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® BH spectroscopy aims in the understanding of QNMs (the characteristic oscillations of a
perturbed BH), which are triggered by BH interactions.

® The produced GWs carry information (mass, spin, enviroment and underlying theory).
® The QNM are usual in the linear regime and obey the linear Regge-Wheller-Zerilli equation.

¢ In high frequency dominance, (eikonal regime) the corresponding QNMs are linked to
spherical harmonics with large angular quantum numbers (£ > 1).

¢ This regime is tied to a collection of null geodesics focused around the so-called photon ring
(the birth place of QNMs).

® (QQNMs in the eikonal regime can be treated as small perturbations around the Penrose limit of
the background geometry centered on the photon ring.



Full nonlinear numerical simulations have shown clear signs of non-linearities, the
Quadratic-QNMs (QQNDMs), due to nonlinear nature of General Relativity.

At second order in perturbation theory, linear mode couplings lead to QQNM:s.

These modes probe GR deeper in the nonlinear regime, and therefore are of paramount
importance.

Our aim is see if QQNMs in the eikonal regime can be treated similarly to the linear QNMs,
also at second-order in perturbation theory in the Penrose limit of the background
Schwarzschild geometry.
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1. (Very brief) Introduction to QNMs.

The Quasinormal modes (QNMS) describe the damped Qui\\l—rxrc;xl.\r l;]unge Ringdown
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Equation for null geodesics: 2

QNMs are generated in the strong gravity region near the black hole,
particularly in the vicinity of the photon sphere. For a Schwarzschild black hole
of mass M, the photon sphere is the unstable circular orbit of photons at:

r=3M

*Photons on this sphere travel in perfect circular orbits around the black hole.
*Any small perturbation causes the photon to either fall into the black hole or
escape to infinity.

*The photon sphere defines the edge of the black hole shadow seen by distant
observers.
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The Regge-Wheeler-Zerili equations are obtained by perturbations of the Einstein equations around
the Schwarzschild BH g,,. We expand the metric as g, = g, + ehﬁv) + fzhLz,,) + .-+ so that
Einstein tensor G, is expanded as

Giuv[8] = Gy (8] + €Gy 1K)+ € (G [KP] + Gy (K7 4 - M
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We are interested to calculate the quadratic-to-linear amplitude ratio
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2. The Penrose Limit

_

Penrose: Every spacetime has a pp-wave as a limit.

The Penrose limit associates to every space-time metric g, with line element ds?, and a null
geodesic y in that space-time, a (limiting) plane wave metric:
1) Write the metric in coordinates V, Z, Z “adapted” to y, with the remaining coordinate U playing
the role of the affine parameter and y(U) coinciding with the geodesic atV =Z = Z = 0.
2) Change coordinates to

(U,V,Z,7) = (u,A%v, Az, A7)

for some real A and to take the limit

lim A72ds? = dsi.
A—-0



The resulting metric ds% is the so-called Penrose limit of the initial space-time, which, recast in
Brinkmann coordinates, has the plane-parallel (pp) wave form

ds?, = 2dudv + H(u, z, Z)du2 — 2dzdz. (1)

The coordinate u plays the role of the affine parameter along the geodesic, and the function H
controls the geodesic deviation properties along the transverse coordinates z and z. For the
Schwarzschild black hole of mass M and metric

ds?
f(r)

the Penrose limit around the circular photon ring located at ro = 3M and 6 = 7/2 has the metric (1)
with

f(r)de® = £~ (r)dr? — r2(d6? + sin® 6d¢?),
1-2M/r, 2

H(z,7) = - (22 +72), 3)

3M?
with u = —1/3 and v = —1 + 3V3M ¢ in terms of Schwarzschild coordinates.



Linear Perturbations

For a generic pp-wave space-time such as the one described by the metric (1), Einstein (vacuum)
equations reduce to

H zZ — 0 (4)
For such spacetimes, metric perturbations 4, that satisfies the linearized Einstein vacuum

equations can be expressed in terms of a complex scalar field @, the Hertz potential, which satisfies

1

1
ED(D = _QZZ - EH(Z, Z)q)vv + (Duv =0. (5)

Indeed, having a solution of the scalar wave equation (5), one can construct solutions of spin-two
states by using the spin-raising operator. The latter is written as

R" =du d; +dz d,,
R™ =dud, +dzo,. (6)



The spin-two field reads
hyydxHdx” = h;f,dx"dx" + hyp,, dxfdx” (7
where
i detde” =R R* (@),
iy detde” =R [R—(cb)]. (8)
Then in the radiation gauge (which also implies the transverse-free and traceless conditions)
VA = 8" hyy =0, hy, =0, C)
the metric perturbed by the spin-two fields A, is at first-order

ds? = 2dudv + [H + ®z; + D, | du® + 2@, ;dudz + 2P, dudz
+ @,,d7% + ®,,dz% — 2dzdz. (1



The linearized Einstein equations are satisfied if @ satisfies the equation
1 -
b, — EH(z, 7)®,, + D, =0.

For the QNMs, we first look for linear solutions to the above equation and demand an outgoing
boundary condition for the unstable direction, and a decaying boundary condition for the stable
direction. For the fundamental mode, we get (Fransen, Giataganas et al.)

®(u, v, 7, 7) =Ae~ PutrtiPyv+ 30w (14) (242022427
b 2 b

X Hy(\=3i(n = O)wx1)Hp, (V3(n2 = O)wxz), (11)

where
1

- 12
@ 3V3M (12)

3
P, = Ew(i -1, P, =ftw = wy,

The QNM frequencies are

wnp:(€+%)w+ia)(%+n). (1



The pp-wave limit of the Schwarzschild BH captures the QNM frequencies at large £.

and

The question

Is this an accident, or we can use it also at second order.




Penrose limit can go even beyond first-order perturbation theory.

We will examine in the sequence how second-order perturbations of the Schwarzschild BH, can be
approximated by their pp-wave limit.

It is more convenient to work with the Weyl scalars. We first need to find the appropriate null
tetrad. The latter in the coordinates (u, v, z, 7) is given up to first-order by

£ =a(1,0,0,0),
11 -
ny :; §(H+(I)ZZ+CD22),1,O,O
1 1
m[l = (_EQVZ’ 0’ _ECDVV’ 1) )
_ 1. 1.
m/,l = _5@\/1’0’ la _EQV\) 5 (14)

so that the first-order metric (10) can be also written as

ds? = 26(uny) = 2muiity). (1530



A simple comparizon with perturbations of the form
ds? = 2dudv + (hy — ihy)dz? + (hy + ihy)dZ? — 2dzdZ.

reveals that

1 - 1/-
hy = E(q)vv + q)vv), hy = Z((va - cva)

Then, the Weyl scalars are

lPo =- Cﬂypo- f“mvf‘omo—, lP] = _Cﬂypo- €”n"€pm”,

¥y == Cpuypo tHm”"mPn?, Y3 = —Cuypo tHn"mPn?, Yy = —Cpypo n*'m"n’m?,

and the two Weyl scalars we will be interested below, Wy and Wy, are
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For completeness, the corresponding non-zero spin coeflicients in the basis (14) up to first-order are
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The non-zero Weyl scalars turn out to be

1 1 1
lIJ(()l) = Eazq)vvvv 1111(1) = _an)vvvz, q’él) = §®VV22’
1 1 0 1
W) =@z, W = o H (22)
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3. Second-order equation for the Weyl scalar ¥,

For Petrov-type D spacetimes like the Kerr black hole, the first-order ‘I’il) is completely
determined by the zeroth-order background (Teukolsky equation) and similarly, the second-order
‘P(Z) is determined purely by first-order quantities. For Petrov-type N, like the pp-wave

background we are considering here, this is not true any longer. In fact, the first-order ‘P(l)

determined now by the other first-order Weyl scalars and similarly the second-order ‘Pi )

determined by the second-order quantities. In other words, to determine ‘I’iz), we need all the
second-order perturbations of the metric. Therefore, for Petrov-type N spacetimes, it is more
convenient to consider Wy instead. In order to determine the equation for ¥y, we will need the
following two Bianchi identities for Ricci-flat spacetimes

—(0+m—4a)¥+ (D —4p —26)¥; +3«¥, =0, (24)
- (A +u—- 47)‘1’0 + (5 — 47 — 2,3)‘1’1 +30¥, =0, (25)
where

D=("V,, A=ntV,,  S=mMV,,  §=mtY,. 2610



Let us now act on Eq. (24) with ¢ () and on Eq. (25) with D) and substract them. =

—[6(0)(5+ﬂ—4a)—D(O)(A+u—4y) Yo+ [6O(D —4p —2¢) — DV (5 - 47 -2p8) | ¥,

+3 (6 ) — D(O)a-) Y, =0 = up to second order 27
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+6©@(D —4p —26)© — DO (5 - 47 - 2/3)“’)]‘1!{”

+|6©(D —4p —26)V) — DO (6 - 47 - 2[3)(1)]?;”

-30© (oMl =0, b



Note that

[5“)) (D —4p —2¢) — DO (5 — 47 - 28)© ¢

=(6©D© - D5 ) w o, (29)
due to the commutation relation
[6,D] =(@+B-A)D+kA—(p+e—€E) -0, (30)
so that
[6©9,D@] = 0. 31)

Eq. (28) can explicitly be written by using Eqgs. (21), (22) and (23) and the following explicit form
of the differential operators ¢, D and A

1 1 1
6V =-a, W= =5 Pundz, DO =qap,, A== (au - 5Hav) :
a

1 - 1 -
A(l) = Z(CDZZ + (I)zz)av + ;(cbvzaz + (szaz)- (3



Then it turns out from Eq.(28) that the second-order ‘I’éz) satisfies the equation

HY =5 (33)

where
T==6D06+7-40)? +DO(A+pu-4y)0, (34)

and the source Sl(l,2 ) is
0
Si, =[5<°>(5+ 7 —4a)M = DO A+ - 47)“)]11'5”
0 1 0 1 (1)
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We can now use Egs. (21), (22) and (23) in (34) from where we find that

1
7 = Sovg. (36¥



The source is:

3
2
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When substituting the solution of the linear problem for @, the source in Eq. (37) becomes

3 _
Sfp’? = —6(1 +i)a*’wdd? - Za2€7w8 [1 +3Cw*(z - 7)° | 0. (38)



Then, it is straightforward to verify that the solution to the equation
L @ _ @
ED‘{"O = S ¥, (39)

is the sum of two functions, one oscillating and decaying, the other only decaying. The oscillating
part satisfies

1 @ .
50%50 = —6(1 +)a*('w'e?, (40)
and its solution is
2 .
Whone = 210’ PLO%. (1)
Similarly, the the non-oscillating (decaying) part satisfies
1 3 _
0% = —7a 0’ |14+300% (2~ 27, 42)

and it is given by

1 ]
Dec = ~7@ W 0D, “3



4.Quadratic QNMs for the channel (¢ x £) — 2¢

We are now in the position to calculate the non-linear QNMs of the gravitational waves on the

photon ring. This is not yet the full answer as we will need to propagate it away from the photon
ring at large distances. Using Eqgs. (17) and (19) we find

1 1
Wo = Shvy = —Epﬁh, (44)
so that
2¥
h= P—f (45)
%
From Egs. (41) and (22) we obtain
(2)
2) _ Oosc _ pd4 g2
SERNCTNEREE o

(1)

2
() _Z°0 _ p2
' = P% =P;®. (4



We finally obtain

h :
(n0)

(48)

Notice that we have calculated this ratio in the radiation gauge augmented with the traceless and
transverse-free condition, which is the same gauge where the non-linearities are extracted
numerically (Loutrel et al, Ripley et al). In this way, the issues about the non gauge-invariance of
the Weyl scalars at second-order are avoided.

Summarizing: The Penrose limit of large multipoles the non-linear QNM ratio does not depend on

the multipole itself for the process (£ X £) — 2¢€. There is also symmetry argument to explain why
h®/ (h(l))2 is independent from multipoles.



The last step to calculate the quadratic-to-linear amplitude ratio Rex¢ is to connect the result in the
Penrose limit to the asymptotic solutions. This can be done by matching the Hertz potential ® at

the photon ring to large distances using the WKB approximation. The result is:

where

and

with

S O B 7 W N
Xl 2\/,}/—[ Cap (hél))Z 2\/% sz,
n (=Dt [2¢+1 (20)!
:_Y — =
¢t 2“(2’0) 20 \/477 (€ +2)(L-2)!

Ye = e—in/4 (ZQE),)IM ,

2

52
oy =- (1 - r—s) - (6— 20%5 + 15:—;) ro = 3rs/2.

(49)
(50)

(D
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For large ¢ we have

—2/€£1/4 2{]/2 )
L (53)

V2r3/4 3v3
and therefore, |R¢x¢| asymptotes to

1 (3\3/4
|Rexe| = 1 (—) ~ 0.24. (54)
Vs
This value should be compared to the value
IRpepl = 0.2 (55)

seems to indivate the numerical results for £ = 10.



Conclusions

The Pensore limit is an interesting approximation to understand Schwarzschild BH
perturbations.

It allows to zoom-in onto the photon ring where the QNMs are generated.

® [t can capture both QNM'’s frequencies and amplitudes.

It can be extended similarly to the Kerr BH.

For Kerr BHs a question to be answered is the scaling of the non-linearities with the BH spin.
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