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Our Goal

Mimic the bootstrap approach to constrain the space of QFT which describe QCD at

large N.

Why large N?

▶ the theory maintains important features of real world QCD

▶ it simplifies (EFT is weakly coupled)

▶ it shares many similarities with string theory
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QCD at large Nc

QCD with Nf massless quarks, in the ’t Hooft limit: Nc →∞, fixed λ = g2Nc

Spectrum:

▶ Barions decouple: mass grows with Nc

▶ Mesons and Glueball marginally affected

▶ Confinement and chiral symmetry breaking ⇒ Goldstone bosons πa

Interactions:

▶ Planar diagram dominates (see later)

▶ Interactions O(1/N) ⇒ Mesons decay widths 1/N

⇒ loops suppressed

Scattering amplitude of mesons is meromorphic!
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Bootstrapping scattering amplitudes

Mesons scattering amplitude: an infinite tower of tree level exchanges

Parameters space:

▶ masses, spin of resonances

m2
i , Ji

▶ on-shell couplings gijk

Constraints:

▶ Crossing

▶ Analiticity

▶ Unitarity (positivity)

▶ Regge behavior
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Pion scattering at Large N

πaπb −→ πcπd

Scattering amplitude:

F cd
ab = Tr [σaσbσcσd ]A(s, u) + Tr [σaσbσdσc ]A(s, t) + Tr [σaσcσbσd ]A(u, t)

parametrized by a single function A(s, t)

  Yang-Mills with  massless quarks in the `t Hooft limit of fixed  .D = 4 !"(# ) #$ = 2 ΛQCD

Pions Goldstone bosons of %&  =    !"(2)' × !"(2)( → !"(2)diag

)*+
&, = + + +⋯

%&

%, %*

%+

∼ # ∼ 1 ∼ 1/#

 Large  QCDN

A theory of glueballs, mesons and (heavy) baryons. Infinite tower of stable hadrons.

We focus on the meson sector: more constrained, and lots of data.

Reminiscent of string theory [`t Hooft], but we won’t make any such dynamical assumption.

A new stab at this classic problem. 

Modern theory space perspective & new EFT bootstrap methods ideally suited for this problem.

qq̄-mesons loops & tetraquarks glueballs
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Pion scattering at Large N - 2

πaπb −→ πcπd

▶ Crossing: A(s, t) = A(t, s)
▶ Analyticity: only poles on the real axis

▶ OZI rule: no poles on the negative real axis

Isospin: 1⊗ 1 = 0⊕ 1⊕ 2

qq̄ - mesons ∈ 0, 1

tetraquark - mesons ∈ 2 (suppressed at large Nc )

poles at negative s ↔ poles in Isospin 2 channel
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Pion scattering at Large N - 3

πaπb −→ πcπd

▶ Regge boundedness:

lim
|s|→∞

A(s, t) ∼ sα(t) (fixed t < 0)

Eventually we want to expand for t ≃ 0 – important to know α(0):

Finite Nc : α(0) ≃ 1.08 (Pomeron)

Large Nc : α(0) ≃ 0.5 (Pomeron suppressed, ρ-trajecrtory)

▶ Unitarity

A(s, t) =
∑

J even

n
(4)
J fJ(s)PJ

(
1 + 2t

s

)
, n

(d)
J : normalizations

Im[A(s, t)] =
∑
J

n
(4)
J ρJ(s)PJ

(
1 + 2t

s

)
,

Unitarity guarantees positivity of the spectral density:

ρJ(s) = Im fJ(s) ∼
∑
X

g2
πδ(s −m2

X ) ≥ 0
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Alternative prospective: Effective Field Theory

Integrating out all resonances at tree level produces an effective theory of pions

A(s, t) = g0,1(s + t) + g1,1(s + t)(st) + g1,0ts + g0,2(s + t)2 + . . .

No states below cut off M: no poles.

EFT also weakly coupled: all interactions O(1/N): no logs

One can match the coefficients gn,ℓ with the parameters of the Chiral Lagrangian

L = −
f 2π
4
Tr[∂µU†∂µU] + higher derivatives, U = e iπ

aσa
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Dispersion relations at large Nc

∮
∞

ds

2πis

A(s, t)
sk

= 0 (at large Nc , k = 1, 2, ...)

Re

Im

× ×× × ×
M2

|s| → ∞

s

= Re

Im

× ×× × ×
M2

s

low energy data gn,ℓ ←→ high energy data ρJ(s)

[Arkani-Hamed, Huang, Huang] , [Tolley, Wang, Zhou] ,

[Bellazzini, Mirò Rattazzi, Riembau,Riva] [Caron-Hout, Van Duong]
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Sum rules and null constraints

g0,1 = ⟨ 1
m2 ⟩

g1,1 = . . .

← sum rules g0,1 > 0 (∼ 1/f 2π )

0 = ⟨ (J−2)J(J+1)(J+3)

m6 ⟩

0 = . . .

← null constraints Xk,ℓ

Notation:

⟨F (m2, J)⟩ ≡
∑

J even

n
(4)
J

∫ ∞

M2

dm2

πm2
ρJ(m

2)
[
F (m2, J)

]
.

Unitarity ⇒ρJ(s) ≥ 0
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Bootstrap equations

Schematic form of equations:
g0,1
0
...

0


︸ ︷︷ ︸

V⃗g

=
∑
X

g2
ππX


. . .

X3,1

. . .

X4,1

. . .


︸ ︷︷ ︸

V⃗X

(X ≡ quantum numbers of states exchanged in ππ → ππ)
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~V3<latexit sha1_base64="M/mXlVHsJptFPVidyjdN5rKNdz0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZwuykNxkyO7vOzAbCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8m/rNESrNY/loxgn6Ee1LHnJGjZVanREy0ujKbqnsVtwZyDLxclKGHLVu6avTi1kaoTRMUK3bnpsYP6PKcCZwUuykGhPKhrSPbUsljVD72ezeCTm1So+EsbIlDZmpvycyGmk9jgLbGVEz0IveVPzPa6cmvPEzLpPUoGTzRWEqiInJ9HnS4wqZEWNLKFPc3krYgCrKjI2oaEPwFl9eJo3zindVuXy4KFdv8zgKcAwncAYeXEMV7qEGdWAg4Ble4c15cl6cd+dj3rri5DNH8AfO5w+Xdo+x</latexit>

~Vn

<latexit sha1_base64="mN6s8HRK2/VSaVFrqb1MX/OsV68=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvXiMYB6QLGF20psMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGd1O/9YRK81g+mnGCfkQHkoecUWOl1qCXuWfepFeuuFV3BrJMvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJS6qcaEshEdYMdSSSPUfjY7d0JOrNInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCW/8jMskNSjZfFGYCmJiMv2d9LlCZsTYEsoUt7cSNqSKMmMTKtkQvMWXl0nzvOpdVS8fLiq12zyOIhzBMZyCB9dQg3uoQwMYjOAZXuHNSZwX5935mLcWnHzmEP7A+fwBkkGPFQ==</latexit>g0,1
<latexit sha1_base64="mN6s8HRK2/VSaVFrqb1MX/OsV68=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvXiMYB6QLGF20psMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGd1O/9YRK81g+mnGCfkQHkoecUWOl1qCXuWfepFeuuFV3BrJMvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJS6qcaEshEdYMdSSSPUfjY7d0JOrNInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCW/8jMskNSjZfFGYCmJiMv2d9LlCZsTYEsoUt7cSNqSKMmMTKtkQvMWXl0nzvOpdVS8fLiq12zyOIhzBMZyCB9dQg3uoQwMYjOAZXuHNSZwX5935mLcWnHzmEP7A+fwBkkGPFQ==</latexit>g0,1

<latexit sha1_base64="ZeO2UXMg1W5QyTf+gYRVdKRTfHg=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RiXLJAMoadTkzTp6Rm6e4Qw5A+8eFDEq3/kzb+xk8xBow8KHu9VUVUvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6a973yhW36s5A/hIvJxXIUe+VP7v9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkCOr9EkYK1vSkJn6cyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eW/pHlS9c6rZ7enldpVHkcRDuAQjsGDC6jBDdShAQxCeIIXeHVGzrPz5rzPWwtOPrMPv+B8fANZBo1B</latexit>

V S

Bootstrap equations

7/24

<latexit sha1_base64="axkCg+NnFFpETCkSzBBDHB6L3oQ=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZwuykNxkyO7vOzAbCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8m/rNESrNY/loxgn6Ee1LHnJGjZVanREy0uh63VLZrbgzkGXi5aQMOWrd0lenF7M0QmmYoFq3PTcxfkaV4UzgpNhJNSaUDWkf25ZKGqH2s9m9E3JqlR4JY2VLGjJTf09kNNJ6HAW2M6JmoBe9qfif105NeONnXCapQcnmi8JUEBOT6fOkxxUyI8aWUKa4vZWwAVWUGRtR0YbgLb68TBrnFe+qcvlwUa7e5nEU4BhO4Aw8uIYq3EMN6sBAwDO8wpvz5Lw4787HvHXFyWeO4A+czx87Ao90</latexit>

~V1

<latexit sha1_base64="axkCg+NnFFpETCkSzBBDHB6L3oQ=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZwuykNxkyO7vOzAbCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8m/rNESrNY/loxgn6Ee1LHnJGjZVanREy0uh63VLZrbgzkGXi5aQMOWrd0lenF7M0QmmYoFq3PTcxfkaV4UzgpNhJNSaUDWkf25ZKGqH2s9m9E3JqlR4JY2VLGjJTf09kNNJ6HAW2M6JmoBe9qfif105NeONnXCapQcnmi8JUEBOT6fOkxxUyI8aWUKa4vZWwAVWUGRtR0YbgLb68TBrnFe+qcvlwUa7e5nEU4BhO4Aw8uIYq3EMN6sBAwDO8wpvz5Lw4787HvHXFyWeO4A+czx87Ao90</latexit>

~V1

<latexit sha1_base64="fjvWnbwqXb08w57mTTEiV31VMHk=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dM5JHAhswODUyYnV1nZknIhp/w4kFjvPo73vwbB9iDgpV0UqnqTndXEAuujet+O7m19Y3Nrfx2YWd3b/+geHjU0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HobuY3x6g0j+SjmcToh3QgeZ8zaqzU6oyRkUa30i2W3LI7B1klXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgudRGNM2YgOsG2ppCFqP53fOyVnVumRfqRsSUPm6u+JlIZaT8LAdobUDPWyNxP/89qJ6d/4KZdxYlCyxaJ+IoiJyOx50uMKmRETSyhT3N5K2JAqyoyNqGBD8JZfXiWNStm7Kl8+XJSqt1kceTiBUzgHD66hCvdQgzowEPAMr/DmPDkvzrvzsWjNOdnMMfyB8/kDPIaPdQ==</latexit>

~V2
<latexit sha1_base64="fjvWnbwqXb08w57mTTEiV31VMHk=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dM5JHAhswODUyYnV1nZknIhp/w4kFjvPo73vwbB9iDgpV0UqnqTndXEAuujet+O7m19Y3Nrfx2YWd3b/+geHjU0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HobuY3x6g0j+SjmcToh3QgeZ8zaqzU6oyRkUa30i2W3LI7B1klXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgudRGNM2YgOsG2ppCFqP53fOyVnVumRfqRsSUPm6u+JlIZaT8LAdobUDPWyNxP/89qJ6d/4KZdxYlCyxaJ+IoiJyOx50uMKmRETSyhT3N5K2JAqyoyNqGBD8JZfXiWNStm7Kl8+XJSqt1kceTiBUzgHD66hCvdQgzowEPAMr/DmPDkvzrvzsWjNOdnMMfyB8/kDPIaPdQ==</latexit>

~V2

<latexit sha1_base64="DVgHSzsJ3ipnz2t27UhScaXSXi0=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePGIijwQ2ZHZoYMLs7DozS0I2/IQXDxrj1d/x5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YO6jhLFsMYiEalmQDUKLrFmuBHYjBXSMBDYCIZ3U78xQqV5JB/NOEY/pH3Je5xRY6Vme4SM1DvnnWLJLbszkGXiZaQEGaqd4le7G7EkRGmYoFq3PDc2fkqV4UzgpNBONMaUDWkfW5ZKGqL209m9E3JilS7pRcqWNGSm/p5Iaaj1OAxsZ0jNQC96U/E/r5WY3o2fchknBiWbL+olgpiITJ8nXa6QGTG2hDLF7a2EDaiizNiICjYEb/HlZVI/K3tX5cuHi1LlNosjD0dwDKfgwTVU4B6qUAMGAp7hFd6cJ+fFeXc+5q05J5s5hD9wPn8APgqPdg==</latexit>

~V3<latexit sha1_base64="DVgHSzsJ3ipnz2t27UhScaXSXi0=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePGIijwQ2ZHZoYMLs7DozS0I2/IQXDxrj1d/x5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YO6jhLFsMYiEalmQDUKLrFmuBHYjBXSMBDYCIZ3U78xQqV5JB/NOEY/pH3Je5xRY6Vme4SM1DvnnWLJLbszkGXiZaQEGaqd4le7G7EkRGmYoFq3PDc2fkqV4UzgpNBONMaUDWkfW5ZKGqL209m9E3JilS7pRcqWNGSm/p5Iaaj1OAxsZ0jNQC96U/E/r5WY3o2fchknBiWbL+olgpiITJ8nXa6QGTG2hDLF7a2EDaiizNiICjYEb/HlZVI/K3tX5cuHi1LlNosjD0dwDKfgwTVU4B6qUAMGAp7hFd6cJ+fFeXc+5q05J5s5hD9wPn8APgqPdg==</latexit>

~V3<latexit sha1_base64="M/mXlVHsJptFPVidyjdN5rKNdz0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZwuykNxkyO7vOzAbCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8m/rNESrNY/loxgn6Ee1LHnJGjZVanREy0ujKbqnsVtwZyDLxclKGHLVu6avTi1kaoTRMUK3bnpsYP6PKcCZwUuykGhPKhrSPbUsljVD72ezeCTm1So+EsbIlDZmpvycyGmk9jgLbGVEz0IveVPzPa6cmvPEzLpPUoGTzRWEqiInJ9HnS4wqZEWNLKFPc3krYgCrKjI2oaEPwFl9eJo3zindVuXy4KFdv8zgKcAwncAYeXEMV7qEGdWAg4Ble4c15cl6cd+dj3rri5DNH8AfO5w+Xdo+x</latexit>

~Vn

<latexit sha1_base64="mN6s8HRK2/VSaVFrqb1MX/OsV68=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvXiMYB6QLGF20psMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGd1O/9YRK81g+mnGCfkQHkoecUWOl1qCXuWfepFeuuFV3BrJMvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJS6qcaEshEdYMdSSSPUfjY7d0JOrNInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCW/8jMskNSjZfFGYCmJiMv2d9LlCZsTYEsoUt7cSNqSKMmMTKtkQvMWXl0nzvOpdVS8fLiq12zyOIhzBMZyCB9dQg3uoQwMYjOAZXuHNSZwX5935mLcWnHzmEP7A+fwBkkGPFQ==</latexit>g0,1
<latexit sha1_base64="mN6s8HRK2/VSaVFrqb1MX/OsV68=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvXiMYB6QLGF20psMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGd1O/9YRK81g+mnGCfkQHkoecUWOl1qCXuWfepFeuuFV3BrJMvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJS6qcaEshEdYMdSSSPUfjY7d0JOrNInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCW/8jMskNSjZfFGYCmJiMv2d9LlCZsTYEsoUt7cSNqSKMmMTKtkQvMWXl0nzvOpdVS8fLiq12zyOIhzBMZyCB9dQg3uoQwMYjOAZXuHNSZwX5935mLcWnHzmEP7A+fwBkkGPFQ==</latexit>g0,1

<latexit sha1_base64="ZeO2UXMg1W5QyTf+gYRVdKRTfHg=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RiXLJAMoadTkzTp6Rm6e4Qw5A+8eFDEq3/kzb+xk8xBow8KHu9VUVUvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6a973yhW36s5A/hIvJxXIUe+VP7v9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkCOr9EkYK1vSkJn6cyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eW/pHlS9c6rZ7enldpVHkcRDuAQjsGDC6jBDdShAQxCeIIXeHVGzrPz5rzPWwtOPrMPv+B8fANZBo1B</latexit>

V S

<latexit sha1_base64="fAq4q3iqC7l+gpagDSbyGjFzycc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURX8uiG5cV7AOaECaTm3bo5MHMpFBCwF9x40IRt36HO//GaZuFth64cDjn3rlzj59yJpVlfRuVldW19Y3qZm1re2d3z9w/6MgkExTaNOGJ6PlEAmcxtBVTHHqpABL5HLr+6G7qd8cgJEviRzVJwY3IIGYho0RpyTOPcmf2SC4gKJwxUNzxBoVn1q2GNQNeJnZJ6qhEyzO/nCChWQSxopxI2betVLk5EYpRDkXNySSkhI7IAPqaxiQC6eazzQU+1UqAw0ToihWeqb8nchJJOYl83RkRNZSL3lT8z+tnKrxxcxanmYKYzheFGccqwdMscMAEUMUnmhAqmP4rpkMiCFU6sZoOwV48eZl0zhv2VePy4aLevC3jqKJjdILOkI2uURPdoxZqI4py9Ixe0ZvxZLwY78bHvLVilDOH6A+Mzx/Dv5YD</latexit>

~Vg

<latexit sha1_base64="fAq4q3iqC7l+gpagDSbyGjFzycc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURX8uiG5cV7AOaECaTm3bo5MHMpFBCwF9x40IRt36HO//GaZuFth64cDjn3rlzj59yJpVlfRuVldW19Y3qZm1re2d3z9w/6MgkExTaNOGJ6PlEAmcxtBVTHHqpABL5HLr+6G7qd8cgJEviRzVJwY3IIGYho0RpyTOPcmf2SC4gKJwxUNzxBoVn1q2GNQNeJnZJ6qhEyzO/nCChWQSxopxI2betVLk5EYpRDkXNySSkhI7IAPqaxiQC6eazzQU+1UqAw0ToihWeqb8nchJJOYl83RkRNZSL3lT8z+tnKrxxcxanmYKYzheFGccqwdMscMAEUMUnmhAqmP4rpkMiCFU6sZoOwV48eZl0zhv2VePy4aLevC3jqKJjdILOkI2uURPdoxZqI4py9Ixe0ZvxZLwY78bHvLVilDOH6A+Mzx/Dv5YD</latexit>

~Vg

Feasibility can be recast in a semi-definite positive problem and tested numerically
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Regge behaviour & subtractions

Neutral scalar

Neutral vector

su pole-scalar

0 1 2 3 4

0.0

0.2

0.4

0.6

0.8

1.0

1.2

(g1,0+2g0,2)/g0,1

g 0
,2
/g
0
,1

1 sub 0 sub 1 sub large N 0 sub large N

[Albert, Rastelli ’22] [ Fernandez, Pomarol, Riva, Sciotti ’22]

[McPeak, Venuti, AV ’23]
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Simple amplitudes

▶ Scalar exchange:

A(s, t) ∼
g2

s −M2
+

g2

t −M2

▶ su -pole:

A(s, t) ∼
M2g2

(s −M2)(t −M2)
−→ infinite tower of states at M2

▶ Vector exchange:

A(s, t) ∼
2t +M2

s −M2
+

2s +M2

t −M2
−→ s1 ( violates Regge?)

▶ Improved Vector exchange:

A(s, t) ∼
2s +M2

t −M2

(
m2

∞
m2

∞ − s

)
+ crossed −→ s0
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Simple lessons from null constraints

Consider two particular combinations of null constraints

x : n⃗1 · V⃗J(m
2) , y : n⃗2 · V⃗J(m

2)

ρ

-1.0 -0.5 0.5 1.0x

-1.0

-0.5

0.5

1.0

y

J=1

large J,m2 (fixed b= 2 J
m
)

▶ Spin-1 alone are inconsistent
▶ A Spin-1 can be ”fixed” by adding resonances at ∞
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Geometry of null constraints - 2

Consider a different combination

J=2

f2

ρ
-2 -1 1 2 x

-2

-1

1

2

y

J=2

large J,m2

J=1

▶ A Spin-2 cannot be ”fixed” by adding resonances at ∞ or vectors 14/27



Geometry of null constraints - 2

J=8

J=7

J=6

J=5
J=4

J=3

J=2

f2

ρ
-5 5 x

-5

5

y

J=2,3,..

large J,m2

J=1

▶ A Spin-2 cannot be ”fixed” by adding resonances at ∞ or vectors
▶ A Spin-2 requires higher (odd) spins
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General lessons

▶ J = 1 must be present at finite mass

▶ J ≥ 2 do not need to be present at finite mass

▶ If we introduce a J > 1 spin, it must come with a whole tower of states of

increasing spin (∼ CEMZ)
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Intermezzo: importance of Regge
behavior



Complex scalar+gravity+gauge

In absence of gravity one can obtain ”forward sum rules”

g0,2 ∼<
1

m4
> positive!

Graviton exchange

⇒ 1/t pole in the 2-Subtracted Dispersion Relation (2SDR), regular in 1SDR

Photon exchange

⇒ 1/t pole in 1SDR, doesn’t contribute to 2SDR

Loss of positivity in 2SDR: [Caron-Huot,Mazac,Rastelli,Simmons-Duffin ’21]

g0,2 ≥ −#G ,
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Adding subtractions

▶ Gravity implies softer Regge behaviour ⇒ can impose 1SDRs [Haring,Zhiboedov ’22 ]

▶ Problem: 1SDR are not sign definite at large mass, spin

(charge 0,1 and charge 2 contribute in opposite ways)

▶ Generically this would make 1SDR useless.

▶ Let us restrict to (large-N)-like theories and assume (t-channel dominance)

ρQ=2
J (s) = 0 no states in charge 2-sector

▶ with this assumption 1SDR can be used:

g0,2 ≥ −#e2 (independent of G !)

In the limit e2 → 0 we recover positivity!

[McPeak, Venuti, AV ’23 ]
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Back to pions



Forcing the f2

Hot to force the presence of a spin J ≥ 2 in the system?

Maximize the residue of a spin-2 resonance (aka f2) [Albert, Henriksson, Rastelli, AV - ’23]

f2

ρ

(M'')2

0 1 2 3 4
m20

1

2

3

4

J
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Forcing the f2

kink!

0.30 0.35 0.40 0.45 0.50 0.55 0.60

Mρ

M ''

0.1

0.2

0.3

0.4

0.5

0.6

gf2
2/g0,1

( # null constraints = 56, 79, 106, 137)
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Forcing the f2

Bootstrap equations

7/24

kink!

0.30 0.35 0.40 0.45 0.50 0.55 0.60
M�

M ''

0.1

0.2

0.3

0.4

0.5

0.6

gf2
2/g0,1

�3(1670)
<latexit sha1_base64="21i1JNhmUqculiu2yYnLxTyaSbI=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9n1gXojevGIiTwS2JDZYYAJszPrzCwJ2fAdXjxojFc/xpt/4wB7ULCSTipV3enuCiLOtHHdbyezsrq2vpHdzG1t7+zu5fcP6lrGitAakVyqZoA15UzQmmGG02akKA4DThvB8G7qN0ZUaSbFoxlH1A9xX7AeI9hYyW+rgeyco6JXvnFPO/mCW3JnQMvES0kBUlQ7+a92V5I4pMIQjrVueW5k/AQrwwink1w71jTCZIj7tGWpwCHVfjI7eoJOrNJFPalsCYNm6u+JBIdaj8PAdobYDPSiNxX/81qx6V37CRNRbKgg80W9mCMj0TQB1GWKEsPHlmCimL0VkQFWmBibU86G4C2+vEzqZyWvXLp8uChUbtM4snAEx1AED66gAvdQhRoQeIJneIU3Z+S8OO/Ox7w146Qzh/AHzucPSjCQfg==</latexit>

⇢3(1690)

( # null constraints = 56, 79, 106, 137)
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Can it be large-N QCD?

Fix the cut-off M′′ = Mkink: ρ−coupling vs f2−coupling

0.0 0.1 0.2 0.3 0.4 0.5 0.6

gρ
2

g0,1
0.0

0.1

0.2

0.3

0.4

gf2
2

g0,1

Ratio
g2f2
g2ρ

close to real word QCD!
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Kink seems to be related to the formation of a Regge trajectory
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spectrum @ kink VS real world
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Impressive agreement with real world QCD...
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Is 3 ≫ 1 ?

Is it surprising that we agree with real world data?

Meson spectrum: di�erent N at a≠1 ¥ 2.1 GeV
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...perhaps not so much!
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Can it be large-N QCD?

spectrum

VS

real-word

Asymptotically

Linear

Regge trajectories

daughter

trajectories

degenerate

ρ, f

trajectories

Large-N QCD ✓? expected suppressed(?) ✓

Kink solution ✓ X not seen ✓
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Where do we go next?

Imposing the presence of higher spin resonances creates Regge-like trajectories

Similar kinks and spectra for J = 3, 4

Maximising the ratio g2
f2
/g0,1 pushes towards the right direction of parameter space.

Perhaps the right answer is behind the corner?

To do better we need to impose more constraints ⇒ mixed amplitudes

▶ mix πa with the first scalar meson

▶ glueball scattering (also compare with simulations at large-N)

[Guerrieri, Hebbar, van Rees ’23] [Haring, Zhiboedov ’23]

▶ mix π and ρ-vector [Albert, Henriksson, Rastelli, AV - in progress]
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Stay tuned!
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