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When we model

the Big Bang using ⑰.
..

..It
an FLRW Spacetime,

=>

or the neighborhood of i II ↑
a Black Hole using *
Schwarzschild Space time

or an isolated empty region

with Minkowski
space



We have ignored all

and gravitywells ⑱the blackholes, dust,

within the universe

And ignored the stars *nearthe blackhole

And ignored the possible

blackholes and planets of I
small mass in the "empty"region



The models "approximate"reality:

But in what sense? -
They are not smooth I
approximations. .I IWith blackholes, -

they are not even diffeomorphic to each other.

Challenge:define a distance between Space - Times
that are not diffeomorphic.



Choquet-Bruhat and Geroch: Solving Einstein's Equations
-

Given initial data (M,h,K ↳ I Future Development-> Iunique maximal I I Space-time (Nigh

future development is
itial

Data (Mahakal

Example: Riemannian Schwarzschild (M, g, oh

-> future Schwarzschild spacetime (sin,g(

Stability Theorems exist using methods from Analysis:
-

Given initial data (M,hj, Kj) -> IM, Go,Kol L-A

↳ - #Ithen future developments (N,gi) - IN.90 K--KA
Challenge:Prove StabilityTheorems when

the manifolds are notfeomorphic.



Intrinsic Distances between Riemannian

Manifolds which are not demorphic:
· Gromov-Hausdorff (GH) distance
· Metric Measure (mm) distance

· Intrinsic Flat (F) distance

All convert (M,g) into a metric space (M,dg)
using the Riemannian

metric tensor,g.

All are definite:den(M,Mi) =0 E) M, isometric to Mc
Riemannian Isometry> Distance Preserving Bijection

Challenge:Convert Spacetimes into Metric Spaces.



RiemannianManifolds (M., g.) and (M..ga)
viewed as metric spaces (M..dgi) and (Madgal

dg(p.g) =inf[Cy(d)/clo1=p and c11=93 on
g is positive definite so (g(d0 P

F:M,M, is Distance Preserving if dg1p. g)
=dgn!F(p), F(g)) Fp,gE M,

Dist. Pres. bijections are Riemannian Isometries: Exg192

Space-timeshave Lorentzian metric tensors:

g(v,w) 8 when v is "causal", g-tt, *Sutere

Jf(p) =cansal future of p
=3g)

F future directed causal curve ( 3·from <(0) =p to (11) =G

Lorentz Distance between points such that ge3+(p1

dg(p, g) =sup 5Lg(c)/<107=pandC(1)
=

9
and causal3

Lorentzian Isometries Ex9,92 preserve incentre 31and stance dg



How to Convert a Space-time into a metric space?
-

We will use the Null Distance de of Sormani-Vega

Cosmological time, I, of Andersson - Galloway
-Howard

59(p) =xp(6,(p,9)(9 +5

-(p13=(0,0)Regular if Tg(p) is finite and

Tg(c(s)) =0 for past inextensible curves. big,basethe
Future Development Regular
space-timeis OpeM I Up:(0,5/p1]-M s.t.

has regular Ig -(2p(t))=t and Up (T(p2)
=

p

IN,di) is a metric space when I is regular

&x (p,q) =inf/5(pi) - (pi_.))
i =1

where int is over p=po.9
=

PN, Pie5(pin)v3"pic) pag·4



Once we have metric spaces (Mj,di), we have
intrinsic distances like dent, dum, and dr

dai (A, Ma)=infdi (9, (MD). 9. (Me))
where the inf is over compact - Mic

I

and distance preserving 4i:Mitz
M,=

Recall the HansdorffDistance, is

d (U., Un)=inf[r)U.cTr(a) UnTr(4,)3-
Z

This depends on the extrinsicbutden is intrinsic!

These intrinsic distances are definite:

dan (M., M1) =0 E) dist.pres, bijection F:M,tMc
when (Mj,dg;) are Riemannian this holds () Fx9,=92

Challenge:distpres bijections for Space - Times do not give FA9, 92



Examples of Space-times existwith distance preserving bijections

F =(N,,g,) -> (Ne,gu) that are notLorentzian Isometries:Fx9,F92
Lorentzian Esometries preserve the Causal Structure:

F(p) =5,(F(q)) =>p=5+(g)
Recall the

Null Distance g(p.g)=inf, 1(pi)-pi_.) gS

where int is over p=po.9
=

PN, Pie5Y(pin) v3"pict P ·4

Defr:The null distance encodes causality:

p
=5
+(y)+(p,q) =x(p) -T(q)

encodes

SSakovich-Sor]:T, is regular and proper on N;
=> &T can sa city -

j

[Sak-S]:If F:N,+ Nepreserves time:Tc (F(p1)
=T,(p)OpeN,

and preserves
null distance:de(F(pi, F(pal =d, [pripal p,ip,tN,

then F is a Lorentzian IsometryFx91=92

also more general theorems of Burtscher-Garcia feeling and Galloway.



New paper
with Sakovich:We define various nations of

definite intrinsic distances between

12

Causally Null Compactifiable Space - Times"(N;,gi), which
have associated compact

metric space
times (j, Igi,tj)

defined
using

bounded regular cosmological times, Jj, whose

will distances encode causality: ptJf(y) (dy(p,g) =t(p) -+(q)
11"Intrinsic Distance: d XN,, g,1, (Ns,ga) =darst(,igigi, (,gnigah)S-dist

"Definite"means:IS-dit(g,, (gal=0 if and onlyif
I

5 F:N,+ which preserves time:T2 (F(p1)
=Tp)OpeN,

and preserves
null distance:Ig,F(pih, F(pal =g, [pripal p,1p,eN,

E) F is a Lorentzian IsometryFx91=92 (By.3)



Timeless Intrinsic distances: ISormani-Vega, Allen-Burtscher, Kunzinger, Samann)

d
tls (N,, g,1, (N,921) =dan/N,gil. (N,g() are not definite!S-GH 2

we mustkeep trackof time and encode causality.

Big Bang Space -Time Cannounced with Vega,
Satowich-Sorl is definite!

when

I is

d) =dY((N,g.p*). (F.dgn14)) proper

where pBB is

big bang portartertartarei
Future Developed Space - Time is definite when I is proper

(,)= da? (W.,M, g.). (Y,, M. gall
where

is the
assetofmetricsaretransranembritshe



Big Bang and Future Developed Spacetimes with proper,I

are Causally Null Compactifiable Space - Times

Theyhave
cosmic strips

-"Limitmax) which convert

into compact
metric spaces (i,dy) that

encode causalityptJ,y)(&y(p,g) =t(p) -
+

(q)

IBBDefinite Proof:d) =d? ((F,g..p*). (F..dgn,4)) =0 iff
S-GH

BB

FF:N, +N: thatpreserves distances and F(p,PB=.P.
So F also preserves time Tgj(y)= &g;(q,pi)stty Fx 9.92

d*Definite Proof:a (,) =d? (N.,M, g,l. (Y,, M. Igal) =0 iff
S-GH

FF:N, +N: thatpreserves distances and F(M.)
=M2

So F also pres. time:Tyi(l=inf5g;(9,p)(p
=M;31sty Fx9,92



Challenge:What aboutasymptotically flat
- 2

and other Space-Times whose I is not proper.

Exhaust these space-times (Nig) with

Sub-Space. Times, (Mig),such that N=UMi
such thateach (hiig) are CausallyNull Compactifiable

Exhausting an asymptoticallyflat spacetime by 1 (ei
null compactifiable spacetimeshas known methods

To geta Causally Null Compactifiable sub-space time;
-

take Ei =5 DrED ANDand apply a GallowayThe

Challenge:Define an definite intrinsic distance between

any pair of Causally Null Compactifiable Space - Times



Defr [Sakorich-S] The intrinsic timed-Hausdorff distance, ds-t-Hi
between Causally Null Compactifiable Space - Times, (Nj,gi), is

↓S-4
-
H) (N,,g.), (N., gr)) =dn)(Nig,Tg, ), (nigniTsch) where

the timed Hansdorff distance between compact timed metric spaces

d. (X,. d. ?.h. (Xnd,l)=infd (995 x,X.1, Ke x. (Yah)5-H

where the infinum is over all timed kuratowskimaps,

1+,x:x =1* s.t (.5,x(p)
=(t(p),d(p,p,),d(p.p.),d(p.Pa)...)

where 3, Pz--. 3 are dense in (X,d)

Thm [Sabovich-S):The intrinsic timed-Hansdorff distance

between Causally Null Compactifiable Space - Times is definite
Future Work:Relate ds-F-Hids-BB-H, and d5-FD-A (see conjectures)



Proof den is definite: d.-n))X,. d, 2.1, (Xn;d(l) =0
3

-

E
Es FE>07k
j; ·x
-et.d (1x,X., kx,(Xal)

E
E> *3>07KFF,:X,2 and 5F,:X,+X,s.t. -

1,2

de DK?, x,(F,(p17, 195x, (p1)<3 YpeX, and visa-versa.

1 T(F,2p))-J.(p)/<3 and d),pi) terms ofK2x: too
E

F,e is almosttime preserving
and almostdistance preserving

same for E, and these are also 25-almost inverses

Taking ->0, a subseg - F: X,X, timed distipres bijection o

Proof &S.T-H is definite: Given (gi) Causally Null CompactifiableI

↓S-4
-
H) (N,,g.), (N.,gu)) =0 E)dn)(Nig,g, ), (nign,Tych) =0

#

W
7 F: N,+Na s.tFx9,92 E) 7 F: N,+Natimer distipresbijection



Introducing Various Nations of Distances between
Space - Times bySakovich-Sormani (arxiol

Here we introduce the causallynull compactifiable space-times,
prove a number oftheorems about how to find such space-times;

and prove definitess for the intrinsic distances described above

We also describe more (possiblydefinite) intrinsic
distances:

8. ↓
BB

d
ID

↑

d
+k to appear in future

work with Sakovich)
S-F S-E) S-F

based on the intrinsic flat distance of Sormani- Wenger using Ambrosio
- Kirchheim

The challenge is setting up an integral current
structure

We are working with Meco on setting up bilipschitz charts

· (BB d
FD

d
T-k

S
S-mm: S-mm ( S-mm

to appear
in future workofMondino- Perales)

using
metric measure spaces and perhaps Wasserstein

distances

we survey other notions of convergence of space-times'-

that do notinvolve the null distance),as well.I
The

paper
closes with conjectures and proposed app

lications.



ThankYou!
- Christina Somani

sormanic & gmail.com

Answers to questions on the slides below

↓



Questions after the talk:

Ariadna Leon-Quiros:is there a Hopf-Rinow The
in this setting?Anna Sakovich:See work of
Burtscher and Garcia - Hevelling.

Gerhardt Huisken:can one apply these notions
to studythe Newtonian Limit, taking the

speed of light to infinityasin Cederbaum's Work?

Carla Cederbaum:Would be interested in working
on this project

QuickReview of GH us mm us
E

on the next two slides:



Gromar- Hansdorff (Riemannian)
GH
-

↳ -
->I

no need to

④, remove setsmi -
Lee -Sormani

Intrinsic
Plat to

allows thin gravity appear
APass(Mj) +O E Mi-x Es

Conj:Converges
in sense. GH cou fails

Dong-Song: GA removing sets works



-

f Mn,
Intrinsic

Soin
the

-

isrenterti
+I

d=(m,, m2) =inf(IMA)+MIBL/ A+
255:GHM.-9
-Geometricmeasuretheare)aniee

metric measure

Wasserstein distance
RCD
D Optimal Transport e



ThankYou!
- Christina Somani

sormanic & gmail.com

additional slides below

may
be of interest 1



oricalTime Function,

time
I P big bang

q

AGH: I is regular -> pe M
I P CC

9-C 7Up:(0,T(p1]-M s-t T(up(A)=t.
C future causal curve 9 P

- Iis not regular
on MinkowskiI I but is regular

⑰22, on future Minkowski

$@jo * where t >0.

-

II l



I

If 98p then Otherwise we might
need manypiecesitpg-g-p) ly
·

Potta*9tiwith one step
in the sum. I p

B(ti)

and the inf is not even

We say It encodes causality: piecewise causal P ↑
dep.g) =TCal-T(p)E) q2p. When does doencode causality?



On Minkowski ol t=t:

·

Helgee
&

P p

-
This captures the

infinitesimal behavior

of a smooth I

with g(05,0t)=-1
DIFFICULTY:

⑧.......causality:eX
But our only canonical

(Allen-Burtscher) I is cosmological time
Prove [ and it is not necessarily[Sakovich-Sormuni] 3 encodes causality
I in a variety

smooth everywhere.
(Burtscher - Garcia-Herelling
and [Galloway] -

of settings



Joint with Sakorich:

A Regular Cosmological Time Locally Encodes Causality

If (Nig) is a Lorentzian Manifold
and T:TAGH is regular

then UpeN 5nbdUs.t YqeU q8pE) &,/p.g)=f(g)-t(p)

The proof uses Temple'sNull Coordinates and Eitonal Function

Temple'snull

coords about a

timelike curve ((t)

with x(0) =p.

Temple's Eitonal

function:isw =t

of these coords



Examples of CausallyNull Compactifiable Spacetimes:

Cosmic Strips Nst= Y"(s,t)
-

in FLRW big bang spacetimes with Nst
proper cosmological time functions & (Sakorich-S]

for in future developments o /it
compact initial data sets Isakorich-S]

Don't even need N to have a bounded cosmological
time as long as it hasa time function which

is the shift of a cosmotime on a cosmic strip. (sako-s]



If N is unbounded in space
you can try to exhaustit, N=Wi, with
causally null compactifiable subspacetimes,Wi

N:Future MinkowskiSpace #
13

Pasts of Points 5"(p)-T"(s,t) => 1R

are causallynull compactifiable [Sakorich-S]

N =Future Exterior Schwarzschild

can be exhausted

bythese sets:
[Sabourch-s]



Joint with Sakorich:(In dimensions n = 3!

Given two causally null compactifiable spacetimes, (Ni, gii til,

and a bojection F.N, tWe that is
d*distance preserving (F(p), F(g1) =55/p.g) p.geN,

A time preserving T, (p)= T, (F(p1) UpeN,

then I is a Lorentzian IsometryF*gz=g,

Proof: by5(p)-5j(g) =de. (p.g)=> p > 9
and A and*

J
Ipreserves the Causal Structure, p > q => F(p)

> F(g):

Bywork of Hawking etal and Levicher which requires
n = 3:

F is C'and **gz fig, where I is a conformal factor.

Finallyuse giltiOTi)=-lare. For i = 1.2 to see
fEI.

QED



I

ThankYou!
- Christina Somani

sormanic & gmail.com
S


