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Motivation

» Homology provides a mathematical language for holes in a
topological space.

> It captures holes indirectly, by focusing on what surrounds
them.

P Ingredients are vector spaces and linear maps

» For computational reasons, it is convenient to work with
vector spaces with scalars in Zj;, called modulo 2
coefficients.

» Coefficients could, however, be more complicated like
elements of some other field, or of a ring, like the integers.



Free vector spaces
Let S be a finite set and IF a field.
Definition. The free F-vector space generated by S is the vector
space F(S) with elements given by formal linear combinations

Y scsass where each a; € F
» addition and multiplication by a scalar are defined
component-wise in the obvious way:

Z ass+ Z bes = Z(as—i— bs)s

seS seS seS
A Z ass 1= Z Aags
seS seS

» the neutral element is 0 =Y;00;.

P the inverse of c is —c.
If S=0, then we set F(S)=0.
The resulting F-vector space has a canonical vector space basis
given by the elements in S.

Example. Let F =75 or F =73 and S ={a, b}.



Free vector spaces generated by ordered simplices

» Let K be an (abstract) simplicial complex and [ a field.

> Fix a total order < for the vertices of K.

» If a simplex ¢ in K is spanned by vertices vg,...,Vvp, we can
assume v; < v; for i < j and we write 6 = [vg,...v,] to signify
that vertices of ¢ are ordered.

Definition
For a given integer p > 0, the free F-vector space generated by the

ordered p-simplices of K is called the vector space of p-chains in
K, and denoted C,(K;F) or simply C,(K)

If K has n, simplices of dimension p, then C,(K) = TF".

If F = Z5, we can think of a p-chain ¢ =Y, a;0; as a set of
p-simplices, namely those o; with a; = 1.



Boundary of an ordered simplex

The boundary of an ordered p-simplex is a linear combination of

its (p —1)-dimensional ordered faces: for 6 = [ug, u1,...,up] its
boundary is
P .
apG: Z(—l)f[uo,...,ﬁj,...,up],
j=0
where the hat indicates that u; is omitted (so [up,...,dj,..., up) is
the face opposite to vertex uj in [u,...,uj,...,Up]).
Example:
> do[x] = [0]

> dilx,y] =[y] - [x]
> hx,y,z] =[y,z] —[x,z] + [x,¥]
> 83[W,X,y,2] = [X,y,Z] _[Wv)/)Z]_'_[W’X?Z] - [W7X7y]



Boundary map
Linearly extending dj, we obtain the p-boundary map

Ip: Co(K) = Cp_1(K)

For a p-chain, ¢ =Y, a;0;, its boundary is the sum of the
boundaries of its simplices, i.e. dpc =Y ;a;0,0;

Example: d1([x,y]+[y,z]) = [z] = [x]

Being a linear map of vector spaces, d, can be represented as a
Np—1 X np matrix.

For example, for a tetrahedron with vertices a, b, c,d:

F-R | ab bec cd ad ac F-Z, | ab bec e¢d ad ac
al-1 0 0 -1 -1 al41 0 0 +1 +1

Q1 = b| 1 —-1 0 0 0 Qi = b|1 41 0 0 0
c| O 1 -1 0 1 c| 0 1 +1 0 1

d 0 0 | 1 0 d 0 0 1 1 0

» The chains of the vector subspace Z, := kerd, are called
p-cycles

» The chains of the vector subspace B, := im 8p+1 are called
p-boundaries



Fundamental lemma of homology

dp-19pc = 0 for every integer p and every p-chain c € C,(K).

Proof. By linearity, it is sufficient to prove the claim for
c=ug,...,up:
8p,18p([u0, sup]) = p 1 Z [UOa yOiy . up)

=Y (=)™ uo,..., by by up)+ Y (1) uo, by D up] =0

Jj<i J>i
O

» The condition dp0dp i1 =0 ensures that, for every p, B, is a
subspace Z, justifying the following definition.
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Homology
Definition. The pth homology of K is the quotient vector space
Ho(K) = Z5/Bp.

» Each element of H,(K) is the equivalence class, called
homology class, obtained by adding all p-boundaries to a
given p-cycle:

c+Bp, with ceZ,

» two p-cycles c,c’ in the same homolgy class are called
homologous and they differ by a boundary:

c~cd & c-CdeB,

> Addition of two classes is defined by
(c+Bp)+(c'+Bp)=(c+)+B,

» Multiplication by a scalar A € F is defined by
A(c+B,)=(Ac) + B,

» Addition an multiplication by a scalar are independent of the
representative and are therefore well defined.

» Hy(K)=(F,Hp(K),+,-) is a vector space.



Betti numbers of K

Definition. The dimension of Hy(K), denoted B,(K) is called the
pth Betti number of K.

> Bo(K) =dimHy(K) =z, — b,

For simplicial complexes in R3 the Betti numbers are independent
of F.

Dependence on F is exemplified in the case of the projective plane:

Bo(RP%:Z3) = 1 Bi(RP%:Z3) =0 Ba(RP%Z3) = 0
Bo(RP%Zs) =1 BL(RP? Zo) =1 Bao(RP% 7o) =1,



The Oth Betti number

Proposition By = number of connected components of the
1-skeleton of K.

Proof. It is enough to consider the 1-skeleton of K. Assume it is
connected. Its vertex set {p1,...pm} is a basis for Zp.
» By a change of basis, {p1,p1 — p2,-..p1— Pm} is also so.
> If every two vertices of are connected by an edge path,
p1— P2,...P1— Pm are boundaries.
> SO, ﬁoZZO—bO < m—(m—l)zl.
» The boundary of a 1-chain is the linear combination of an
even number of vertices, so p; cannot be a boundary
> Bo=1
If the 1-skeleton of K is the union of connected components
K!,...,K*, d1 is a block diagonal matrix with one block 9] for
each connected component. So, letting m; be the number of
vertices of each K.

Bo(K)=m—r1kdy =Y m;— Y tkd] = ) (m;—1kd{) = ) Bo(K') =s

i

™



Maps induced in homology
Let K and L be abstract simplicial complexes with vertex sets Vi
and V|, respectively.

Associated with a simplicial map f: K — L, we get an induced
linear map of chains in all dimensions p € Z:

f(o) ifdimf(c)=dimo

fo: Cp(K) — Cp(L), ﬁ(c):{ 0 otherwise.

Lemma (proof for F = Zj) for simplicity)
It holds that d,of, = f, 0 dp for every p > 0.

Proposition
A simplicial map f: K — L induces a well-defined homological
linear map f,.: Hp(K) — Hp(L) defined by £.([c]) = [fe(c)], for
every p > 0.

> if f =idk, then f, = ’dH(K)

> (gf)s = g:fs



Invariance of Homology
Let K, L be two simplicial complexes and let |K|,|L| be their
geometric realizations.
Theorem (without proof)
If |K| and |L| are homotopy equivalent, then H,(K) = H.(L).
To see this, one needs another homology theory, called singular

homology, which is defined for topological spaces, is a homotopy
invariant, and is such that H,(K) = H;"¢(|K]).

With more work, the Nerve Lemma lemma thus becomes:

Persistent Nerve Lemma

Let P be a point cloud. If r < r/, the following diagram commutes,
where the vertical arrows are isomorphisms and the horizontal
arrows are induced by inclusions:

HE"8(UpepBr(p)) —— H"8(UperBr(p))
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