
SNS, 23 September 2026

Microcausality Bounds 

on Goldstones
with M. Mancini, W. P. McBlain, in progress

Paolo Creminelli, ICTP



Positivity: Lorentz-invariant case
Implications of fundamental principles (microcausality, unitarity…) on EFTs 

(if there is a “standard” UV completion)
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A(s) = c
s2

⇤4
+ . . .

Adams, Arkani-Hamed, 
Dubovsky, Nicolis, Rattazzi, 06
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|A(s)| < s log2 sFroissart bound:



Similar bounds for non-LI theories?

1. Cosmology. Inflation, Dark Energy, EFTofLSS…  


   LI broken by the presence of “stuff”, and on large scales by curvature


   Interested in “peculiar” theories (Galileon, NEC violation…): consistent?


2. Condensed Matter.  Can we deduce general inequalities for a system? 


3. QFT at finite T or finite Q


4. Compact objects: worldline EFT (Love numbers)

 

In many interesting cases Lorentz-invariance is spontaneously broken 

 



Lessons learned so far 

• The EFT is defined with non-linearly realised Lorentz

Cannot be “extrapolated” from a LI invariant theory: think about a fluid


• The S-matrix is not a nice object without LI    Correlation functions of 


• UV behaviour is system dependent (vs Froissart bound)


• Without LI is very different: many things must be rederived from scratch


• Even 2pf  is rich 

→ Jμ

GR(ω, k)



Goldstone dispersion relation

Arguably the simplest question: what are the constraints on ω(k)?

4

Spontaneous


Symmetry Breaking

Goldstone Theorem
Goldstone Bosons

‘Phonons’

1. Goldstone Bosons are ubiquitous.

2. Lorentz Broken  Amplitudes not a suitable observable!Λ

SLB Systems: Common Features

Instead: dispersion relations

[Godfrin et al 2020]

μ = ±
ℒ

∑
n=1

πnkn

Can be experimentally determined!

ω(μ, k)‘DE/Inflation  
Fluctuations’

Spontaneously Lorentz-Breaking Systems
Many real-world systems have a ‘preferred’ background.

Solids Superfluids

The background spontaneously breaks Lorentz Invariance.

3

(Also QFT with finite  or )T Q

Cosmology

(EFT of Inflation/Dark Energy)
[Cheung et al 2008; Gubitosi, Piazza, Vernizzi 2012]

Inflation, Dark Energy Superfluid: He4

• Weakly-coupled UV theory: no loops in EFT


•  real for real —imaginary part neglected i.e. no dissipation


• Boosts broken, rotational invariance

ω(k) k



Simple model: superfluid

Hui et al 23, Creminelli et al 23

S = ∫ d4x [− |∂Φ |2 − m2 |Φ |2 − λ |Φ |4 ]
Gapped mode ( ) and a gapless mode ( ) + −

ω±(k) = k2 +
1
2

Δ2 1 ± 1 + 4
(1 − c2

s )k2

Δ2

IR: S = ∫ d4x
(X − m2)2

4λ
+ higher der. X ≡ ∂μπ∂μπ

Finite chemical potential: Φ̄ = eiμt

ω2 = c2
s k2 +

k4

Δ2
+ … Bogolubov spectrum for   cs ≪ 1



Operator statement: holds 
also in Lorentz-breaking state[𝒪̂(x), 𝒪̂(x′￼)] = 0 (x − x′￼)2 < 0

Microcausality and Analiticity
E.g Dubovsky etal 07

Retarded Green’s: GR(x) = iθ(t)⟨[𝒪̂(x), 𝒪̂(0)]⟩

In Fourier space:

 analytic in  G̃R(ω, k) Im(ω) > | Im(k) |

Converges for −Im(ω)t + Im( ⃗k) ⋅ ⃗x < 0

t

⃗x

t ≥ |x |

G̃R(p) = ∫ ddx GR(x)e−ipx = ∫ ddx GR(0; x)e−iRe(p)x+Im(p)x

Singularities of  must be in:    G̃R(ω, k) Im(ω) ≤ | Im(k) |

See Creminelli, Longo, 
Salehian, Zahed etal 25



ω(k) = ±
∞

∑
n=1

αnkn αn =
an

Rn−1

‘momentum cut-off’ of Goldstone EFTRe(k)

Im(k)

R

G̃−1(ω, k) = 0 ω2 = f(k2)

R is radius of convergence

Question: Under microcausality, what are the optimal bounds on ?αn

Goldstone dispersion relation

See Heller, Serantes, 
Spalinski, Withers 23 & 24

Re k

Im k

Im ω(k) ≈
dω
dk

Im k dω
dk

≤ 1

Group velocity  ?≤ 1

Much more than bound on group velocity

Im(ω) ≤ | Im(k) |

Hui etal 25



Re(z)

Im(z)

Im f(z) Im z ≥ 0

z

Typically-real functions must satisfy 2-sided bounds on coefficients

Typically-real functions

Rogosinski 1932f(k) = z + a2z2 + a3z3 + …

Re(z)

Im(z)

Re(z)

Im(z)

 z −
1
3

z3
 z − z3



Consider dispersion relation: ω(k) = ± (csk +
∞

∑
n=1

α2n+1k2n+1)
Im(csk + Δω) ≤ Im(k)Im(k) > 0

Im [k −
Δω

1 − cs ] ≥ 0 Im [k +
Δω

1 + cs ] ≥ 0

Δω

+−

( + ) : ( − ) :

Im(k) < 0

 Im(ω) ≤ | Im(k) |

Two coupled typically-real 
functions:

ωP(k) = k +
Δω

1 + cs
ωM(k) = k −

Δω
1 − cs

Opposite signs

Typically-real in dispersion relations



f(z) = z +
∞

∑
n=1

b2n+1z2n+1

Im z

Re z

|z | < 1

Im z > 0

Im z < 0

 lie within a bounded, convex, infinite-dim. region {b2n+1} K∞

b3

b5

b7

b3

b5

K1

K2

K3

b3

Rogosinski bounds

f(z) = ∫
1

0

z(1 + z2)
(1 + z2)2 − 4z2t2

dμ(t)
(Odd) 

Robertson 
representation: 

−κ2n+1 ≤ b2n+1 ≤ 2n + 1 κ2n+1 = − min
0<θ≤ π

2
[ sin(2n + 1)θ

sin θ ]
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{a2n+1} = {α2n+1R2n+1} ∈

fP(k) = z +
∞

∑
n=1

a2n+1

1 + cs
z2n+1 fM(k) = z −

∞

∑
n=1

a2n+1

1 − cs
z2n+1
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cs → 1

(1 + cs)K2

−(1 − cs)K2

−(1 − cs)K2

(1 + cs)K2 (1 + cs)K2

−(1 − cs)K∞ ∩ (1 + cs)K∞

{a2n+1} ∈ − (1 − cs)K∞

Bounds on dispersion relations





For ,  dominates


Microcausality forces all  to vanish in this limit: both signs 

cs → 1 −(1 − cs)K∞

α2n+1

−(2n + 1)(1 − cs) ≤ α2n+1R2n ≤ κ2n+1(1 − cs)

κ3 = 1

κ5 =
5
4

⋮

Upper bounds on cut-of

ω = csk ± k3

M2
+ … ⇒ R2 < #(1 − cs)M2

Hui etal 25

Baumann, Lee, Green, Porto 15



ω−(k) = ± [csk +
(1 − c2

s )2

2cs

k3

Δ2
−

(1 − c2
s )3(1 + 7c2

s )
8c3

s

k5

Δ4
+ …]

Expand  around :ω− k = 0

Radius of Convergence:

a3R2 a5R4

Gapless mode:

R− =
csΔ, 0 < cs < 1

2
Δ

2 1 − c2
s

, 1

2
< cs < 1

ω−(k) = ± k2 +
1
2

Δ2 1 − 1 + 4
(1 − c2

s )k2

Δ2

Superfluid
the EFT, the nonlinear dispersion relation is still valid. [WPMcB: How should I mention

Gross-Pitaevskii—having a bit of writer’s block.]

As such, the radius of convergence of this system is given by (see also Figure 1):

R =





cs!, 0 < cs <

1→
2

!

2
→

1↑c2s
,

1→
2
↑ cs < 1.

(2.22)

In general, all of the possible singularities of ω(k) can be categorised into two types:

cs

R/!

0 11→
2

1→
2

Figure 1: Graph between R/! and cs for the U(1) superfluid.

1. Type I: Singularities of ω(k) only. These occur at low cs and are associated to the

momentum scale in which the linear dispersion relation ω = csk breaks down. The

radius of convergence dictated by this type of singularities will be denoted R.

2. Type II: Singularities of both ω(k) and ω
2(k). These occur at all cs and are asso-

ciated with the existence of new massive states. The radius of convergence dictated

by this type of singularities will be denoted R̃.

2.4 Bounds on ω(k)

In this section, we will use microcausality to put bounds on ω(k) in units of R—the radius

of convergence of ω(k).

Consider (2.8). When Im k > 0 one has

± Imω ↑ Im k =↓ Im[k ↔ ω] ↗ 0 (2.23)

while when Im k < 0 one has

± Imω ↑ ↘ Im k =↓ Im[k ± ω] ↑ 0. (2.24)

– 6 –





Two cutoffs

• Singularities are always branch-points: Goldstone touches new solutions


•  introduces BP, not necessarily associated to extra states


•

ω = ± ω2

Heller etal 23

E.g. ω2 = c2
s k2 +

k4

Δ2
+ … Bogolubov spectrum for   cs ≪ 1

1.  sets the breaking of Goldstone , due to  
(Healing length)


2. , scale of new (radial) mode: radius of convergence of  

R ≃ csΔ ω = csk ω = ± ω2

R̃ ≃ Δ ω2



Bounds in units of R̃

ω2(k) =
∞

∑
n=1

α̃2nk2n α̃2n =
ã2n

R̃2(n−1)

±Im ω2(k) ≤ | Imk | ⇒
|ω2 | − Re(ω2)

2
≤ (Imk)2

 is typically-real (but here loss of optimality)F(k) ≡ z −
∞

∑
n=2

ã2n

1 − c2
s

z2n−1

Rogosinski:  


−(2n − 1)(1 − c2
s ) ≤ ã2nR̃2(n−1) ≤ κ2n−1(1 − c2

s )

Figure 5: The bound (2.75) on ã4, ã6, ã8, ã10. The corresponding values for the U(1)

superfluid (red curve) studied in Section 2.3 is also shown in comparison.

3.1 Euler-Heisenberg

3.2 Zarembo

4 Cosmological Implications

Inflation, cs → 1 limit a la Baumann [12], EFT of DE

The dispersion relation ω(k) results from operators quadratic in the Goldstone field

ε in the e!ective action. Higher orders of k would correspond to higher-derivative terms.

Schematically, ϑ2n+1 terms are generated by operators of the following form12:

L ↑
(ϖa

t ϖ
j
i ε)

2

”2(a+b)→2
. (4.1)

Hence, as cs → 1, microcausality puts stringent bounds on higher-derivative interactions.

Moreover, if cs = 1, then the only quadratic operators in the e!ective action must nec-

essarily be the canonical kinetic term. That is [WPMcB: Connections with interaction

12Of course, redundant terms can be removed through field-redefinitions and integrating-by-parts.

– 16 –



From  to  and  c2
s k2 + α4k4 R R̃

 for R = R̃
cs → 1



• One-loop EFT of QED


• Photons propagating in magnetic field experiences birefringence

⃗B

⃗k

⃗ϵ⊥

Euler-Heisenberg



Π∥

Working in the strong field regime: eB ≫ k2, eB ≫ m2

Photons polarised parallel to :B

Re Π∥(ω, k) ≈
2αeB

π
1 −

sin−1 ( ω
2m )

( ω
2m ) 1 − ( ω

2m )
2

Solving for dispersion relation: −ω2 + k2 + Π∥(ω, k) = 0

cs = 1 −
αeB

6πm2
α2n+1 = −

αeB
π

[(n + 1)!]2

(2n + 3)!m2n+2

Im Π∥(ω, k) ∼ Θ(ω2 − 4m2)

Euler-Heisenberg

Karbstein 13



Radius of Convergence R = R̃ = 2m

Express coefficients in terms of  and :cs R

α2n+1R2n = − (1 − cs)
6(4n)[(n + 1)!]2

(2n + 3)!

Compare to bounds: −(2n + 1)(1 − cs) ≤ α2n+1R2n ≤ κ2n+1(1 − cs)

Bounds satisfied for all n

Euler-Heisenberg

Similarly for R̃



• Highly dense and cold matter with large baryon chemical potential  
(core of Neutron stars?)


• Quarks near the Fermi surface forms a diquark condensate at energy 
scale : 


• Condensate spontaneously breaks , yielding 
Goldstones  and 

μ

Δ ≪ μ SU(3)C × SU(3)V → SU(3)D

SU(3)A × U(1)A
π η′￼

Color superconductor

with the difference of currents Lµ → Rµ that is at most quadratic in pion fields, and

the mixing describes parity-even interaction:

Lgππ ∝ gµ2 trAν(Lµ → Rµ). (4.7)

This term arises because pions are colored as a result of the color-flavor locking. It

can be rewritten as

Lgππ ∝ gµ2 tr ∂νU [Aν , U †], (4.8)

which is a part of the covariant derivative squared,

tr(DµU)†DµU, Dµ = ∂µ + g[Aµ, ·].

The appearance of this term means that ordinary derivatives in the effective La-

grangian (1.2) must be replaced by covariant ones, if the gluon fields are taken into

account.

The polarization operators are calculated explicitly in the Appendix. Extracting

the longitudinal part from Eqs. (A.12)–(A.14) we get, according to (4.6), the inverse

pion propagator:

Π(ω, k) = →
µ2∆2

24π2k

∫ 1

0
dx

∫ k

0
dα (α2 → ω2)

[

5

x(1→ x)(α2 → ω2) +∆2

+
4→ 6x

x(1→ x)(α2 → ω2) + (4→ 3x)∆2

]

, (4.9)

where ω = k0 and k = |k|. Expansion at low momenta reproduces the result of [9]

for the pion form-factor:

Π(ω, k) =
µ2

24π2

[

1

3
(21→ 8 ln 2)

(

ω2 →
1

3
k2
)

+
1

54∆2
(123→ 112 ln 2)

(

ω4 →
2

3
k2ω2 +

1

5
k4
)

+O
(

1

∆4

)]

. (4.10)

The pole of the propagator determines the dispersion law for pions. At low mo-

menta, pions have the same dispersion relation as relativistic density waves [9]. The

corrections tend to decrease the frequency:

ω(k) =
1√
3
k

[

1→
1

135

123→ 112 ln 2

21→ 8 ln 2

k2

∆2
+O

(

k4

∆4

)]

(k → 0). (4.11)

10

Zarembo 00

QCD is perturbative at high-energy: dispersion relation can be calculated



Octet Pions

ωπ(k) =
1

3
k [1 −

1
135

123 − 112 ln 2
21 − 8 ln 2

k2

Δ2
+ O( k4

Δ4 )] Rπ = 3.331Δ

Color superconductor

1 2 3 4 5 6 7

k/¢

0.5

1.0

1.5

2.0

!/¢

2¢

0

R2 = lim
n→∞

α2n+1

α2n+3

Analogous results for singlet Goldstone



Colour Superconductor

Octet Pions

ωπ(k) =
1

3
k [1 −

1
135

123 − 112 ln 2
21 − 8 ln 2

k2

Δ2
+ O( k4

Δ4 )] Rπ = 3.331Δ

Singlet Bosons

ωs(k) =
1

3
k [1 −

11
540

k2

Δ2
+ O( k4

Δ4 )] Rs = 3.221Δ



Conclusions and future

 


• Extract from  (and all other hd operators) upper bound on cut-off(s)


• For ,  must turn off too


• This also gives information of interactions, given non-linear Lorentz inv.

S = ∫ d4x −g [ M2
P

2
R + M2

P
·H2g00 + M4

2(g00 + 1)2 + M̄2
2δKμ

μδKμ
μ + …]

M̄2
2

M2 → 0 M̄2
2 Baumann, Lee, Green, Porto 15

                 We are starting to constrain the parameter space of non-LI EFTs 

• Include dissipation (e.g. hydro modes) and loops


• Connect  limit with Lorentz-invariant S-matrix


• Lieb-Robinson causality for CM

|cs − 1 | ≪ 1



Backup slides



Microcausality-Analyticity Theorem A tempered distribution G(x) → S →
(R

d↑1,1
) is re-

tarded and micro-causal if and only if its Fourier transform G(kµ
), with kµ

= kµ

R
+ ikµ

I
, is

analytic in the domain R
d↑1,1

+ i ˚FLC and it admits the bound

|G(kµ
)| ↑ A(1 + |kµ

|)
n

(
1 +

1

(k0
I
↓ |ωkI |)m

)
, kµ

→ R
d↑1,1

+ i ˚FLC , (3.10)

where the positive constant A and the powers m,n → N depend on G.

This can be viewed as a generalization of the theorem stated in the previous section.
A detailed proof is provided in section A, following [21].11 Similarly to the previous case,
the Fourier transform G(kµ

) is an analytic function which is polynomially bounded for large
momenta. The asymptotic polynomial growth is controlled by the power n in eq. (3.10),
where |kµ

| ↔
√
|k0|2 + ...+ |kd↑1|2 is the Euclidean norm of the complex vector kµ

→ C
d.

This is related to the short distance behaviour of G(x) (see the discussion around eq. (4.4)).
Conformal field theory (CFT) provides an example in which the Green’s function exhibits

power-law growth at large momenta. For an operator with scaling dimension ! > 0, the two-
point function is fixed (up to an overall normalization) to be12 G(x) = x↑2!. This corresponds
to

G(kµ
) ↗

(
↓ (ε + iϑ)2 + ωk2

)!↑d/2

, (3.11)

in Fourier space, where the iϑ prescription is chosen to ensure analyticity in the FLC, as
appropriate for the retarded Green’s function. For ! > d/2, this expression grows as a power
for complex momenta.

The denominator in eq. (3.10) controls the growth of |G(kµ
)| when we approach the

boundary of the domain of analyticity, i.e. k0
I
↓ |ωkI | ↘ 0

+: the Fourier transform can diverge
at most as (k0

I
↓ |ωkI |)↑m (|ωkI | being the Euclidean norm of the d↓ 1 dimensional vector ωkI).

Notice that, in more than one dimension, this limit does not necessarily require kµ

I
↘ 0: G(k)

can develop singularities also for complex values of kµ, on the edge of the FLC.
Similar to the d = 1 case, the bound in eq. (3.10) does not exclude essential singularities

on the boundary of the FLC. Consider the following function in 1 + 1-dimensions:

G(ε, k) = e↑i(
1

ω+k+
1

ω→k) . (3.12)

It is evident that G possesses singularities along the null directions εI = |kI |, even though
its anti-Fourier transform is compatible with retardedness and microcausality when mapped
back to real space.

11In [21], the statement appears as a compilation of several intermediate results, summarized in Corollary
B.9. More explicitly: Theorems B.2 and B.4 apply to general (not necessarily tempered) distributions, while
Theorems B.7 and B.8 specialize to tempered distributions supported in a pointed cone.

12Correlation functions in a CFT are typically expressed in Euclidean signature. The corresponding
Lorentzian correlators follow by an appropriate Wick rotation; see [26,27].

11

See Creminelli, Longo, 
Salehian, Zahed etal 25


