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Accuracy requirements for 
<latexit sha1_base64="yCaFEZPBmeRLpawaR8s3Tq50N+Y="></latexit>

µ+µ→<latexit sha1_base64="Utt4sDUnXSAsxYpTTSTDiEihkXw="></latexit>

e+e→ <latexit sha1_base64="dKJbGvG5k6HchPBpnBFLD4fvYHM="></latexit>ω
<latexit sha1_base64="oBsuHoe1bRCZ8+bW0wt4CDViJhg="></latexit>→

2

radiative corrections are vital!

<latexit sha1_base64="Jzxld2hTiQQa3ud1CIz1STV2xtc="></latexit>

e+

<latexit sha1_base64="ZmoG/0uFpGxX+RUCCBQR2ryLXVA="></latexit>

e→

<latexit sha1_base64="Y4bNoljfIb/B8IsgAt66xFnqFAU="></latexit>

µ+

<latexit sha1_base64="l/ys72LW8fggjYvlnW7SIkXUgdk="></latexit>

µ→

<latexit sha1_base64="pHxFQv8wf4OY9Vh4QvsMwtCeFCg="></latexit>ω
<latexit sha1_base64="CCAed/27bR619vvWOZOiXJtAxh4="></latexit>

[ee → µµω @NLO] ↑ [ee → µµ @NNLO]

hard 
photon

ISC, FSC & mixed with full mass dependence
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<latexit sha1_base64="COoZml+OPVtduQOedrUHsw2GhhE="></latexit>· · ·

initial-state contributions

mixed contributions

final-state contributions

<latexit sha1_base64="COoZml+OPVtduQOedrUHsw2GhhE="></latexit>· · ·

<latexit sha1_base64="COoZml+OPVtduQOedrUHsw2GhhE="></latexit>· · ·

LO NLO

2

<latexit sha1_base64="DVvrHPEoClLfUCA20kidRnVinFA="></latexit>

→ KLOE :
↑
s = 1.02GeV ;

<latexit sha1_base64="qAZXo+8pr1miMDg4fEF16fqjD/E="></latexit>

Eω > 20MeV

<latexit sha1_base64="kwG2Sj+/a5FZGy82ovvOdrosFZk="></latexit>

50→ → ω±, ωω → 130→ ;

radiative corrections are vital!

we need NNLO for 
<latexit sha1_base64="58KBEi/OSYFWLuYr+6qstu3xO9o="></latexit>

2 → 3

(tagged)
V

V

R
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<latexit sha1_base64="pHxFQv8wf4OY9Vh4QvsMwtCeFCg="></latexit>ω

<latexit sha1_base64="2f8SXf4a6IPYcsg33LmSvtR1Yh4="></latexit>

Mµµ

<latexit sha1_base64="2f8SXf4a6IPYcsg33LmSvtR1Yh4="></latexit> M
µ
µ

<latexit sha1_base64="2f8SXf4a6IPYcsg33LmSvtR1Yh4="></latexit> M
µ
µ

<latexit sha1_base64="CCAed/27bR619vvWOZOiXJtAxh4="></latexit>

[ee → µµω @NLO] ↑ [ee → µµ @NNLO]

hard 
photon

ISC, FSC & mixed with full mass dependence



first: focus on initial-state corrections for                                        (ISR)

Anatomy of the NNLO calculation

3

<latexit sha1_base64="2W9/TEES7CH9kFVyFCl2C17aJKc="></latexit>→
<latexit sha1_base64="e9kYtBsPt5Ke+5SxkTMLbEgNb7M="></latexit>

e+e→
<latexit sha1_base64="zjVQw6zxgR+Fg71T9IgLjcZHd+g="></latexit>

[ω→ →
<latexit sha1_base64="qwQOYT51fOZxgmnnRTkVv3RgJRg="></latexit>

µ+µ→ <latexit sha1_base64="ceAxue9BWMjyBa0x8A6qzaXhJLM="></latexit>

]<latexit sha1_base64="iDVVm4RcvuNcGiNV5FR7oDELwu4="></latexit>ω

<latexit sha1_base64="yXWfqm5v6Oux85X14l6jvih98Yg="></latexit>

+
<latexit sha1_base64="yXWfqm5v6Oux85X14l6jvih98Yg="></latexit>

+ <latexit sha1_base64="c8/6jSIW+m524ED01qJ9Aa3WACM="></latexit>. . .
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<latexit sha1_base64="yXWfqm5v6Oux85X14l6jvih98Yg="></latexit>

+
challenges:
• divergent phase space integration
• numerical instabilities
• virtual amplitudes with finite masses
• VP contributions

<latexit sha1_base64="yXWfqm5v6Oux85X14l6jvih98Yg="></latexit>
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first: focus on initial-state corrections for                                        (ISR)

Anatomy of the NNLO calculation
<latexit sha1_base64="2W9/TEES7CH9kFVyFCl2C17aJKc="></latexit>→

<latexit sha1_base64="e9kYtBsPt5Ke+5SxkTMLbEgNb7M="></latexit>

e+e→
<latexit sha1_base64="zjVQw6zxgR+Fg71T9IgLjcZHd+g="></latexit>
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<latexit sha1_base64="qwQOYT51fOZxgmnnRTkVv3RgJRg="></latexit>
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3

<latexit sha1_base64="yXWfqm5v6Oux85X14l6jvih98Yg="></latexit>

+
<latexit sha1_base64="yXWfqm5v6Oux85X14l6jvih98Yg="></latexit>

+ <latexit sha1_base64="c8/6jSIW+m524ED01qJ9Aa3WACM="></latexit>. . .
challenges:
• divergent phase space integration

• numerical instabilities
• virtual amplitudes with finite masses
• VP contributions

subtraction scheme
<latexit sha1_base64="Ncbm6+bJYpFndEb0cOd0CCkoBqU="></latexit>

FKSω

subtract universal CT

combine 
with virtual 
corrections

finite<latexit sha1_base64="qyMqaj848BcGL411r5NTxBSsXPo="></latexit>→

[Engel, Signer, Ulrich 19]

unphysical cut parameter
<latexit sha1_base64="yclp1fu5M/nVaAIjxyDvKwLAOgs="></latexit>

0 < ωc ↭ 1



first: focus on initial-state corrections for                                        (ISR)

Anatomy of the NNLO calculation

3

<latexit sha1_base64="2W9/TEES7CH9kFVyFCl2C17aJKc="></latexit>→
<latexit sha1_base64="e9kYtBsPt5Ke+5SxkTMLbEgNb7M="></latexit>

e+e→
<latexit sha1_base64="zjVQw6zxgR+Fg71T9IgLjcZHd+g="></latexit>

[ω→ →
<latexit sha1_base64="qwQOYT51fOZxgmnnRTkVv3RgJRg="></latexit>

µ+µ→ <latexit sha1_base64="ceAxue9BWMjyBa0x8A6qzaXhJLM="></latexit>

]<latexit sha1_base64="iDVVm4RcvuNcGiNV5FR7oDELwu4="></latexit>ω

real-virtual

<latexit sha1_base64="yXWfqm5v6Oux85X14l6jvih98Yg="></latexit>

+
<latexit sha1_base64="yXWfqm5v6Oux85X14l6jvih98Yg="></latexit>

+ <latexit sha1_base64="c8/6jSIW+m524ED01qJ9Aa3WACM="></latexit>. . .

<latexit sha1_base64="+NiVCHoRw6s+aMAglnMOwAJOWyg="></latexit>→

next-to-soft expansion

expand for small      and switch to 
approximation [Low 58; Burnett, Kroll 67]

[Engel, Signer, Ulrich 21; Engel 23]

significant speed-up

challenges:
• divergent phase space integration
• numerical instabilities

• virtual amplitudes with finite masses
• VP contributions

<latexit sha1_base64="81PqvTwYyCnAZ0S3iTZmn5yaAco="></latexit>

Eω

[Sara’s talk]



challenges:
• divergent phase space integration
• numerical instabilities
• virtual amplitudes with finite masses

• VP contributions

<latexit sha1_base64="vnS1y0BGEFtUUQLLRBWJb9KDwsQ="></latexit>

1/ω → log(m2
e/Q

2)

first: focus on initial-state corrections for                                        (ISR)

Anatomy of the NNLO calculation

3

<latexit sha1_base64="2W9/TEES7CH9kFVyFCl2C17aJKc="></latexit>→
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[ω→ →
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]<latexit sha1_base64="iDVVm4RcvuNcGiNV5FR7oDELwu4="></latexit>ω

virtual-virtual
<latexit sha1_base64="yXWfqm5v6Oux85X14l6jvih98Yg="></latexit>

+
<latexit sha1_base64="yXWfqm5v6Oux85X14l6jvih98Yg="></latexit>

+ <latexit sha1_base64="c8/6jSIW+m524ED01qJ9Aa3WACM="></latexit>. . .

based on SCET & method of regions
[Penin 06; Mitov, Moch 06; Becher, Melnikov 07]
[Engel, Gnendiger, Signer, Ulrich 21]

massless amplitude
<latexit sha1_base64="+NiVCHoRw6s+aMAglnMOwAJOWyg="></latexit>→ convert

massification
[Sara’s talk]

universal 
massification 

constant

massless

works iff
<latexit sha1_base64="DfkWtIcSjqWEsIEWuf6AJ6sxXnY="></latexit>

m2
e → sij
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Anatomy of the NNLO calculation

3
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challenges:
• divergent phase space integration
• numerical instabilities
• virtual amplitudes with finite masses
• VP contributions

<latexit sha1_base64="yXWfqm5v6Oux85X14l6jvih98Yg="></latexit>

+
<latexit sha1_base64="yXWfqm5v6Oux85X14l6jvih98Yg="></latexit>

+ <latexit sha1_base64="c8/6jSIW+m524ED01qJ9Aa3WACM="></latexit>. . .

disperon QED

[Sophie’s talk]

VP

not yet included



real-real corrections for large

The main bottlenecks

4

<latexit sha1_base64="2Mx+PKS5gH6RBrxi2QVOgPK5Adc="></latexit>→
s ~ BES- & B-like scenario

numerical instabilities
<latexit sha1_base64="kGNHLPuYoJ5qMe99Q3EqzN/M9ts="></latexit>→ collinear subtraction? [Dittmaier et al. 08]

on our to-do list ?



real-real corrections for large

hard-collinear emission             , i.e. 

The main bottlenecks

4

<latexit sha1_base64="LiP05niRNYpnV/Y0kCqgvnQxeuw="></latexit>

ωω → 0

massification for virtual-virtual corrections breaks down

<latexit sha1_base64="tY2VoK+x6Stmf00Cg6KkkysQeUQ="></latexit>

m2
e → seω

<latexit sha1_base64="2Mx+PKS5gH6RBrxi2QVOgPK5Adc="></latexit>→
s ~ BES- & B-like scenario

numerical instabilities
<latexit sha1_base64="kGNHLPuYoJ5qMe99Q3EqzN/M9ts="></latexit>→ collinear subtraction? [Dittmaier et al. 08]

on our to-do list

<latexit sha1_base64="kGNHLPuYoJ5qMe99Q3EqzN/M9ts="></latexit>→ jettification

~ KLOE-like SA scenario

massive jet function 
unknown at 2-loop ?

?

… but no problems for ~ KLOE-like LA scenario jettification

massification

NTS

[Sara’s talk]
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5

<latexit sha1_base64="x9SQx6EZ5J8musCJevBne9fjq7k="></latexit>→
s = 1.02GeV ;

<latexit sha1_base64="aAGqZ+fCHri8sGd7DM+I8PPlSww="></latexit>

50→ → ω± → 130→ ;
<latexit sha1_base64="jcSwqDWLMR6Oj2JdS97WkGRqzVU="></latexit>

|p±z | > 90MeV → |p±→| > 160MeV ;
<latexit sha1_base64="Ux3csx32ItRuevj1KvicgUN/90s="></latexit>

ωω̃ → 15→ ↑ ωω̃ ↓ 165→ ;
<latexit sha1_base64="I5rN+3dEzgkCp4+xg/pRiSZK9Uc="></latexit>

0.35GeV2 → M2
µµ → 0.95GeV2

hard-collinear 
emission 

KLOE-SA

cut                     for virtual-
virtual corrections

<latexit sha1_base64="v65AJ6z0C/43trScIP88fcYXVdU="></latexit>

ωω̃ → 179.5→

error,     dependence
(VV missing)

<latexit sha1_base64="GFJ9/koJBy4/rRcgn/cr9q9SkEQ="></latexit>

ωc
<latexit sha1_base64="+nk6vVRcDuKl+2Dn8MBi1rvu/64="></latexit>→

[Sara’s talk]
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<latexit sha1_base64="x9SQx6EZ5J8musCJevBne9fjq7k="></latexit>→
s = 1.02GeV ;

<latexit sha1_base64="aAGqZ+fCHri8sGd7DM+I8PPlSww="></latexit>

50→ → ω± → 130→ ;
<latexit sha1_base64="jcSwqDWLMR6Oj2JdS97WkGRqzVU="></latexit>

|p±z | > 90MeV → |p±→| > 160MeV ;
<latexit sha1_base64="uc6XJxN0eiXu3ahmRF/ydIIu5/U="></latexit>

50→ → ωω → 130→ ↑ Eω > 20MeV ;
<latexit sha1_base64="amk6WfGGF2RkncYiuqq6ajcBP8k="></latexit>

0.1GeV2 → M2
µµ → 0.85GeV2

KLOE-LA



McMule

0.000

0.005

0.010

0.015

dæ
/d

µ+

0.0

0.1

0.2

K
1

50 60 70 80 90 100 110 120 130

µ+

0.00

0.05

K
2

inco
mplete

Results

7

<latexit sha1_base64="x9SQx6EZ5J8musCJevBne9fjq7k="></latexit>→
s = 1.02GeV ;

<latexit sha1_base64="aAGqZ+fCHri8sGd7DM+I8PPlSww="></latexit>

50→ → ω± → 130→ ;
<latexit sha1_base64="jcSwqDWLMR6Oj2JdS97WkGRqzVU="></latexit>

|p±z | > 90MeV → |p±→| > 160MeV ;
<latexit sha1_base64="uc6XJxN0eiXu3ahmRF/ydIIu5/U="></latexit>

50→ → ωω → 130→ ↑ Eω > 20MeV ;
<latexit sha1_base64="amk6WfGGF2RkncYiuqq6ajcBP8k="></latexit>

0.1GeV2 → M2
µµ → 0.85GeV2

KLOE-LA



full                            (ISC + FSC + mixed) with                           up to NNLO

Next steps

8

<latexit sha1_base64="WdsPiporQkq4G6O/ku2t9t7UjbQ="></latexit>

m2
e → m2

µ ↑ sij
<latexit sha1_base64="yuJMVWQUg9qimDg2j2PLE2bPI2c="></latexit>

e+e→ → µ+µ→ω

bosonic corrections: no theoretical showstoppers

ISCcurrent state @ NNLO:

NLO solved (matrix 
elements with full mass 
dependence from OL)

<latexit sha1_base64="kGNHLPuYoJ5qMe99Q3EqzN/M9ts="></latexit>→ FSC

mixed:

OL OL + NTS
not ideal

massification (      /      )<latexit sha1_base64="2wEJ+SkImAWoj7QmanRaZHinRZA="></latexit>me
<latexit sha1_base64="xCU3tmVQVjWRl7ezf3SW/QSm28s="></latexit>mµ

[Badger et al. 23]

OL
not ideal

OL + NTS massification (      &      )<latexit sha1_base64="2wEJ+SkImAWoj7QmanRaZHinRZA="></latexit>me
<latexit sha1_base64="xCU3tmVQVjWRl7ezf3SW/QSm28s="></latexit>mµ

amplitudes from 
<latexit sha1_base64="rP6z1NKBYoOGxsgzw7vsif+iyyw="></latexit>

pp → 2j + ω

[Badger et al. 23]
not yet included

still missing: fermionic contributions
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Results for KLOE-LA: full NNLO w/o virtual-virtual

9

check stability of full RR & RV

independence<latexit sha1_base64="GFJ9/koJBy4/rRcgn/cr9q9SkEQ="></latexit>

ωc



• ISC / FSC at NNLO under control for

• results surprisingly large (?) (analysis not yet completed)

• full NNLO: first checks for RR & RV successful

• full                  at NNLO fairly doable in the limit

• However, …

• numerical instabilities for BES- & B-like energies

• massification of virtual-virtual corrections does not work for hard-collinear emission

Conclusions

10

<latexit sha1_base64="GturRAIx0rN1D0YySAjLdqzjO34="></latexit>

m2
e/µ → sij

<latexit sha1_base64="gWKzPn2k1oRBp+x/vnlZAvkhNsk="></latexit>ee → µµω
<latexit sha1_base64="WdsPiporQkq4G6O/ku2t9t7UjbQ="></latexit>

m2
e → m2

µ ↑ sij

<latexit sha1_base64="UQGQkiLP5DgiQVeW0SdlHPi0HLI="></latexit>→ needs to be investigated further
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<latexit sha1_base64="x9SQx6EZ5J8musCJevBne9fjq7k="></latexit>→
s = 1.02GeV ;

<latexit sha1_base64="aAGqZ+fCHri8sGd7DM+I8PPlSww="></latexit>

50→ → ω± → 130→ ;
<latexit sha1_base64="jcSwqDWLMR6Oj2JdS97WkGRqzVU="></latexit>

|p±z | > 90MeV → |p±→| > 160MeV ;
<latexit sha1_base64="uc6XJxN0eiXu3ahmRF/ydIIu5/U="></latexit>

50→ → ωω → 130→ ↑ Eω > 20MeV ;
<latexit sha1_base64="amk6WfGGF2RkncYiuqq6ajcBP8k="></latexit>

0.1GeV2 → M2
µµ → 0.85GeV2

KLOE-LA


