an accurate experimental determination of this
combination will be possible. In terms of the I ¼ 0 and I ¼
1 contributions to aLO;HVPμ ,

asconnþdisc
μ ¼ aI¼0

μ −
1

9
aI¼1
μ : ð3:3Þ

Such a determination would serve as a useful target of
comparison for lattice determinations of the same sum.
The strange-quark-connected contribution to aLO;HVPμ ,

asconnμ , has been rather precisely determined by
several lattice groups [3,6,9,11,12,16,18,20]. Themost recent
(BMW) determination, 53.393ð89Þð68Þ × 10−10 [20], is in
excellent agreement with the average, ð53.2' 0.3Þ × 10−10,
of previous determinations quoted in the 2020 g − 2 Theory
Initiative white paper [29]. asconnμ is thus already known to
much higher precision than the final target ∼1.4 × 10−10

uncertainty on aμ expected from the full FNAL E989
experimental program. In view of this precision, an exper-
imental determination of asconnþdisc

μ will also provide a
determination, with comparable precision, of the full dis-
connected contribution to aLO;HVPμ , adiscμ ¼ asconnþdisc

μ −
asconnμ . All this, of course, assumes the experimentally
determined asconnþdisc

μ combination does not contain signifi-
cant beyond-the-SM contributions and hence should be
compatible with SM-based lattice determinations of this
quantity.
In Sec. IV, we will implement this idea neglecting, to

begin with, isospin-breaking (IB) corrections. Then, in
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⇧̂s+lqd
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µ
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Main task: separate the I =1/0 
components of all exclusive modes

(ū�µu+ d̄�µd)(y)
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(ū�µu� d̄�µd)(y)
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Modes with/without well defined G parity

Diogo Boito 7

Modes with well defined G-parity and I = 1 
give the dominant contribution to lqc results.

G = (�1)I+1
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KNT19 combination

Unambiguous modes
Several ambiguous modes, but external information can 
help separating I = 1/0 in the most relevant channels

Ambiguous modes

๏ KK: tau decay data [BaBar] 
 KKπ: Dalitz plot analysis [BaBar] 

๏ Other ambiguous modes (very small contributions), maximally 
conservative separation: 50/50 with 100% uncertainty
(KK̄2⇡)no��,KK̄3⇡, nn̄, pp̄, ...

<latexit sha1_base64="Gc8msFWIUAg2AvCRHcg2ij+1hpg="></latexit>

๏ For energies above √s > 1.937 GeV use perturbative QCD + 
duality violations

๏ Small isospin-breaking contributions have to be subtracted 
to compare with lattice isospin-symmetric results (dispersive 
analyses for strong IB and lattice results for EM corrections). 

Other contributions

๏        and      I = 1/0/MI separation from VMD representation  
(                   contributions saturate exp. cross sections)
⇡0�
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<latexit sha1_base64="8zFSrdqYkQ4fqLkSLI94A04x0SM=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGC/YAmlMl20i7dTcLuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q9AoeIwtw43AbqoQZCiwE47vZn7nCZXmSfxoJikGEoYxjzgDYyXfRwPUH4KUQPuVqltz56CrxCtIlRRo9itf/iBhmcTYMAFa9zw3NUEOynAmcFr2M40psDEMsWdpDBJ1kM9vntJzqwxolChbsaFz9fdEDlLriQxtpwQz0sveTPzP62UmuglyHqeZwZgtFkWZoCahswDogCtkRkwsAaa4vZWyEShgxsZUtiF4yy+vkna95l3W6g9X1cZtEUeJnJIzckE8ck0a5J40SYswkpJn8krenMx5cd6dj0XrmlPMnJA/cD5/AEDAkSs=</latexit>

⇢+ ! + �
<latexit sha1_base64="wJl8W3ChAZkvKVlKwU+Cif0MWeo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgFEpSBV0W3bisYGuhCWUynTRD5xFmJmIJ/RU3LhRx64+482+ctllo64ELh3Pu5d57opRRbTzv2ymtrW9sbpW3Kzu7e/sH7mG1q2WmMOlgyaTqRUgTRgXpGGoY6aWKIB4x8hCNb2b+wyNRmkpxbyYpCTkaCRpTjIyVBm41UImsB5KTEYJ1GKQJHbg1r+HNAVeJX5AaKNAeuF/BUOKME2EwQ1r3fS81YY6UoZiRaSXINEkRHqMR6VsqECc6zOe3T+GpVYYwlsqWMHCu/p7IEdd6wiPbyZFJ9LI3E//z+pmJr8KcijQzRODFojhj0Eg4CwIOqSLYsIklCCtqb4U4QQphY+Oq2BD85ZdXSbfZ8M8bzbuLWuu6iKMMjsEJOAM+uAQtcAvaoAMweALP4BW8OVPnxXl3PhatJaeYOQJ/4Hz+AMngk6A=</latexit>
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Benton, DB, Golterman, Keshavarsi, Maltman, Peris 2411.06637  
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๏ s+lqd contribution  
in good agreement 
with lattice

๏ larger errors

๏ lqc contributions 
with pre-CMD-3 results  
show tension with the  
lattice

๏ CMD-3 data for 2π  
contribution fixes the  
results
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๏ inclusive tau-based I=1 spectral function
๏ combination of ALEPH, OPAL and Belle 

data for the 2π channel
๏ combination of ALEPH and OPAL data for 

4π channels
๏ residual modes obtained mostly from  

e+e- results using conserved-vector 
current (tiny IB corrections)

๏ talk by Lucas Mansur in this workshop

DB, Eiben, Golterman, Maltman, Mansur, and Peris, 2502.08147

๏ Version 1: use the tau-based I = 1 spectral function with pt. QCD after sswitch = (1.76 GeV)2 = 3.08 GeV2.  
๏ Version 2: replace 2π and/or 4π channels with tau-based results (rest from e+e-) with sswitch = (1.937 GeV)2 = 3.75 GeV2.
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Isospin breaking (IB): taking physical I = 1 results to the isospin-symmetric world

Isospin limit of QCD defined as one in which all pions have a mass equal to the physical neutral-pion mass.

To first order in IB, corrections are purely electro-magnetic (EM) in origin. The reason is that the I = 1current is 
G-parity positive, while the strong IB mass operator is G-parity negative (two insertions are needed).

Situation is slightly less complicated than the usual corrections necessary to compare tau-based results with 
e+e- results (no            interference, for example, since I = 1).⇢� !

<latexit sha1_base64="8OFgHYXeqtGMdWcyCBEWoajIlaI=">AAAB8nicbVDLSsNAFJ3UV62vqks3wSK4sSRV0GXRjcsK9gFJKJPpTTt0HmFmIpTQz3DjQhG3fo07/8Zpm4W2HrhwOOde7r0nThnVxvO+ndLa+sbmVnm7srO7t39QPTzqaJkpAm0imVS9GGtgVEDbUMOglyrAPGbQjcd3M7/7BEpTKR7NJIWI46GgCSXYWCkI1UhehJLDEPerNa/uzeGuEr8gNVSg1a9+hQNJMg7CEIa1DnwvNVGOlaGEwbQSZhpSTMZ4CIGlAnPQUT4/eeqeWWXgJlLZEsadq78ncsy1nvDYdnJsRnrZm4n/eUFmkpsopyLNDAiyWJRkzDXSnf3vDqgCYtjEEkwUtbe6ZIQVJsamVLEh+Msvr5JOo+5f1hsPV7XmbRFHGZ2gU3SOfHSNmugetVAbESTRM3pFb45xXpx352PRWnKKmWP0B87nDxuukSM=</latexit>

We assume that the IB correction is dominated by the 2π channel (     resonance enhancement plus this 
channel strongly dominates the data part)

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>
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Radiative corrections. Recent dispersive results. Colangelo, Cottini, Hoferichter, Holz '26

IB factor:

GEM(s):
<latexit sha1_base64="ZW0USc2mK6O1XLVA9KlcK3LH5eI=">AAAB+XicbVBNS8NAEJ34WetX1KOXxVaol5LUg+KpKKIXoYL9gDaEzXbbLt1Nwu6mUEL/iRcPinj1n3jz37htc9DWBwOP92aYmRfEnCntON/Wyura+sZmbiu/vbO7t28fHDZUlEhC6yTikWwFWFHOQlrXTHPaiiXFIuC0GQxvpn5zRKViUfikxzH1BO6HrMcI1kbybbt456cdKdDtw6SkzopXvl1wys4MaJm4GSlAhppvf3W6EUkEDTXhWKm268TaS7HUjHA6yXcSRWNMhrhP24aGWFDlpbPLJ+jUKF3Ui6SpUKOZ+nsixUKpsQhMp8B6oBa9qfif105079JLWRgnmoZkvqiXcKQjNI0BdZmkRPOxIZhIZm5FZIAlJtqElTchuIsvL5NGpeyelyuPlUL1OosjB8dwAiVw4QKqcA81qAOBETzDK7xZqfVivVsf89YVK5s5gj+wPn8ARsaSHg==</latexit>

fmodel
+ (s):

<latexit sha1_base64="qmG/+Ji7m7LSe9OJWTOJM/vAd7U=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKFaEkdaG4KrpxWcE+oI1hMpm0Q2cmYWYilFDwV9y4UMSt3+HOv3HaZqHVAxcO59zLvfcECaNKO86XVVhaXlldK66XNja3tnfs3b22ilOJSQvHLJbdACnCqCAtTTUj3UQSxANGOsHoeup3HohUNBZ3epwQj6OBoBHFSBvJtw8qkX96n/UlhzwOCZtU1Unl0rfLTs2ZAf4lbk7KIEfTtz/7YYxTToTGDCnVc51EexmSmmJGJqV+qkiC8AgNSM9QgThRXjY7fwKPjRLCKJamhIYz9edEhrhSYx6YTo70UC16U/E/r5fq6MLLqEhSTQSeL4pSBnUMp1nAkEqCNRsbgrCk5laIh0girE1iJROCu/jyX9Ku19yzWv22Xm5c5XEUwSE4AlXggnPQADegCVoAgww8gRfwaj1az9ab9T5vLVj5zD74BevjG2U2lHc=</latexit>

ChPT inspired mode (used in many papers before).  
Cirigliano, Ecker, Neufeld ’01, Guerrero & Pich ’97, Castro, Miranda & Roig ’25 

f
model
+ (s) =

m
2
⇢

m2
⇢ � s� im⇢�⇢(s)

exp[2H̃⇡�⇡0(s) + H̃K�K0(s)] ,
<latexit sha1_base64="4aMxkp6kxzpzORWaaLP/PexTQL0="></latexit>

FIB(s) =
SEW

S⇡⇡
EW

1

GEM(s)

�3
⇡0⇡0(s)

�3
⇡�⇡0(s)

|fmodel
+ (s)[m⇡� ! m⇡0 ; mK�,K0 ! mKiso ]|2

|fmodel
+ (s)[real world]|2

<latexit sha1_base64="wq49VydLEhH2EHGB3aFNyT876Lw="></latexit>

SEW:
<latexit sha1_base64="RUT22kH153PQ1im7sgjaoVk5hxE=">AAAB9HicbVBNSwMxEJ31s9avqkcvwVbwVHbrQfFUFMFjRfsB7VKyabYNTbJrki2Upb/DiwdFvPpjvPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dldW19YzO3ld/e2d3bLxwcNnSUKELrJOKRagVYU84krRtmOG3FimIRcNoMhjdTvzmiSrNIPppxTH2B+5KFjGBjJb/00E07SqDb5qR01S0U3bI7A1omXkaKkKHWLXx1ehFJBJWGcKx123Nj46dYGUY4neQ7iaYxJkPcp21LJRZU++ns6Ak6tUoPhZGyJQ2aqb8nUiy0HovAdgpsBnrRm4r/ee3EhJd+ymScGCrJfFGYcGQiNE0A9ZiixPCxJZgoZm9FZIAVJsbmlLcheIsvL5NGpeydlyv3lWL1OosjB8dwAmfgwQVU4Q5qUAcCT/AMr/DmjJwX5935mLeuONnMEfyB8/kDS2yRIQ==</latexit>

S⇡⇡
EW:

<latexit sha1_base64="D36nkeusIIG/S5++vgCtSu8uSoo=">AAAB/3icbVDLSgMxFM34rPU1KrhxE2wFV2WmLhRXRRFcVrQP6IxDJs20oUlmSDJCGWfhr7hxoYhbf8Odf2P6WGjr4V44nHMvuTlhwqjSjvNtLSwuLa+sFtaK6xubW9v2zm5TxanEpIFjFst2iBRhVJCGppqRdiIJ4iEjrXBwOfJbD0QqGos7PUyIz1FP0IhipI0U2Pvl2/vMS6ipPMg8yeFVKy+fB3bJqThjwHniTkkJTFEP7C+vG+OUE6ExQ0p1XCfRfoakppiRvOiliiQID1CPdAwViBPlZ+P7c3hklC6MYmlaaDhWf29kiCs15KGZ5Ej31aw3Ev/zOqmOzvyMiiTVRODJQ1HKoI7hKAzYpZJgzYaGICypuRXiPpIIaxNZ0YTgzn55njSrFfekUr2plmoX0zgK4AAcgmPgglNQA9egDhoAg0fwDF7Bm/VkvVjv1sdkdMGa7uyBP7A+fwD8nJVs</latexit>

Inclusive short-distance electroweak correction.

Short-distance electroweak correction to                          channel.⌧ ! ⇡�⇡0⌫⌧
<latexit sha1_base64="uNBKyB+oBMIwUB6XWD5lkCBMSa8=">AAACBHicbVA7T8MwGHTKq5RXgLGLRYXEQpUUJBgrWBiLRB9SEyLHdVqrjhP5gVRFHVj4KywMIMTKj2Dj3+C0GaDlJFunu++TfRemjErlON9WaWV1bX2jvFnZ2t7Z3bP3Dzoy0QKTNk5YInohkoRRTtqKKkZ6qSAoDhnphuPr3O8+ECFpwu/UJCV+jIacRhQjZaTArnoKaeipBHopvT/NL8fjOsjlwK45dWcGuEzcgtRAgVZgf3mDBOuYcIUZkrLvOqnyMyQUxYxMK56WJEV4jIakbyhHMZF+NgsxhcdGGcAoEeZwBWfq740MxVJO4tBMxkiN5KKXi/95fa2iSz+jPNWKcDx/KNIMmsx5I3BABcGKTQxBWFDzV4hHSCCsTG8VU4K7GHmZdBp196zeuD2vNa+KOsqgCo7ACXDBBWiCG9ACbYDBI3gGr+DNerJerHfrYz5asoqdQ/AH1ucP9WGXqQ==</latexit>

phase space

IB correction uncertainties: EM corrections to the    width (see WP25) , uncertainty on GEM(s), plus 50% of 
the total IB correction (which covers corrections to the    mass). Final uncertainty in IB corrections ~ 80%.

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5 X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

⇢
<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5 X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>
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๏ Version 1: use the tau-based I = 1 spectral function with pt. QCD after sswitch = (1.76 GeV)2 = 3.08 GeV2.  

๏ Version 2: replace 2π and/or 4π channels with tau-based results (rest from e+e-) with sswitch = (1.937 GeV)2 = 3.75 GeV2.

Mode SD W1 LD HVP

⌧ -based 2⇡+4⇡ 24.49(28) 189.17(87) 405.4(2.5) 619.1(3.2)

KNT19 2⇡ tail 0.0535(40) 0.0964(72) 0.0090(67) 0.159(12)

KNT19 4⇡ tail 1.177(24) 2.122(44) 0.1981(42) 3.498(73)

Unamb. non 2⇡/4⇡ 1.383(98) 3.17(19) 0.578(23) 5.13(32)

Amb. modes 0.75(32) 1.88(61) 0.613(91) 3.2(1.0)

PT+DV 20.28(10) 11.06(16) 0.346(11) 31.68(28)

EM IB �0.13(11) �1.4(1.1) �2.2(1.9) �3.7(3.1)
lqc total 48.00(46) 206.1(1.5) 405.0(3.1) 659.1(4.5)

<latexit sha1_base64="1K2qZrc2Eo6OfeCyg5IMufWzWIM="></latexit>

Mode SD W1 LD HVP

I = 1 ⌧ -based data 25.61(28) 192.36(88) 406.2(2.5) 624.2(3.2)

PT+DV 22.26(21) 14.58(39) 0.669(38) 37.52(63)

EM IB �0.13(11) �1.40(1.1) �2.2(1.9) �3.7(3.1)
lqc total 47.74(37) 205.55(1.5) 404.7(3.1) 657.9(4.5)
WP25 48.123(83) 206.97(41) 406.0(4.9) 659.5(4.7) (Avg. A)

661.1(5.0) (Avg. B)
<latexit sha1_base64="5SGU1bOW3zD5VAzB7AvM+xJr1MI="></latexit>
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Allen, DB, Golterman, Maltman, Mansur, Peris 2605.12205
Benton, DB, Golterman, Keshavarsi, Maltman, Peris 2411.06637 
lattice averages (vertical bands) from g-2 TI WP26 2505.21476  

๏ tau-based results in very good agreement with the lattice results as well as with CMD-3-based e+e- results

Light-quark connected contributions to the HVP

๏ Small differences in the different tau-based results stem mainly from discrepancies in the 4π channels between 
tau and e+e- results (Pais relations)
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⇢V [⌧, 2⇡
�⇡+⇡0](s) =

1

2
⇢V [EM, 2⇡�2⇡+](s) + ⇢V [EM,⇡�⇡+2⇡0](s)

⇢V [⌧,⇡
�3⇡0](s) =

1

2
⇢V [EM, 2⇡�2⇡+](s)

<latexit sha1_base64="rRU3eNVGLUnpgM8itu9YsrLd0FI="></latexit>

Isospin relation between the 4π channels in tau and e+e-

Deviations expected to be O(~1%).
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⇢V [⌧, 2⇡
�⇡+⇡0](s) =

1

2
⇢V [EM, 2⇡�2⇡+](s) + ⇢V [EM,⇡�⇡+2⇡0](s)

⇢V [⌧,⇡
�3⇡0](s) =

1

2
⇢V [EM, 2⇡�2⇡+](s)

<latexit sha1_base64="rRU3eNVGLUnpgM8itu9YsrLd0FI="></latexit>

Isospin relation between the 4π channels in tau and e+e-

Discrepancies in integrated results from ALEPH and the respective Pais-relation implied e+e- combination
for the 1π0 channel cannot be explained by IB (uncertainties are too large in 3π0).

Allen, DB, Golterman, Maltman, Mansur, Peris 2605.12205

⌧ ! 2⇡�⇡+⇡0⌫⌧
<latexit sha1_base64="XcRE9jFLUoJx/L8yaKVYWgxyzlU=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0UQxJJUQZdFNy4r2Ac0MUymk3boZBLmIZTQrRt/xY0LRdz6B+78GydtFtp6YC6Hc+7lzj1hyqhUjvNtlZaWV1bXyuuVjc2t7R17d68tEy0waeGEJaIbIkkY5aSlqGKkmwqC4pCRTji6zv3OAxGSJvxOjVPix2jAaUQxUkYKbOgppD2VwLqX0vvTvJzkxfG4DnIvsKtOzZkCLhK3IFVQoBnYX14/wTomXGGGpOy5Tqr8DAlFMSOTiqclSREeoQHpGcpRTKSfTS+ZwCOj9GGUCPO4glP190SGYinHcWg6Y6SGct7Lxf+8nlbRpZ9RnmpFOJ4tijSD5vI8FtingmDFxoYgLKj5K8RDJBBWJryKCcGdP3mRtOs196xWvz2vNq6KOMrgAByCY+CCC9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJCZqw==</latexit>

⌧ ! ⇡�3⇡0⌫⌧
<latexit sha1_base64="/av+44qUNnd00t3xzyofw5V2ZOE=">AAACBHicbVA7T8MwGHR4lvIKMHaxqJBYqJIWCcYKFsYi0YfUhMhxndaq40R+IFVRBxb+CgsDCLHyI9j4NzhtBmg5ydbp7vtk34Upo1I5zre1srq2vrFZ2ipv7+zu7dsHhx2ZaIFJGycsEb0QScIoJ21FFSO9VBAUh4x0w/F17ncfiJA04XdqkhI/RkNOI4qRMlJgVzyFtKcS6KX0/qyR347HdZDLgV11as4McJm4BamCAq3A/vIGCdYx4QozJGXfdVLlZ0goihmZlj0tSYrwGA1J31COYiL9bBZiCk+MMoBRIszhCs7U3xsZiqWcxKGZjJEayUUvF//z+lpFl35GeaoV4Xj+UKQZNKHzRuCACoIVmxiCsKDmrxCPkEBYmd7KpgR3MfIy6dRrbqNWvz2vNq+KOkqgAo7BKXDBBWiCG9ACbYDBI3gGr+DNerJerHfrYz66YhU7R+APrM8fFTKXvA==</latexit>

Integrated ALEPH and OPAL 4π results (normalized to KNT19-based results)
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๏ Several recent, precise, lattice QCD results for the RBC/UKQCD windows 

๏ Recent lattice results are, in general, in very good agreement with each other

๏ Large discrepancy between lattice and KNT19-based data-driven lqc window results (> 5σ for W1)

๏ Discrepancies driven by the 2π channel: use of CMD-3 2π results eliminates the discrepancy between 
data driven and lattice-QCD lqc window results

๏ No statistically meaningful discrepancy between lattice and data-driven results for the s+lqd components 
(but larger errors on data-driven side)

๏ IB corrections needed to relate I = 1 and isospin-symmetric results are EM only (to first order in IB)

๏ tau-based results in excellent agreement with the lattice and with e+e- results that use CMD-3 2π cross-
sections

๏ Sizeable discrepancies between tau-based                             and Pais-relation implied e+e- combination  
(cannot be explained by IB)

⌧ ! 2⇡�⇡+⇡0⌫⌧
<latexit sha1_base64="XcRE9jFLUoJx/L8yaKVYWgxyzlU=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0UQxJJUQZdFNy4r2Ac0MUymk3boZBLmIZTQrRt/xY0LRdz6B+78GydtFtp6YC6Hc+7lzj1hyqhUjvNtlZaWV1bXyuuVjc2t7R17d68tEy0waeGEJaIbIkkY5aSlqGKkmwqC4pCRTji6zv3OAxGSJvxOjVPix2jAaUQxUkYKbOgppD2VwLqX0vvTvJzkxfG4DnIvsKtOzZkCLhK3IFVQoBnYX14/wTomXGGGpOy5Tqr8DAlFMSOTiqclSREeoQHpGcpRTKSfTS+ZwCOj9GGUCPO4glP190SGYinHcWg6Y6SGct7Lxf+8nlbRpZ9RnmpFOJ4tijSD5vI8FtingmDFxoYgLKj5K8RDJBBWJryKCcGdP3mRtOs196xWvz2vNq6KOMrgAByCY+CCC9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJCZqw==</latexit>
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Isospin breaking (IB) contributions must be subtracted to compare with isospin symmetric lattice results. 

Mixed-isospin (MI) contribution (strong IB + EM)

Expected to be dominated by             interference ⇢� !
<latexit sha1_base64="8OFgHYXeqtGMdWcyCBEWoajIlaI=">AAAB8nicbVDLSsNAFJ3UV62vqks3wSK4sSRV0GXRjcsK9gFJKJPpTTt0HmFmIpTQz3DjQhG3fo07/8Zpm4W2HrhwOOde7r0nThnVxvO+ndLa+sbmVnm7srO7t39QPTzqaJkpAm0imVS9GGtgVEDbUMOglyrAPGbQjcd3M7/7BEpTKR7NJIWI46GgCSXYWCkI1UhehJLDEPerNa/uzeGuEr8gNVSg1a9+hQNJMg7CEIa1DnwvNVGOlaGEwbQSZhpSTMZ4CIGlAnPQUT4/eeqeWWXgJlLZEsadq78ncsy1nvDYdnJsRnrZm4n/eUFmkpsopyLNDAiyWJRkzDXSnf3vDqgCYtjEEkwUtbe6ZIQVJsamVLEh+Msvr5JOo+5f1hsPV7XmbRFHGZ2gU3SOfHSNmugetVAbESTRM3pFb45xXpx352PRWnKKmWP0B87nDxuukSM=</latexit>

We can safely ignore IB corrections to the already small contributions in the inclusive region (except for 
the lqc SD window: 1% of pt. QCD added as an additional (small) uncertainty)

O(1%) estimate for other, subdominant, channels used as an additional IB uncertainty.

Results for the dominant 2π and 3π channels obtained from fits to data (VMD or dispersive).
Hoferichter, Colangelo, Hoid, Kubis, Ruiz de Elvira, Schuh, Stamen, Stoffer, 2307.02532

To                            , pure I = 0/1 EM only, mixed isospin (ab = 38) is a combination of EM + strong IBO(↵,mu �md)
<latexit sha1_base64="KKW4cETVzKxfmelssqcek6cEwQc=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQQUtSBV0W3bizgn1AG8JkMmmHzkzCzEQpsZ/ixoUibv0Sd/6N0zYLrR64cDjnXu69J0gYVdpxvqzC0vLK6lpxvbSxubW9Y5d32ypOJSYtHLNYdgOkCKOCtDTVjHQTSRAPGOkEo6up37knUtFY3OlxQjyOBoJGFCNtJN8u31T7iCVDdMz99IT74ZFvV5yaMwP8S9ycVECOpm9/9sMYp5wIjRlSquc6ifYyJDXFjExK/VSRBOERGpCeoQJxorxsdvoEHholhFEsTQkNZ+rPiQxxpcY8MJ0c6aFa9Kbif14v1dGFl1GRpJoIPF8UpQzqGE5zgCGVBGs2NgRhSc2tEA+RRFibtEomBHfx5b+kXa+5p7X67VmlcZnHUQT74ABUgQvOQQNcgyZoAQwewBN4Aa/Wo/VsvVnv89aClc/sgV+wPr4B8TCTJQ==</latexit>

Isospin limit of QCD defined as one in which all pions have a mass equal to the physical neutral-pion mass

Pure I = 0,1 Electromagnetic (EM) IB contributions
Inclusive. Extracted from (a combination of) BMW results. 

The only (small) lattice input to our final lqc results. Tiny for s+lqd (not included in final numbers).
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Pure I = 0,1 Electromagnetic (EM) IB contributions

Inclusive. Extracted from (a combination of) BMW results. 

The only (small) lattice input to our final lqc results. Tiny for s+lqd (not included in final numbers).

From BMW20 we have the lqc EM contribution to the intermediate window [—0.035(59)] and to the total 
HVP [—1.57(55), BMW24]

Assumption: remaining —1.54(55) units assigned to the lqc LD window and negligible for the SD window 
[consistent with Mainz24 IB SD result: 0.15(15)%                                     ].  

Smallness of EM IB in SD window also corroborated by i) perturbative SD results, ii) potential 
cancellations similar to those observed in the int. window results in

We add a large uncertainty to the SD lqc result to account for this assumption (         times the total) 
 

Hoferichter, Colangelo, Hoid, Kubis, Ruiz de Elvira, Schuh,
Stamen, Stoffer, 2307.02532

Borsanyi et al., 2002.12347; Boccaletti et al. 2407.10913

(in units of 10-10)

Kuberski et al, 2401.11895

↵EM
<latexit sha1_base64="ZlLYBI2wbafbw/rau/oLoZbgu8g=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0mqoMeiCF6ECvYDmhA22027dLMJuxuhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0w5U9pxvq2V1bX1jc3SVnl7Z3evYu8ftFWSSUJbJOGJ7IZYUc4EbWmmOe2mkuI45LQTjq6nfueRSsUS8aDHKfVjPBAsYgRrIwV2xcM8HeIg92SMbu4mgV11as4MaJm4BalCgWZgf3n9hGQxFZpwrFTPdVLt51hqRjidlL1M0RSTER7QnqECx1T5+ezwCToxSh9FiTQlNJqpvydyHCs1jkPTGWM9VIveVPzP62U6uvRzJtJMU0Hmi6KMI52gaQqozyQlmo8NwUQycysiQywx0SarsgnBXXx5mbTrNfesVr8/rzauijhKcATHcAouXEADbqEJLSCQwTO8wpv1ZL1Y79bHvHXFKmYO4Q+szx9nt5Lr</latexit>
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Example of treatment of an ambiguous mode (expected to be dominated by I = 0):  K K channel         
From the data combination of KNT19 we have the following total I = 1+0 contribution:

maximally 
conservative 

separation is not 
good enough!

[aLDµ ]KK̄ = 13.55± 0.11
<latexit sha1_base64="b4tfknD3A9vbhV7WqWFTW2q8AvE=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQhJJUi26Eoi6EuqhgH5DEMJlO26EzSZiZCCXkI9z4K25cKOLWhTv/xuljoa0HLhzOuZd77wliRqWyrG8jt7C4tLySXy2srW9sbpnbO00ZJQKTBo5YJNoBkoTRkDQUVYy0Y0EQDxhpBYPLkd96IELSKLxTw5h4HPVC2qUYKS355pGDfJcn96krOLy5yjw/rbkBErCWwXNoH5cqFejGHFol2/bNolWyxoDzxJ6SIpii7ptfbifCCSehwgxJ6dhWrLwUCUUxI1nBTSSJER6gHnE0DREn0kvHT2XwQCsd2I2ErlDBsfp7IkVcyiEPdCdHqi9nvZH4n+ckqnvmpTSME0VCPFnUTRhUERwlBDtUEKzYUBOEBdW3QtxHAmGlcyzoEOzZl+dJs1zS2ZVvT4rVi2kcebAH9sEhsMEpqIJrUAcNgMEjeAav4M14Ml6Md+Nj0pozpjO74A+Mzx8bRpuk</latexit>

conservative
50/50 separation [aLDµ ]KK̄

��
I=1,0

= 7± 7
<latexit sha1_base64="+9JTi6iUcqv/2pFUcswpTM5OIIw="></latexit>

But BaBar has measured the (purely I = 1) spectrum of ⌧ ! KK̄⌫⌧
<latexit sha1_base64="vtK1Av2ZspX1FQEszoz0/eK5WPk=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkCrosuhG6qWAf0IQwmU7aoZNJmIdQQt34K25cKOLWv3Dn3zhps9DWAwOHc+7lzjlhyqhUjvNtlVZW19Y3ypuVre2d3T17/6AjEy0waeOEJaIXIkkY5aStqGKklwqC4pCRbji+yf3uAxGSJvxeTVLix2jIaUQxUkYK7CNPIe2pBDa9EAnYhB7XQa4FdtWpOTPAZeIWpAoKtAL7yxskWMeEK8yQlH3XSZWfIaEoZmRa8bQkKcJjNCR9QzmKifSzWYIpPDXKAEaJMI8rOFN/b2QolnISh2YyRmokF71c/M/raxVd+RnlqVaE4/mhSDNoEud1wAEVBCs2MQRhQc1fIR4hgbAypVVMCe5i5GXSqdfc81r97qLauC7qKINjcALOgAsuQQPcghZoAwwewTN4BW/Wk/VivVsf89GSVewcgj+wPn8AjE6WTw==</latexit>

Using KNT19 results for s > 2.76 GeV2 with the maximally conservative separation, we then find 

enormous reduction in 
the uncertainty, from 

7 to 0.11 units

[aLDµ ]KK̄

��
I=1

(s < 2.76 GeV2) = 0.1743(84)
<latexit sha1_base64="2omSTGqkiYstSoo/zpAH2jW4AK8="></latexit>

[aLDµ ]KK̄

��
I=0

= 13.37(11)
<latexit sha1_base64="rUKURHNb/yiQlENv4rxvX2ysYhk="></latexit>

[aLDµ ]KK̄

��
I=1

= 0.181(11)
<latexit sha1_base64="At2raELCO2D+7sZ/13akNZ5hfPU="></latexit>

With CVC we have a determination of I =1 e+e-      K K up to s = 2.76 GeV2. 

(in units of 10-10)
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(80% 2π)

unambiguous 
modes I = 1

ambiguous 
modes

pt.QCD + DVs EM IB MI IB total
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Intermediate window, light-quark connected

Short-distance window, light-quark connected
Benton, DB, Golterman, Keshavarzi, Maltman, Peris, PRD (2025).

55% 1.6% 43.2% -0.1%—
(32% 2π)

alqc,SDµ = 25.99(21) + 0.75(32) + 20.28(10) + 0.00(34)� 0.07(10)
<latexit sha1_base64="a2ABlXV6fugapm2/025n8OjVNyI="></latexit>

= 46.96(58)
<latexit sha1_base64="oJqTpgBZE5812H61HnT8HHyF30k=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAr1E1Iqta6EIpuXFawD2hDmUwm7dDJg5mJUGIX/oobF4q49Tfc+TdO2iy09cDA4Zx7uWeOEzEqpGl+a7ml5ZXVtfx6YWNza3tH391riTDmmDRxyELecZAgjAakKalkpBNxgnyHkbYzukn99gPhgobBvRxHxPbRIKAexUgqqa8f9JyQuT6SQ1i6Oqsal9Xyee2k1NeLpmFOAReJlZEiyNDo6189N8SxTwKJGRKia5mRtBPEJcWMTAq9WJAI4REakK6iAfKJsJNp/gk8VooLvZCrF0g4VX9vJMgXYuw7ajJNKua9VPzP68bSq9kJDaJYkgDPDnkxgzKEaRnQpZxgycaKIMypygrxEHGEpaqsoEqw5r+8SFoVwzo1KneVYv06qyMPDsERKAMLXIA6uAUN0AQYPIJn8AretCftRXvXPmajOS3b2Qd/oH3+ADCwk5o=</latexit>

100.2% 0.16% 0.088% -0.8%0.4%

alqc,LDµ = 390.6(1.6) + 0.613(91) + 0.346(11) + 1.54(55)� 3.19(15)
<latexit sha1_base64="vf8j9LL1WgWsxH8TThFae2GZAQw="></latexit>

alqc,LD
µ = 389.9(1.7)

<latexit sha1_base64="TemwWD8ZDZ9fpsTxHSugBJjSJy0="></latexit>

Long-distance window, light-quark connected

(88% 2π)

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

(in units of 10-10)

alqc,intµ = 186.94(80) + 1.88(61) + 11.06(16) + 0.035(59)� 0.96(0.30)
<latexit sha1_base64="TW4HpZVoAet7/IEAG1Ib4tlcekM="></latexit>

= 199.0(1.1)
<latexit sha1_base64="aiI2CEQquLueCKe2jFFybktXL9A=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gKdROSutAuhKIblxXsA9pQJpNJO3SSCTMToYTixl9x40IRt36FO//GSZuFth64cDjnXu69x4sZlcq2v43Cyura+kZxs7S1vbO7Z+4ftCVPBCYtzBkXXQ9JwmhEWooqRrqxICj0GOl445vM7zwQISmP7tUkJm6IhhENKEZKSwPzqO9x5odIjWAlvXLqdcuuOpYzPasMzLJt2TPAZeLkpAxyNAfmV9/nOAlJpDBDUvYcO1ZuioSimJFpqZ9IEiM8RkPS0zRCIZFuOnthCk+14sOAC12RgjP190SKQiknoac7s2PlopeJ/3m9RAWXbkqjOFEkwvNFQcKg4jDLA/pUEKzYRBOEBdW3QjxCAmGlUyvpEJzFl5dJu2Y551btrlZuXOdxFMExOAFV4IAL0AC3oAlaAINH8AxewZvxZLwY78bHvLVg5DOH4A+Mzx9bEJTN</latexit>
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Dispersive determinations of aLO;HVPμ are typically obtained
by summing (i) exclusive-mode contributions up to just
below s ¼ 4 GeV2, (ii) narrow charm and bottom reso-
nance contributions, and (iii) contributions evaluated using
inclusive RðsÞ data and/or perturbative QCD (pQCD) in
the remainder of the high-s region. The exclusive-mode
regions in the analyses of Refs. [10,11] we employ below
are s ≤ ð1.8 GeVÞ2 ¼ 3.24 GeV2 and s ≤ ð1.937 GeVÞ2 ¼
3.7520 GeV2, respectively.
The isospin decomposition of Π̂EM in Eq. (2.5) leads to

the related decomposition for the three-flavor (u, d, s)
contribution to aLO;HVPμ ,

aLO;HVPμ ¼ a33μ þ 2ffiffiffi
3

p a38μ þ 1

3
a88μ ≡ aI¼1

μ þ aMI
μ þ aI¼0

μ :

ð2:8Þ

To first order in md −mu there are no SIB contributions to
either a33μ or a88μ , while SIB is expected to dominate a38μ .
In what follows, we will also denote contributions from

an individual exclusive mode, X, to aLO;HVPμ , aI¼1
μ , aI¼0

μ

and aMI
μ by ½aLO;HVPμ &X, ½aI¼1

μ &X, ½aI¼0
μ &X, and ½aMI

μ &X,
respectively.

B. The basic idea

The basic idea underlying the analysis is as follows. In
the isospin limit, Π̂I¼1

EM is pure light-quark-connected, while
Π̂I¼0

EM is a sum of light-quark-connected, strange-quark-
connected and all disconnected contributions, with light-
quark-connected contribution

½Π̂I¼0
EM &lqc ¼ 1

9
Π̂I¼1

EM : ð2:9Þ

The full light-quark-connected contribution to Π̂EM is thus

Π̂lqc
EM ≡ 10

9
Π̂I¼1

EM ð2:10Þ

and the corresponding spectral function

ρlqcEMðsÞ ¼
10

9
ρI¼1
EM ðsÞ: ð2:11Þ

The desired light-quark-connected contribution to aLO;HVPμ ,
alqc;ILμ , is then given by the following dispersive integral
involving the I ¼ 1 spectral function:

alqc;ILμ ¼
α2EMm

2
μ

9π2

Z
∞

m2
π

ds
K̂ðsÞ
s2

"#
10

9

$
12π2ρI¼1

EM ðsÞ
%
: ð2:12Þ

An accurate determination of alqc;ILμ is thus possible
provided the I ¼ 1 contribution to RðsÞ, or equivalently
ρEMðsÞ, can be identified with sufficient precision.

The separation of I ¼ 1 and I ¼ 0 contributions is
straightforward in the higher-s inclusive region, where
RðsÞ is approximated using pQCD and the I ¼ 1 part
represents 3=4 of the total. In the lower-s region, where
RðsÞ is obtained as a sum over exclusive-mode contribu-
tions, the separation is also straightforward for those
exclusive modes having well-defined G-parity since
states with positive/negative G-parity necessarily have
I ¼ 1=I ¼ 0. This provides unique isospin assignments
for contributions from exclusive modes consisting entirely
of narrow and/or strong-interaction-stable states having
well-defined G-parity (π, η, ω, ϕ), which constitute more
than 93% of the total exclusive-mode-region contribution.
Further input is needed to separate the I ¼ 1 and I ¼ 0
components of contributions from exclusive modes which
are not eigenstates of G-parity, such as those containing at
least one KK̄ pair. We outline in the next section how this
separation is accomplished using experimental input for the
KK̄ and KK̄π exclusive modes. For all other G-parity-
ambiguous exclusive modes, X, we employ a “maximally
conservative” assessment in which the I ¼ 1 contribution,
½aI¼1

μ &X, is taken to be 50' 50% of the total ½aLO;HVPμ &X.
Fortunately, spectral contributions from these additional
G-parity-ambiguous modes lie at higher s and thus have
contributions to aLO;HVPμ , and hence also I ¼ 0=1 separa-
tion uncertainties, which are strongly numerically sup-
pressed, in spite of their 100% uncertainties.
In Sec. III we will implement the above analysis

framework using as input the exclusive-mode results of
Refs. [10,11], neglecting, to begin with, isospin-breaking
(IB) corrections. The resulting nominal alqc;ILμ , which we
will denote by alqcμ , will differ from the desired isospin-limit
value by small IB contributions. These IB contributions are
taken into account and removed in Sec. IV, which contains
our final results for alqc;ILμ .

III. A DATA-BASED IMPLEMENTATION
IGNORING ISOSPIN-BREAKING EFFECTS

In this section we carry out two determinations of alqcμ ,
neglecting IB corrections. These differ in the input used for
the exclusive-mode aLO;HVPμ contributions, one employing
the results of Ref. [11] (KNT19), the other those of Ref. [10]
(DHMZ). The reader is reminded that the KNT19 and
DHMZ exclusive-mode regions are different, the former
extending up to s ¼ 3.7520 GeV2, the latter up to only
s ¼ 3.24 GeV2. Contributions from the region above these
exclusive-mode endpoints will be obtained using pQCD,1

with an error component, to be discussed below, designed to

1The shorthand “pQCD” refers here, and in what follows, to
dimension D ¼ 0, mass-independent perturbative OPE contribu-
tions. For the I ¼ 1 polarization ΠI¼1

EM considered this paper,
mass-dependent D ¼ 2 perturbative corrections are Oðm2

u;dÞ, and
numerically negligible.
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alqcµ =
10

9
aI=1
µ
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QCD perturbation theory is used in the inclusive region

Some tension between pt. QCD and recent BES-III results (in purple) 
We add duality violation (DV) contributions and significantly enlarge the pt. QCD error by taking the 
DVs as the uncertainty DB, Golterman, Maltman, Peris, 1805.08176,  DB, Eiben, Golterman, Maltman, Mansur, and Peris, 2502.08147
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