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Introduction

Can we predict the masses and decay rates of hadrons (mesons and baryons)

from first principles?

� Bootstrap: Hadrons coexist in a uniquely

determined way

“Nuclear democracy” [Chew 1966]

� QCD: Hadrons emerge from QCD lagrangian

⇒ lattice QCD

� Back to the bootstrap

Meson data ↔ CFT-data.

(m2
X , gππX ) ↔ (∆O, λϕϕO)

Constraints derive from analyticity, unitarity, and crossing of scattering amplitudes

dispersion relations, positivity, redundancy
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Large-N QCD

Finite-N

� Unstable mesons → resonances

� S-matrix has complicated analytic structure: Branch cuts and threshold

effects

Nice work on non-perturbtive 2 → 2 pion scattering amplitudes [Guerrieri,

Penedones, Vieira 2018] [He, Kruczenski 2023] etc.

Large-N [’t Hooft 1974] [Witten 1979]

� Hadrons asymptotically stable

� Meson amplitudes form a closed

subsector

� Meromorphic amplitudes with poles in

s at masses of mesons

Is there a unique theory of large-N QCD with massless quarks?
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Introduction

CFT-data: {(∆i , Ji ), λijk}

OPE

⇒ Conformal bootstrap

Meson data: {(m2
i , Ji ), λijk}

Three-level ampl.

⇒ S-matrix bootstrap

Goal: A “3d Ising island” for large-N QCD

History: single correlator: kink [El-Showk et al 2012], mixed correlators: island [Kos, Poland,

Simmons-Duffin 2014]

Method: “EFT bootstrap” developed in [Caron-Huot, Van Duong 2020]

See also [Bellazzini et al 2011], [Tolley, Wang, Zhou 2020], . . .

Strategy: Go from single S-matrix to mixed S-matrices
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Plan for the presentation

1. EFT bootstrap

2. What we expect from large-N QCD

3. Results from π scattering [2312.15013]

4. Results from ρ scattering [WIP]
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EFT bootstrap

Dimensional analysis on a firm footing [Caron-Huot, Van Duong 2020]

AEFT = −λ+ g2(s
2 + t2 + u2) + g3 stu+ g4(s

2 + t2 + u2)2 + . . .

Sum rules and null constraints

g2 =

〈
1

s2

〉
⟨(· · · )⟩ =

∑
J

∫ ∞

Λ2

ds

s
ρJ(s)(. . .)

g3 =

〈
3− 2J(J + 1)

s3

〉
g4 =

〈
1

2s4

〉
0 =

〈
J(J + 1)(J2 + J − 8)

s4

〉
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Solve with SDPB [Simmons-Duffin 2015]

g̃3 =
g3Λ

2

g2
, g̃4 =

g4Λ
4

g2
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How to read plots in the EFT bootstrap

A single “primal model” rules in

more than a point

axis =
observable

normalisation

Three mechanisms

� A. Add state that contributes

only to the normalization (line

to axis/origin)

� B. αP1 + (1− α)P2 (straight

line between models)

� C. Artificially lowering cutoff:

all Λ′ ≤ Λ allowed. Similar to

simple CFT bootstrap plots when

axis represents a gap

See [Berman, Elvang, Geiser, Lin 2024] for

“ruling in” sliver
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Approximations correct in large-N QCD model

The “EFT bootstrap” setup of [Caron-Huot, Van Duong 2020] can be generalised to

� Spinning states. E.g. photons [JH, McPeak, Russo, Vichi 2021], . . .

� Coupling to gravity [Caron-Huot, Mazáč, Rastelli, Simmons-Duffin 2021], . . .

� Global symmetry: E.g. massless pions [Albert, Rastelli 2022], . . .

A key assumption the analytic structure:

A(s, t) for fixed t < 0 is analytic in the s plane

away from cuts at s ≥ Λ2 and s ≤ −t − Λ2.

Generally broken by loop effects, meaning that bounds are valid only in the

approximation of tree-level EFT for E ≤ Λ.

Pion scattering at large N is precisely compatible with this assumption [Albert,

Rastelli 2022]

A(s, t) =
∑
X

λ2
ππX

PJ(1− 2t/m2
X )

m2
X − s

+crossed+regular ∼ 1

N
, cut → poles

Follow-up work: [Fernandez, Pomarol, Riva, Sciotti 2022] [Albert, Rastelli 2023] [Ma, Pomarol, Sciotti

2023] [Li 2023] [Albert, JH, Rastelli, Vichi 2023] [Albert, Kosva, Rastelli 2026] [Bocchia, Vichi 2026], . . .
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Meson spectroscopy

[PDG]

“If I could remember the names of these particles, I would have been a botanist.”

At large N much less is known about spectrum of mesons

[Bali et al 2013], [Bonanno et al 2025]

Large-N pion amplitude expected to exchange

Even J : J++ ∋ aJ , fJ

Odd J : J−− ∋ ρJ , ωJ
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Goal of this programme

Want to see

1. Exclusion plots with interesting structure

(kinks/corners)

2. Kinks saturated by non-trivial amplitudes

(not just “single scalar at m2 = Λ2)

3. Kinks saturated by large-N QCD

4. Precision island for large-N QCD

End-goal: Novel 1/N expansion towards the

spectrum of real-world QCD
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Regge trajectories

A salient feature of confining gauge theories is the presence of higher-spin

mesons forming asymptotically linear Regge trajectories

fig: [Chen 2021]

How can we force the presence of higher-spin particles and ultimately Regge

trajectories?

Will be focus of study 1: Bootstrapping mesons at large N: Regge trajectory

from spin-two maximization [Albert, JH, Rastelli, Vichi 2023]

Johan Henriksson 12

http://arxiv.org/abs/2102.07993
http://arxiv.org/abs/2312.15013


Dispersion relations and Regge trajectories

Pedagogical example from Simon Caron-Huot [Caron-Huot 2017]

f (s) = − log(1− s2) =
∞∑
J=0

CJs
J

Properties: f (s)/s → 0 at |s| → ∞, cuts at s > 1, s < −1

Dispersion relation

CJ =
1

2πi

∮
0

ds

s
s−J f (s)

=
1

2π

∫ ∞

1

ds

s
s−J

(
Disc f (s) + (−1)JDisc f (−s)

)
= (1 + (−1)J)

1

J
, J ≥ 1

If we change a single CJ , the whole argument breaks down.

Physical case:

� Particles on Regge trajectories: A ∼ sα(t)

� Isolated spin-J particles: A ∼ sJ
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Study 1. Pion kink

[Albert, JH, Rastelli, Vichi 2023]

Spin J > 1 cannot appear alone

Assumptions:

� Spin-1 state at m = 1 (mphys
ρ = 775 MeV/c2)

� Spin-2 state at m = 1.65 (mphys
f2

= 1275

MeV/c2)

� All other states above Λ (free parameter)

Force presence by maximising
g 2
ππf2

g1,0



1 2 3 4 5 6

m2

M2

1

2

3

4

5

J

Expect

� Λ ≫ 1 — nothing allowed

� Λ ∼ mρ3 — extremal solution with all spins (mphys
ρ3 = 1688 MeV/c2)
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Results
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− scalars

[Fernandez, Pomarol, Riva, Sciotti 2022]
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Extremal spectrum

Extremal functional method [El-Showk & Paulos 2012]

m2 ⩾ Λ2
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Is this large-N QCD?

What we have achieved:

� Spin 2 maximisation forces presence of Regge trajectory

� Interesting kink gives extremal amplitude

� Many observables are close to real-world QCD (N = 3)

Problems:

� No daughter trajectories

� Curved trajectory?

⇒ Expect real large-N QCD to sit somewhat below the kink

Open problem: Exhibit the curved-trajectory amplitude explicitly!
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Next: mixed scattering amplitudes

Physical (helicity) amplitudes

A(s, t) = Aλ1λ2λ3λ4
R (s, t)

Partial waves: Wigner d functions

d
(J)
λ1−λ2,λ4−λ3

(θ)

m = 0 m > 0

J = 0

J > 0

Complications for massive spinning

All helicity amplitudes mix under crossing!

Define stripped amplitudes MI (s, t) with nice crossing properties

AI (s, t) = EIJ(s, t)MI (s, t)

M1(s, t) = M(1)(s, t), M2(s, t) = M(1)(t, s) etc.

Matrix EIJ non-sparse matrix

Crossing: AI (s, t) = EIJ(s, t)C
st
JKE

−1
KL (t, s)AL(t, s)
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Massive vector scattering

First full EFT bootstrap for massive spinning particles [Bertucci, JH, McPeak, Ricossa,

Riva, Vichi 2024]
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A2,0
++++/q
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++++/q

-6
-4
-2

2
4
6

A2,1
++++/q
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++++/q

-10
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5
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A2,1
++++/q

m=0.3

ϕ ϕ


V V


3.80 3.85 3.90 3.95 4.00
A2,0
++++/q

-13.2

-13.0

-12.8

-12.6

-12.4

A2,1
++++/q

ϕ

ϕ


V

V


m=0.3

Some counting

System Physical A(s, t) Independent M(s, t)

Pions 3 1

Massive vectors 17 5

ρ mesons 51 10

� Take-home: tedious but systematic method to derive null constraints
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New lessons to overcome

Compared to our work on neutral massive spin-1, the ρ scattering amplitude

has additional technical obstacles

� ρ self-couplings and exchange of massless pion

−λρρπ

2
dabcϵµνστF a

µνF
b
στπ

c−λ
(1)
ρρρ

2
f abc ρaµρ

b
νF

c,µν−λ
(2)
ρρρ

3
f abcFµ

ν
aF ν

ρ
bF ρ

µ
c

lead to low-lying poles and issues with normalisation.

� Usual mnemonics such as

� Spin-J ↔ A ∼ sJ

� Higher-derivative couplings (e.g. λ
(2)
ρρρ) worse than lower derivative-couplings

hold only up to various modifications

� Threshold at s = 4m2
ρ:

� Kinematic singularities ∼
√
stu

→ factor out

� Residues of P-odd states change sign below s = 4m2
ρ

→ modify normalisation
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Tools for intuition

Explicit exchange amplitudes notation: JPC

� Scalars: ϕ ∈ 0++, α ∈ 0−+

M(1)(s, t)|ϕ = −
(c

(1)
ϕ

+c
(2)
ϕ

(2m2−s))2

s−M2 , M(1)(s, t)|α = −c2α
t(s−u)

t−M2
α
, . . .

Special case π = α
∣∣
Mα=mπ=0

� Vectors: A ∈ 1++, B ∈ 1+−, X ∈ 1−+, V ∈ 1−−

M(10)(s, t)|A = − c2A
M2

A

1
s−M2

A
, . . .

Special case ρ = α
∣∣
MV=mρ=1

All exchanges break Regge assumption on their own

Marginally allowed: λ
(1)
ρρρ + contact (Higgs model)

Aside: X ∈ J−+
odd represents “exotic mesons”. Our system rules out everything if

we don’t allow for exotic mesons!
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Recap: Abelian Higgs model and restoration of Regge

Fµνa = ∂µρνa − ∂νρµa+g fa
bcρµbρνc

L ⊃ −λ
(1)
ρρρ

2
f abcFµνaρ

µ
b ρ

ν
c + Bf abe f cdeρµaρνbρ

µ
c ρ

ν
d + c

(1)
ϕ f abcρµaρ

µ
b ϕc

Longitudinal amplitude

A5 = A0000
AdjS ∼ λ

(1)
ρρρ

2
− 4B

6m4
s2 + O(s1)

Leading growth cancels if B = λ
(1)
ρρρ

2
/4. This corresponds to gauge-invariant

mass term F 2
µνa = (∂µρνa − ∂νρµa − λfabcρ

b
µρ

c
ν)

2

→ A0000
AdjS ∼

(
−

c
(1)
ϕ

2

6m4
+

3m2 − t

6m2(m2 − t)
λ(1)
ρρρ

2
)
s1 + O(s0)

No further cancellation in Regge limit (fixed-t). Fixed-angle expansion

A0000
AdjS ∼ λ

(1)
ρρρ

2
− 4B

12m4
(3− cos2 θ)s2 +

(
16B − 3λ(1)

ρρρ

2
−

c
(1)
ϕ

2

m2

)
s

6m2
+ O(s2)

We can now cancel s1 by B = λ
(1)
ρρρ

2
/4, c

(1)
ϕ = m2λ

(1)
ρρρ.
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Setup

Fully mixed system of 51 scattering amplitudes Aλ1λ2λ3λ4
R

Eight “sectors” for JPC plus special cases at low J. Multiple couplings

Null constraint orders:

� −2, . . . , 1: 169 null constraints

� −2, . . . , 2: 271 null constraints

� −2, . . . , 3: 398 null constraints

� −2, . . . , 4: 551 null constraints

Assumptions:

� Exchange of π at m = 0, and ρ at m = 1

� All other states at m2 ≥ M2.

� Maximise coupling λρρπ or λ
(i)
ρρρ

� Normalise by positive quantity with support on all sectors
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Results 1

Assumptions:

� Exchange of π at m = 0, and ρ at m = 1

� All other states at m2 ≥ M2.

Blue: 169 null constraints

Yellow: 271 null constraints

Green: 396 null constraints

Mass of the f2 for comparison only
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Kinks at the same place in two variables

Blue: 169 null constraints

Yellow: 396 null constraints
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What lives at the kink?

� Extremal spectrum not as clear as before: many sectors, different couplings

in each sector

� More tedious but more rigorous approach:

1. Kink near mass of meson of type X .

2. Conjecture that the kink is saturated by a spectrum of the type

mπ = 0, mρ = 1, mX = mkink, melse ⩾ M > mX

3. Make new plots under the above assumptions (allowing π, ρ,X ): Expect the

plateau to extend until we reach the mass of the next state Y

4. Iterate

� If this pattern consists: evidence that kink is saturated by a non-trivial

amplitude

In our case, we can expect X = f2(1270) ∈ 2++
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Extending the plateau

Blue: π, ρ, else ≥ M2

Yellow π, ρ, f2, else ≥ M2

Plot at 396 null constraints
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Extending the plateau further

Blue: π, ρ, else ≥ M2

Yellow: π, ρ, f2, else ≥ M2

Green: π, ρ, f2, (ρ, ρ3)

Plot at 396 null constraints

We are working on a further analysis
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Summary and outlook

� We developed the setup for bounding scattering of ρ mesons at large N

� We discovered a series of kinks in the allowed region

� We know almost no simple amplitudes that can populate our bound, so . . .

� are we closing in on large-N QCD?

Next steps

� Kink from pion-system showed no daughter trajectories

� Kink from ρ system has weak indications of daughter trajectories

� Can we get stronger constraints from the fully mixed system?

Aππππ, Aρρρρ, Aππρρ, Aπρπρ, Aπρρπ, . . .

[Albert, JH, Rastelli, Vichi: WIP]
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Thank you for your attention!
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