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Positivity: Lorentz-invariant case

Implications of fundamental principles (microcausality, unitarity...) on EFTs

(if there is a “standard” UV completion) Adams, Arkani-Hamed,
Dubovsky, Nicolis, Rattazzi, 06
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Froissart bound: |.A(s)| < slog” s




Similar bounds for non-LI theories?

In many interesting cases Lorentz-invariance is spontaneously broken

1. Cosmology. Inflation, Dark Energy, EFTOfLSS...
LI broken by the presence of “stuff’, and on large scales by curvature
Interested in “peculiar” theories (Galileon, NEC violation...): consistent?
2. Condensed Matter. Can we deduce general inequalities for a system?
3. QFT at finite T or finite Q

4. Compact objects: worldline EFT (Love numbers)



Lessons learned so far

The EFT is defined with non-linearly realised Lorentz

Cannot be “extrapolated” from a LI invariant theory: think about a fluid
The S-matrix is not a nice object without LI — Correlation functions of J#
UV behaviour is system dependent (vs Froissart bound)
Without LI is very different: many things must be rederived from scratch

Even 2pf Gy(w, k) is rich



Goldstone dispersion relation

Arguably the simplest question: what are the constraints on w(k)?
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* Weakly-coupled UV theory: no loops in EFT

« w(k) real for real k—imaginary part neglected i.e. no dissipation

* Boosts broken, rotational invariance



Simple model: superfluid

S = Jd“x [— 10D | — m2|®|* - 1| D |4] Finite chemical potential: ® = ¢

Hui et al 23, Creminelli et al 23

Gapped mode (+) and a gapless mode (—)
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Microcausality and Analiticity

A A Operator statement: holds
NT N2
[O6(), 6N =0 (x—x)" <0 also in Lorentz-breaking state

l
A

E.g Dubovsky etal 07

Retarded Green’s: GR(x) = i0(t)([O(x), O(0)])
t> x|

In Fourier space:

GR(p) — Jddx GR(x)e—ipx — J'ddx GR(O;x)e—iRe(p)x+Im(p)x
Converges for —Im(w)t + Im(%) .x<0

See Creminelli, Longo,

GX(w, k) analytic in Im(w) > |Im(K) | Salehian, Zahed etal 25

Singularities of GX(w, k) must be in:  Im(w) < |Im(k) |



Goldstone dispersion relation

dy

Rn—l

Gl k=0 —> ?=fk?) —> ok)=%x) k" a,=

Im(k) n=1

R is radius of convergence

e ‘momentum cut-off’ of Goldstone EFT

See Heller, Serantes,
Spalinski, Withers 23 & 24

Question: Under microcausality, what are the optimal bounds on «,?

Im & Group velocity < 1?2
A
dw Im(w) < [Im@)|
iy Rek Im w(k) x — Im k - d_w <1
dk dk | ~
Much more than bound on group velocity Hui etal 25




Typically-real functions

Im f(z) Imz>0 flk)y=z+ 61222 + 61323 + ... Rogosinski 1932

Im(z)

Im(z)

Typically-real functions must satisfy 2-sided bounds on coefficients



Typically-real in dispersion relations

Aw
Consider dispersion relation: w(k) = <Csk + Z Uy k2n+1>
n=1
Im(k) > 0 Im(w) < |Im(kk)| —> £ IM(ck+ Aw) < Im(k)
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Im(k) < 0 Opposite signs
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Rogosinski bounds

(Odd) 1 1+ 72
Robertson f(z) = [ 2 +27) du(?)
representation: o (1 +22)?—4z°¢2
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Bounds on dispersion relations
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Heller et al. 2023 = N=2

Heller et al. 2024 = | N=3 N=5
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Upper bounds on cut-off

w=ckt—+.. = R>*<#1-c)M>

Forc, —» 1, —(1 — ¢, )K_, dominates

K3 — 1
5
2n Ks =~
—2n+ 1)1 -¢) <y, (R < K5, 1(1 — ) 4
Microcausality forces all a,,,, | to vanish in this limit: both signs
Hui etal 25

Baumann, Lee, Green, Porto 15



Superfluid

Gapless mode:

Radius of Convergence:
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Two cutoffs

* Singularities are always branch-points: Goldstone touches new solutions
Heller etal 23

e w =X ®? introduces BP, not necessarily associated to extra states

4

 E.Q. w? = cszk2 + E + ... Bogolubov spectrum for ¢, < 1

: — /2
1. R ~ ¢ A sets the breaking of Goldstone w = ck, duetow = =V w
(Healing length)

2. R ~ A, scale of new (radial) mode: radius of convergence of >



Bounds in units of R

w ~
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2 _ ~ 2n ~ 2n
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Euler-Heisenberg

* One-loop EFT of QED

V\N@MM + M@N + MQV\ + A
* Photons propagating in magnetic field experiences birefringence

—
- A A A A AB




Euler-Heisenberg
Working in the strong field regime: eB > k2, eB > m?
Photons polarised parallel to B:
2aeB sin”! <%>
Re I (w, k) ~ 1 —
T " W\ 2
(3) \/ 1= (35)

Im 1 (@, k) ~ O(w* — 4m?)

Karbstein 13

Solving for dispersion relation: —0? + k% + H”(a), k)y=0

aeB aeB  [(n+ D!']?

7w (2n+ 3)!m2n+2

\Y Qypt1 = —

67m?




Euler-Heisenberg

Radius of Convergence R = R = 2m

Express coefficients in terms of ¢, and R:

6(4M[(n + D']?
2n + 3)!

a2n+1R2n =—(1- CS)

Compare to bounds:  —Q2n+ 1)(1 — ¢,) < ay,, (R*" < K, (1 = c,)

Bounds satisfied for all n

Similarly for R



Color superconductor

« Highly dense and cold matter with large baryon chemical potential u
(core of Neutron stars?)

* Quarks near the Fermi surface forms a diquark condensate at energy
scale A < u: SUB3)-x SU3)y, — SUQ3),

 Condensate spontaneously breaks SU(3), X U(1),, yielding
Goldstones 7 and 1’

QCD is perturbative at high-energy: dispersion relation can be calculated
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Color superconductor
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Analogous results for singlet Goldstone



Heller et al. 2023 =0 N=2 N=4 [0 N=30 =  Zarembo K(w,k)
Heller et al. 2024 =7 N=3 N=5 e Zarembo II(w, k)
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S = Jd“x\/fg

Conclusions and future

2

M . v
— R+ MREg™ + Mii(g% + 1)* + MASKJSKY + ...

« Extract from M% (and all other hd operators) upper bound on cut-off(s)

. For M, — 0, M% must turn off too

Baumann, Lee, Green, Porto 15

* This also gives information of interactions, given non-linear Lorentz inv.

We are starting to constrain the parameter space of non-LI EFTs

 Include dissipation (e.g. hydro modes) and loops

« Connect |c, — 1| < 1 limit with Lorentz-invariant S-matrix

» Lieb-Robinson causality for CM




Backup slides



Microcausality-Analyticity Theorem A tempered distribution G(x) € S'(R*11) is re-

tarded and micro-causal if and only if its Fourier transform G(k*), with k* = ki + ik, is
analytic in the domain R %! 4 4FLC and it admits the bound

1 :
|G(k")] < A1+ |E*)" (1 + T ) , ke RYM 44FLC, (3.10)
1 — k)™

where the positive constant A and the powers m,n € N depend on G. See Creminelli, Longo,

Salehian, Zahed etal 25



