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COMPLEX LINE FIELDS ON ALMOST-COMPLEX MANIFOLDS

NIKOLA SADOVEK AND BAYLEE SCHUTTE

ABSTRACT. We study linearly independent complex line fields on almost-complex manifolds, which is a topic
of long-standing interest in differential topology and complex geometry. A necessary condition for the existence
of such fields is the vanishing of appropriate virtual Chern classes. We prove that this condition is also sufficient
for the existence of one, two, or three linearly independent complex line fields over certain manifolds. More
generally, our results hold for a wider class of complex bundles over CW complexes.

2020 Mathematics Subject Classification. Primary 55540, 32Q60; Secondary 55S35, 57R20, 55545.

Key words and phrases. Complex line fields, complex vector fields, complex span, complex projective span,
almost-complex manifolds, Postnikov systems, k-invariants, spectral sequence, Chern classes.

CONTENTS

NPA A=

13

20
25
34
43

1. INTRODUCTION

Let ¢ be a complex vector bundle of rank m > 1 over a 2m-dimensional CW complex X . For an integer
1 < r < m and line bundles /4, ..., ¢, over X, the Whitney sum formula for Chern classes provides a
necessary cohomological condition for the existence of an embedding of ¢; & --- @ £, into £. By way of
elaboration, such an embedding is equivalent to the existence of an isomorphism £ & (1 &--- G ¢, D7, for
some rank m — r bundle n. Hence the total Chern class factors as ¢(§) = c¢(¢1) - - c¢(4)e(n) € H*(X; Z),
and we deduce that

L® @l CE = (&) =cllh) --c(l,)x € H (X;Z), for some z € HS2™~") (X 7). (1)

A priori, it is unclear if the right hand side of (1) is also a sufficient condition, which leads to the following
fundamental question:

Question 1.1. Is there an algebraic condition that ensures the existence of an embedding of /1 & --- ® ¢,
into £? Specifically, does the inverse implication of (1) hold, possibly under certain assumptions on X ?

As the main result of this paper, we use Moore-Postnikov theory to positively answer Question 1.1,
for r < 3, with the proviso that we make certain assumptions about the base space X. Namely, for certain
X, we prove that the implication in (1) is an equivalence. Thus, in some sense, we obtain an equivalence
between the geometric world (i.e. the existence of line bundle embeddings) and the algebraic world (i.e.
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Chern classes). We summarize our main result below, but we state our results in full generality (that is,
under milder conditions on the base space) in Section

Theorem 1.2 (Main theorem). Let M be a smooth closed connected 2m-manifold and ¢ a complex m-plane
bundle over M.

(I) Suppose that m > 1. If £ is a complex line bundle over M, then
(CE = c(§) =c) Uz € H'(M;Z), for some x € HS2"~D(M;Z).
(I1) Suppose that m > 3. Furthermore, if m is even, assume that wo(M) # 0. Then
U@l CE = c(€) =clly) Uc(ly) Uz € H*(M;Z), for some z € HS2"=2 (M 7).

(I11) Suppose that m > 5, m (M) = 0, and Hy(M;Z) has no 2-torsion. Furthermore, if m is odd, assume
that H*™~2(M;Z/2) = Sq> H*™~*(M;7/2) and H3(M;Z) = 0. Then

@l ®ls CE = c(€) =c(l) Uc(ly) Uc(ls) Uz € H(M;Z), for some 2 € HS*=3) (M 7).

It is readily seen that the assumptions on the base space in Theorem are satisfied for e.g. complex
projective spaces of appropriate dimension. Therefore, complex projective spaces represent a first family
of examples for which our results hold. Moreover, coupled with the Schwarzenberger condition [29,
Theorem A]—which provides a description of the total Chern class of complex m-plane bundles over
CP™—our work refines the understanding of the extent to which complex vector bundles over CP™ are
described by their Chern classes. For a precise statement, see Theorem

History and related work. When the ¢; are all trivial line bundles¢': C — Cx X — X, Question has
been extensively studied. Hopf’s theorem for almost-complex manifolds is a first example where purely
algebraic data (e.g. cohomological invariants) completely characterizes some geometric property (e.g.
non-vanishing vector fields). Recall that a smooth 2m-manifold is almost-complex if the tangent bundle
T M of M is isomorphic to the underlying real bundle w® of some complex m-plane bundle w over M. Let
X = M be an almost-complex 2m-manifold and £ = T'M the corresponding tangent bundle. Recalling
that the top Chern class of an almost-complex manifold is equal to the Euler class, Hopf’s theorem states
that the Euler characteristic x (M) of M determines the existence of a nonvanishing complex vector field on
M, see [13]. For example, notice that the almost-complex spheres S¢, for i = 2, 6, and complex projective
spaces CP", for n > 0, have zero complex span by virtue of their non-vanishing Euler characteristics.

More generally, the search for cohomological conditions guaranteeing the existence of linearly inde-
pendent sections of real vector bundles has a rich history, as surveyed for example in [16,27,34]. In this
case, for 1 < r < m, the implication (1) takes the following form:

e = en(©) = = empt () = 0. @

Hence the Chern classes of ¢ obstruct the existence of r linearly independent sections of £. The above
leads to the study of a numerical invariant of £ call the (complex) span, defined as

spang(§) == max{r € Zso | " C &}.

In the complex case, when m > 3 is odd, Thomas [32, Corollary 3.6] proved that spanc(M) > 2 if
and only if ¢,,,(M) = ¢pm—1(M) = 0. In the case that m > 3 is even, he proved in [33, Theorem 1.5]
that ¢, (&) = cm-1(§) = cm—2(§) = 0 is a sufficient condition for spanc (M) > 2. Additionally, Thomas
[30, Corollary 1.6] obtained a slightly weaker version of a result by Gilmore [10, Theorem 1], who proved
that

spanc(M) >3 <= cpm_ao(M) =1 (M) = ¢ (M) =0,

where m > 6 is an even integer, M is simply connected, and Hy(M;Z) has no 2-torsion. Furthermore,
Gilmore [ 10, Theorems 2 & 3] identified situations in which there exist necessary and sufficient conditions
for spanc (M) > 4 or 5. As noted in Section 3, the main results of this paper not only specialize to recover
several of these classically known facts, but also yield a new result about the complex span of non-spin
almost-complex manifolds, see Corollary
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We also mention recent work of Nguyen [24], who defined certain cobordism obstructions whose
vanishing dictates whether or not a given almost-complex manifold is “complex section cobordant” to an
almost-complex manifold with complex span at least r > 0.

Chiefly, this paper furthers the examination of the “projectivization” of span initiated by Grant and the
second author in [12]. Indeed, we study another numerical invariant of ¢ called the (complex) projective
span, defined as

pspang(£) = max {r € Z>o | there exists complex line bundles {¢;};_, such that @&- C 5} .

i=1

In the language of sections, since a line subbundle of £: C™ — E — X can be identified with a section of
the projectivization P(¢): CP™~1 — P(E) — X of ¢, we surmise that the value of pspan () represents
the maximal number of linearly independent sections of P(£). Of particular interest in this paper is the
case when X = M is a smooth 2m-dimensional almost-complex manifold and £ = T'M its tangent bundle.
In this case, a complex line subbundle ¢ C T M, or equivalently a smooth section of the projectivized
tangent bundle PT' M, is called a complex line field on M.

For example, it follows from Glover—-Homer-Stong [11, Theorem 1.1(ii)] that pspanC(T(Csz) =0
and pspang(TCP?¢*1) = 1, for CP™ equipped with its standard almost-complex structure.

We briefly discuss key research related to real projective span. For more information, we suggest the
introduction of [12], where Grant and the second author compute the real projective span of all the Wall
manifolds. It is a classical result due to Markus [21] and Samelson [26] that the real projective span of a
smooth manifold is strictly greater than zero if and only if the Euler characteristic vanishes. In agreeable
situations, necessary and sufficient conditions for the existence of monomorphisms o < (3 of vector
bundles over a real (non)orientable smooth manifold were identified by Mello [5], for rank(a) = 2,
and Mello—da Silva [22], for rank(a)) = 3. The former inquiry utilizes obstruction theory while the latter
appeals to Koschorke’s [17] normal bordism and singularity theory; principally, however, one may extract
information about real projective span from these results. Further work on decompositions of real vector
bundles using obstruction theory was carried out by Leslie-Yue [20]. When it comes to complex projective
span, we can mention the work of Iberkleid [15, Theorem 3.4], who proved that an almost-complex 2m-
manifold M is unoriented cobordant to an almost-complex 2m-manifold N with pspang(N) = m if and
only if the Euler characteristic x (M) is even.

Notice that if ¢ is a complex m-plane bundle with spanc(£) > r, then spang(¢®) > 2r because the
underlying real bundle of a trivial complex line bundle is itself trivial. However, if pspang(£) > r, it
is not generally true that pspang(¢®) > 2r since the underlying real bundle of a nontrivial complex
line bundle may not split into two real line bundles (take for example the Hopf line bundle over complex
projective space). Moreover, Koschorke [18] studies the relationship between the existence and homotopy
classification theories of embeddings ( —¢ 7 of complex bundles and embeddings (g —r 7r of the
underlying real bundles—see in particular [18, §4 Complex line fields vs. real plane fields]. Especially
of note, he gives examples of complex line bundles o over S! x S! x §?", where n > 2, for which there
exist infinitely many real embeddings agr —r Fr but no complex embeddings o —¢ S, for certain
[18, Example 4.10].

To conclude, since a one-dimensional complex subbundle of the tangent bundle of a compact con-
nected complex manifold is tangent to a holomorphic one-dimensional foliation, our results may interact
with Kdhler geometry. More specifically, suppose that M is a compact connected Kéhler manifold with
pspang (M) > r, for some r > 0. Then [3] relates the splitting of the tangent bundle of M with splitting
properties of the universal cover of M.

Organization. The remainder of the paper is organized as follows. In Section 2 we provide the first
example of Theorem in the case of complex projective spaces. Then we state our main results in
complete detail in Section 3. Next, we recall in Section 4 some basic elements of Moore-Postnikov theory
as well as various classical results needed throughout the paper. We formulate the appropriate lifting
problem in Section 5, where we compute the primary obstruction to splitting off r-line bundles. Finally,
Sections 6—7 and Section 8-9 contain the largest parts of our proofs, which make use of Moore-Postnikov
theory. Due to considerable technical differences, we treat the cases of splitting off two and three line
bundles separately.
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2. APPLICATION

In this section, we apply our main result, Theorem 1.2, to the case of complex m-plane bundles £ over
the complex projective space CP™. For integers ci, ..., ¢, and a class

c=1+cu+cu’+ -+ cpu™ € H(CP™ Z) = Z[u]/(u™ "),  where |u| = 2, 3)

the Schwarzenberger condition [29, Theorem A] detects whether c is the total Chern class of a complex
m-bundle over CP™. More specifically, the class ¢ factors as

c=1+zu) - (14 zpu) € Clu], forsome zq, -z, € C.
And the Schwarzenberger condition says that c is the total Chern class of a complex vector bundle over

CP™ if and only if

k k

Using this notation, we provide a complete description of the cohomology classes in H*(CP™; Z) which
are the total Chern classes of complex m-bundles over CP™ admitting a sum of at most three line bundles
as a subbundle.

<21>+---+(Zm>eZ, forallk =2,...,m. 4

Theorem 2.1. Let m > 1 and r < 3 be integers. Further let {1, ..., ¢, be given line bundles over CP™ with
total Chern classes c¢(¢;) = 1 + z;u € H*(CP™;Z), where z; € Z. For m > 2r — 1, the class

c=14zu) -1+ zu)(1+ z41u) - (1 + zpu) € Clu], forsome z,41,...,2m € C,

is the total Chern class of a complex m-plane bundle & over CP™ for which {1 @ f5 @ {3 C £ if and only if

Zr41 Zm _
<k>+ +<k>EZ’ forallk=2,...,m.

Proof. The claim follows by applying the Schwarzenberger condition (4) and Theorem 1.2. To be able to
apply the theorem, we verify the conditions.
If m is even, we have ¢(CP™) = (1 +u)™*1 € H*(CP™;Z), so ¢c;(CP™) = m + 1. Thus, the mod 2
reduction of ¢; (CP™) is non-zero in H*(CP™;Z/2), so the condition in Theorem (1I1) is satisfied.
Next, CP™ is simply connected and Hy(CP™;Z) = Z does not have 2-torsion. Moreover, if m is odd,
Steenrod square acts on the mod 2 reduction of the generator u™~2 € H*™~*(CP™;Z) by the rule

S (um?) = (m — 2™ £ 0 H*™ 2(CP™;Z/2).
We conclude that the conditions in Theorem (IIT) are also satisfied, which finishes the proof. O

3. MAIN THEOREMS

In this section, we state the most comprehensive form of our main results. Due to technical differ-
ences, we split the statements according to the parity of the complex rank.

Let X be a finite 2m-dimensional CW complex. For a rank m complex bundle ¢ and line bundles
l1,...,L. over X, the total Chern class of the stable bundle £ — ¢ & - - - & ¢,. is given by

(6—0® - @l)=c() clty) ... c(t,) e HY (X Z).
Notice that ¢(£;) = 1 + ¢1(¢;) is indeed invertible with ¢(¢;) ™" = 37,5 ;(—c1(4;))’ since ¢, (¢;) is nilpotent.

In other words, we can write the the n-th virtual Chern class as

Cn(g — 0D D 67) = Z cn_j(ﬁ)hj(—cl(ﬂl), R —Cl(é',-)), forn >0,
=0
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where h; denotes the complete homogeneous symmetric polynomial of degree j. That is, there is always
a factorization ¢(§) = ¢(¢1) - - - c(¢,.)x € H*(X;Z), where x = ¢(§ — {1 ® - - - B {,.). Moreover, in view of (1)
and Question 1.1, if we are given such a factorization of ¢(¢), then 2 € HS2(™~")(X; Z) if and only

Cvn—7-+1(§—f1@--'@f7-) ==cm(§—€1@@&) :OEH*(X,Z)

In the rest of the section, we will formulate our main results for splitting off up to three line bundles in
terms of the vanishing of the forementioned top virtual Chern classes.

3.1. Splitting off a single complex line bundle. We state a generalization of the complex analogue of
Hopf’s theorem, which also provides a necessary and sufficient condition for pspan(£) > 1.

Proposition 3.1. Let £ be a rank m complex vector bundle over a 2m-dimensional CW complex X, where
m > 1. If £ is a complex line bundle over M, then

¢ embeds in ¢ if and only if ¢,,,(§ — ¢) = 0.
In particular, if X is an almost-complex manifold M, then spangs(M) > 1 if and only if the Euler character-
istic x(M) of M vanishes.

3.2. Splitting off two complex line bundles. In this section we state necessary and sufficient conditions
for splitting off two complex line bundles from a complex vector bundle, thus providing (under certain
restrictions) necessary and sufficient conditions for pspan(£) > 2. In what follows,

pr: H'(X;Z) —» H (X;Z/k)

will denote the map induce from reduction mod & (see also Section 4); also, we write ¢ for the Bockstein
associated to the coefficient sequence 0 — Z — Z — Z/2 — 0, c.f. Notation (i).
We first consider the case when the complex rank of the bundle is odd.

Theorem 3.2. Let X be a CW complex of dimension 2m, where m > 3 is an odd integer. Let £ be a complex
m-plane bundle over X and let ¢, ¢y be complex line bundles over X.

() Suppose that H*™(X;7) = §Sq?py H*™ 3(X; 7). Then

0y @ ¢y embeds in £ if and only if ¢pp—1(€ — €1 @ €2) = 0.

(ii) Suppose that H*™(X;Z) has no 2-torsion. Then

01 @ Lo embeds in € if and only if cypp1-i(§ — 01 B l2) =0, fori=1,2.

In the case of a manifold, the following is a direct application of Theorem 3.2(ii).

Corollary 3.3. Let M be a smooth closed connected manifold of dimension 2m with an almost-complex
structure, where m > 3 is an odd integer. Let T M be the tangent bundle of M and let {1, {5 be complex line
bundles over M. Then

01 @ ls embeds in TM if and only if c;pi1—i(TM — 1 ® ly) =0, fori=1,2.

Moreover, taking ¢; and /s to be trivial complex line bundles, Theorem specializes to a result
about complex span of manifolds, recovering [32, Corollary 3.6, p. 192].

Corollary 3.4. Let M be a smooth closed connected manifold of dimension 2m with an almost-complex
structure, where m > 3 is an odd integer. Then

spang(M) > 2 ifand only if ¢jpy1—i(M) =0, fori=1,2.

We now state our results in the case when the complex rank of the bundle is even.

Theorem 3.5. Let X be a CW complex of dimension 2m, where m > 3 is an even integer. Let £ be a complex
m-plane bundle over X and let {1, {5 be complex line bundles over X. Suppose that
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o H*" Y(X;Z/2) =2 S¢?p H*"3(X; Z);
e H*™(X;7Z/2) = S®? H*™ 2(X;Z/2); and
e H?™(X;Z) has no 2-torsion.
Then
01 @ Lo embeds in € if and only if ¢ypp1-i(§ — 01 B l2) =0, fori=1,2.
In the case of a manifold, we have the following simpler statement.

Corollary 3.6. Let M be a smooth closed simply-connected manifold of dimension 2m with an almost-
complex structure, where m > 3 is an even integer. Fix line bundles (1, {5 over M. If wo(M) # 0, then

01 @ Uy embeds in TM if and only if c;pp1—i(TM — 01 @ ly) =0, fori=1,2.

Proof We have that Sq%z = vy(M)x for all x € H*™ ?(M;Z/2), where vo(M) € H?(M;Z/2) is the
second Wu class of M. But M is orientable by assumption, so va(M) = wy(M). Hence by Theorem 3.5,
we require that

Sg* H2" (M Z,/2) = wo (M) H*™(M; Z,/2)
is isomorphic to H*™ (M; Z/2) = 7./2; but this happens precisely when w, (M) # 0. Lastly, since H*™(M; Z)
is torsion free, the corollary follows. O

Moreover, taking ¢, and /5 to be trivial complex line bundles, Theorem specializes to a (seemingly
new) result about the complex span of non-spin almost-complex manifolds.

Corollary 3.7. Let M be a smooth closed simply-connected manifold of dimension 2m with an almost-
complex structure, where m > 3 is an even integer. If wy(M) # 0, then

spang(M) > 2 if and only if cppp1—i(M) =0, fori=1,2.

3.3. Splitting off three complex line bundles. In this section we state necessary and sufficient condi-
tions for splitting off three complex line bundles from a complex vector bundle. We first regard the case
of bundles with even complex rank.

Theorem 3.8. Let X be a CW complex of dimension 2m, where m > 5 is an even integer. Let £ be a complex
m-plane bundle over X and let {1, {5, {3 be complex line bundles over X.

(I) Suppose that the following conditions (i)—(iii) hold.

() H"2(X;2Z) = 69¢%pa H*™°(X; Z);
(i) One of the following conditions (a)—(d) holds:
(a) m = 0 mod 8 and H2m*1(X;Z/4) ~0; or
(b) m =2mod 8§; or
(©) m =4 mod 8 and H*™(X;7/2) = 0; or
(d) m =6 mod 8.
(iii) H*™(X;Z) has no n-torsion for n = 12/|mam,_o| (see Table 7).

Then
Uy @ Uy @ ¢3 embeds in £ if and only if cppy1—i(§ — 01 Dl B L3) =0, fori=1,3.

(I) Suppose that the following conditions (i)-(iii) hold.

(i) H*™ 2(X;Z) has no 2-torsion;

(i) One of the following conditions (a)—(d) holds:
(@) m = 0mod 8 and H*" 1 (X;7Z/4) = 0; or
(b) m =2 mod 8; or
(©) m =4 mod 8 and H*"*(X;7Z/2) = 0; or
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(d) m =6 mod 8.

(iii) HQm(X; Z) has no n-torsion for n = 12/|may,—2| (see Table 7).
Then
0y @ Lo ® U3 embeds in £ if and only if ¢;p11-i(§ — €1 Dl D l3) =0, fori=1,23.

We note that Theorem 3.8(II) specializes to recover a result about the complex span of manifolds in
[10, Theorem 1 & Corollary, p. 633].

Corollary 3.9. Let M be a smooth closed manifold of dimension 2m with an almost-complex structure,
where m > 5 is even. Further let {1, {5, {3 be complex line bundles over M.

(i) Suppose that m = 2 mod 4. If Ho(X;Z) has no 2-torsion, then

Uy @ Uy @ €3 embeds in TM if and only if ¢ppy1—i(TM — b1 ® o ® 43) =0, fori=1,2,3.

(i) Suppose that m = 0 mod 4. Assume that M is simply-connected and that Hy(X; Z) has no 2-torsion.
Then

0y @ Uy @ €3 embeds in TM if and only if cppy1—i(TM — b &4y ® 43) =0, fori=1,2,3.

In particular; if M is simply connected and Ho(M; Z) has no 2-torsion, then
spanc(M) > 3ifand only if c¢ppp1-i(M) =0, fori =1,2,3.

In the case when the complex rank of the bundle is odd, we prove the following.

Theorem 3.10. Let X be a CW complex of dimension 2m, where m > 5 is an odd integer. Let £ be a complex
m-plane bundle over X, and let {1, {5, {3 be complex line bundles over X. Further suppose that

() H*™3(X;Z/2) = Sq?py H*™ (X Z);
(i) H*™%(X;Z2/2) = S¢® H*"4(X;Z/2)
(iii) H*™2(X;Z) has no 2-torsion;
(iv) Hszl(X ; Z) is finite abelian with no 2-torsion; and
W) H27”(X ; Z) is torsion free.

Then
0y @ Lo ® U3 embeds in £ if and only if ¢;p1-i(§ — €1 DLl D ¥l3) =0, fori=1,2,3.

Together, Theorems and recover a result of Thomas [33, Corollary 1.6] and Gilmore [10,
Theorem 1] about complex vector fields on almost-complex manifolds.

Corollary 3.11. Let M be a 2m-dimensional, 3-connected almost-complex manifold, where m > 5. Then
spang(M) > 3 if and only if cpp—o(M) = x(M) = 0.

4. PRELIMINARIES

In this section we introduce some notation and develop notions used throughout the text.
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4.1. Some essentials of Moore-Postnikov theory. For a classical reference, we refer the reader to [35].
Consider the lifting problem

E
l‘lo (5)
X T) B

subject to the following assumptions:
(i) The space X is a CW complex.

(i) The map qo: F — B is a (Hurewicz) fibration with simply connected fiber ' and simply connected
base B.

Write 7; := 7,,, (F') for the nonzero homotopy groups of F, where, for some I C N, (n;);cs is a sequence
of integers such that n; > 1 and n; < n;y foralli € I.

To solve the lifting problem (5), we construct a Moore—Postnikov tower for qo: E — B, which is a
homotopy commutative diagram

l
ELCEN K(ms,ng + 1)
l

6)

a2 E[l] LN K(ma,n2 + 1)

Fc—>E—qoaB — K(m,n1 +1)
X

where

e each k; is the characteristic class of the fibration q;_;—i.e. each k; is the transgression of the
fundamental class in the fibration ¢;_1;

e each FEJi] is the homotopy fiber of k;; and
e each ¢;: F — EJi] is an n;;1-equivalence.

Given the factorization (6), we may solve the lifting problem (5) as follows. Assume that X is a CW
complex with dim(X) < n, for some r. Then f: X — B lifts to E in (5) if and only if f lifts to E[r — 1]
in (6). We now set notation to describe the various obstructions to lifting f to E[r — 1].

Notation 4.1. Let f: X — B and qo: £ — B be given as in (5). Given a factorization (©) for ¢, we

write
O™ (f, qo, k1) = {f*k1} CH" (X my)

for the primary obstruction to lifting f. Assuming that O™ ™' (f, qo, k1) = {0}, there exists a map ¢g: X —
E[1] such that p; o g ~ f. We write

0" (frgo, ko) = |J g7 (k) CH™T(X;my)
g: X—E[1]

for the generalized secondary obstruction to lifting f. Inductively, we denote by

0" (fra. k)= (J g"(k) SHMT (X m)

g: X—E[i—1]

the generalized i-th obstruction to lifting f, assuming that 0 € O™ (f, o, k;) forall j =1,...,i — 1.
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4.2. A lemma about homotopy fibers. We will frequently make use of the following fact, see [
Lemma 6.1].

>

Lemma 4.2 (Thomas diagram). Consider the following commutative diagram of pointed spaces.
A
UOJ
C

Denote by hofib(x) the standard homotopy fiber of x € {uo, u1, vo,v1}. Then there are canonical continuous
functions wu: hofib(vg) — hofib(v1) and v: hofib(u;) — hofib(ug) between the homotopy fibers, as well as a
natural homeomorphism hofib(u) = hofib(v). Thus there is a homotopy commmutative diagram

u1

— B
l 7
D

uo
—

F ——— hofib(vg) — hofib(v;)

| l |

hofib(u) A B (8)
L

hofib(uy) C : D

where F denotes the homotopy fiber of u and v.
Henceforth, we will refer to the diagram (8) as the Thomas diagram associated to (7).

4.3. Cohomology of certain Eilenberg-Maclane Spaces. In order to carry out the obstruction theory
in subsequent sections, we will require (co)homological information about certain Eilenberg-Maclane
spaces with various coefficients. We collect the essential results in this section and set notation.

Notation 4.3. We set the following notation.

(i) The mapping pr: H*(X;Z) — H*(X;Z/k) is induced from reduction mod k. For fixed k > 2, we
will write only p instead of py.

(i) Let k > 2. We write ¢, for the Bockstein homomorphism associated with the short exact sequence

0—7Z-5%722%7/k—o0.

For fixed k > 2, we will write only ¢ instead of dy.

Additionally, given also ¢ > 2, we write & for the composition p,: 08y, : H*(-;Z/k) — H* (- 2/2°).
(iii) The mapping 05: H*(-;Z/2) — H*(-;Z/2%) is induced from the inclusion Z/2 — Z/2*.

(iv) For all ¢ > 0, we write ' 4
Sq': H*(Z/2) — H*T(Z/2)

for the Steenrod squares.
(v) Let p > 2 be prime. For all i > 0, we write
iR #42i(p—1) (.
for the reduced p-th power operations.

(vi) Let p > 2 be prime. We will write Ep for the Bockstein homomorphism associated to the short exact
sequence
0— Z/p — Z/p* — Z/p — 0.

Moreover, we denote by 3, the operation given by 3, (z) = (—1)4™®) 3, ().
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(vii) We set the following notation for the fundamental classes (see e.g. [23]) of Eilenberg-Maclane
spaces to be used throughout the paper.

e Write 1, € HY(K(Z, q); Z) for the integral fundamental class.

e Let v} = priy € HY(K(Z,q); Z/k) be the mod k reduction of ., When the context is clear,
we omit the subscript (emphasizing the dimension) and/or the superscript (emphasizing the
coefficients).

e Furthermore, denote by x, € H(K(Z/k, q); Z/k) the mod k fundamental class.

Proposition 4.4. Let G be any abelian group. The first six nonzero integral homology and cohomology
groups of K(G, q) satisfy Table 1. Here, ,G denotes the subgroup of G consisting of all elements of order p.

i Hi(K(G,q); Z) H'(K(G,q); Z) q
i1=gq G [7, Theorem 20.4] Homy (G, Z) q>0
i=q+1 0 [7, Theorem 20.5] Ext} (G, 7Z) g>1
i=q+2 G/2G [7, Theorem 23.1] 0 q>2
i=q+3 2G [7, Theorem 24.1] Ext}(G/2G, Z) q>3
i=q+4 G/2G® G/3G [7, Theorem 25.1] Exty (G, Z) qg>4
i=q+5 2G & 3G [7, Theorem 25.3] Ext}(G/2G @ G/3G,Z) q>5

TABLE 1. The integral (co)homology of K (G, q).

Corollary 4.5. The first seven nongero integral homology and cohomology groups of K(Z,q) satisfy Table

Proof. The first, second, third, and fifth rows of Table 2 follow from immediately from Proposition
The fourth (resp. sixth) row follows from Proposition together with [/, Theorem 27.1] (resp. [7,

Theorem 27.5]. One obtains the last row from [0, p. 662]. O

i Hi(K(Z,q);Z) H'(K(Z,q); Z) q
q Z Z(iq) q>0

g+1 0 0 g>1

q+2 7,/2 0 q>2

q+3 0 Z/2(625q%¢2) q>3

q+4  Z/207/3 0 g>4

qg+5 0 Z)2(025q"2) ® Z/3(6sP3id) q>5

q+6 Z/267/2 0 q>6

TABLE 2. The integral (co)homology of K(Z, q).

We will also need partial information about the mod &k cohomology of K(Z,q). By the universal
coefficient theorem and Corollary 4.5 we make the following computations.

Proposition 4.6. For q sufficiently large (as in Proposition “.4), the first six nonzero cohomology groups
H'(K(Z,q);Z/k) satisfy Table 3, for k € {2,3,4,8}

We remark that the k£ = 2 column of Table 3 was classically computed by Serre, see e.g. [23, Theorem
3, p. 90]; moreover, the k = 3 column was computed by Cartan, see e.g. [9, p. 414].

Finally, we will need partial information about the integral cohomology of K(Z/k,q). We compute
the following groups using Proposition and the universal coefficient theorem.

Proposition 4.7. Let G = Z/k for k € {2,3,4,8}. For q sufficiently large (as in Proposition 4.4), the first
three integral (co)homology groups of K(G, q) satisfy Table 4.



COMPLEX LINE FIELDS ON ALMOST-COMPLEX MANIFOLDS 11

i k=2 k=4 k=8 k=3
q Z)2(:3) Z)4(g) Z/8(wy) Z/3(ey)

g+1 0 0 0 0

qa+2 Z/2(Sq%2) TZ)2(02Sq*2) T7.)2(03Sq% 0

(Sq*e2) ( o) ( 2)

113 229D ZrasSedy zralsiegd 0
g+4 Z/2(Sqhd) Z/2<625q4Lg> Z/2<e3sq4L3> Z/3(P}3)
q+5 Z/2(Sq°) Z/2(03Sq*g) Z/2(65SqMG)  Z/3(BsP3iy)

TABLE 3. The cohomology groups H* (K (Z, q); Z/k) for k € {2, 3,4,8}.

H(K(G,q):Z) G=17/2 G=7/3 G=7/A4 G=17/8

i=q 7.2 7/3 7.4 7./8
i=q+1 0 0 0 0
i=q+2 7/2 0 7/2 Z/2

H(K(G,q);Z) G=7/2 G=17/3 G=L/4 G=17/8

i=gq 0 0 0 0
i=q+1  Z)20aky) Z/3(03kg) T/A(arg) 7./8(dsrg)
i=q+2 0 0 0 0

TABLE 4. The integral (co)homology groups of K(Z/k, q), for k € {2, 3,4, 8}.

4.4. Some homotopy groups of complex Stiefel manifolds. For m > r, let W (m,r) denote the complex
Stiefel manifold of r-frames in C™. Recalling that W (m,r) is 2(m — r)-connected, we collect relevant
homotopy groups of W (m,r).

Proposition 4.8. Set ma,,—2 = Tom—2(W(m, 3)).

(i) For r = 2,3, the homotopy groups mo(m—r)+s, (W (m,r)) satisfy Table 5 and Table 6, where i, =
1,2,...,2r — 1.

(ii) Additionally, the homotopy group ma,,—» satisfies Table 7, for m > 4.

Proof. Proposition (i) follows from [10] and we demonstrate Proposition (ii). To this end, the p-
primary part of mo,,_o has been computed by [10] for prime p. By [, Example 2.40, p. 71] the minimal
model of the complex Stiefel manifold W (m, 3) is given by the exterior algebra

Ag(e2m—5,€2m—3, €2m—1),

over the rationals. Hence it follows from [8, Theorem 2.50, p. 75] that ma,,_2(W(m,3)) has no Z-
summand. O

To(m—2)+is (W(m,2)) m >2o0dd m > 2even

ip=1 Z Z
ip =2 0 7.)2
ig =3 Z YAV,

TABLE 5. Some homotopy groups of W (m, 2), for m > 2.

4.5. Relevant cohomology rings. In this section, we establish notation for the rest of the paper, and,
due to frequent use throughout the paper, we collate various information about relevant cohomology
rings.
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To(m—3)4is (W (m,3)) m >2o0dd m >4 even

13=1 Z Z
i3 =2 Z/2 0
i3=3 Z®7L)2 7
i3 =4 T2m—2 T2m—2
i3=2>5 Z Z

TABLE 6. Some homotopy groups of W (m, 3), for m > 4.

mmod 3 m mod 8 Tom—2
#0 2 or 6 0
#0 1,40r5 Z)2
# 0 Oor7 Z/4
# 0 3 Z7/8
0 20r6 Z/3
0 l,dorb Z/3DZ/2
0 Oor7 Z/3®7Z/4
0 3 Z/3DZL/8

TABLE 7. The homotopy group ma,—2(W(m, 3)), for m > 4.

Notation 4.9. Let m > r. We set the following notation.

(i) As before, we write W (m, r) for the complex Stiefel manifold of r-frames in C". Recall that W (m, r)
may be viewed as the homogeneous space U(m)/U(m — ).

(ii) We denote by
Fm—r,1")=U(m)/U(m—7r)x U(1)",

the flag manifold, where U(m — r) x U(1)" C U(m) is the diagonal inclusion.
(iii) We write B(m, 1") for the product space BU(m) x BU(1)".
(iv) Let ~,, be the universal bundle over BU(m), and write ¢; := ¢;(7,,) for the universal Chern classes.

(v) We will denote by _
a; = ci(ym x 1" =1 x ") € HQz(B(m, 17);7Z)

the Chern classes of the stable bundle

Ym X 1" =1 x~7": B(m,1") — BU.

Finally, we will write bgp ) = ppa;, for the mod p reductions, where p > 1 is an integer. When the
value of p is understood, we will omit the superscript (p) from the notation.

The content of the following proposition can be found in [14].

Proposition 4.10. Let m > r > 0 be positive integers.
(i) The integral cohomology of BU (m) satisfies
H*(BU(m);Z) = Zlcy, . . ., Cm),
where |c;| = 2i and the colimit U = |J,,~, U(m) satisfies

H*(BU;Z) & Z|cy,ca, . . . ].
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(ii) Let p be a positive integer. Then
H*(BU(m); Z/p) 2 Z/plppci, - - -, PpCm)]-

In particular; if p = 2, then pac; = woi(7), where 4% denotes the underlying real bundle of the
universal bundle ~,,.

(iii) Let p be a positive integer and R a finitely generated abelian group. Then H*(B(m,1"); R) is a polyno-
mial algebra. Additionally, if i is odd, then H'(B(m,1"); R) = 0.

(iv) The integral cohomology of the complex Stiefel manifold W (m, r) satisfies
H* (W (m,r); Z) = AZ[eQ(mfr%»l)flv €2(m—r42)—1s--+>» eam—1l;
where |e;| = .

(v) Moreover,
H*(W(m,r);Z/2) = Azl fotmrt1)—1> fo(m—rt2)—15 - - 5 fom—1];

where f; := poe;. Furthermore,

Sq* (fait1) = (j) faivoj1 mod 2, for j <i, i4+j<m—1, ©
and is zero otherwise.
(vi) Finally, given m > r > 1, the Wu formula holds for the mod 2 characteristic classes b;. That is,

Sq¢*~1(b;) = 0 and
; S jt—i—1
S (b;) = < ; )bi—tij’

t=0
fori < j.

5. THE LIFTING PROBLEM AND THE PRIMARY OBSTRUCTION

Towards a proof of the theorems in Section 3, we now formulate the relevant lifting problem and begin
the construction of the associated Moore-Postnikov tower. Chiefly, we compute the primary obstruction
to the lifting problem, consequently proving Proposition

For integers m > r > 1, let us denote by

A Um —71) x U(1)" —— U(m)
the diagonal inclusion. Then, the inclusion of topological groups
(dmridyayr): Ulm —r) x U(1)" —— U(m) x U(1)"
induces a map of classifying spaces
Gm,r = B(dm,r,idyay-): B(m —r,1") — B(m, 1"). (10)
Then gy, , satisfies
G (Y X 17) = g x 9" and g, (15 77) =1 x 94"

Let us identify the fiber of the homotopy fibration ¢, ,.

Proposition 5.1. For integers m > r > 1, the map
Am,r: B(m =T lr) — B(?’TL, 17’)

defined in (10) is homotopy equivalent to a fibration with fiber W (m,r).
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Proof. The inclusion (dp,,idy (1)) of topological groups induces a homotopy fibration on classifying
spaces

Um)xU1)")/(Um—-r)xU1Q)") — B(m—r,1") A, B(m,1").

Next, one can check that the inclusion (id,1): U(m) — U(m) x U(1)" induces a continuous map on the
quotients
U(m)/U(m —r) — (U(m) x UL)")/(U(m —r) x U1)"),

which is a bijection of compact spaces and hence a homeomorphism. O

Henceforth fix a complex m-plane bundle ¢: X — BU(m) and complex line bundles ¢;,...,¢,: X —
BU(1). This gives rise to a classifying map

f=¢&4b,...,0.): X — B(m,1") 11)
defined by
FAxy) =@ @l and f* (v, x 177) =&

Then ¢ admits ¢; @ - - - @ ¢,. as a subbundle if and only if there exists a map g: X — B(m —r, 1") such that
gm,r 0 g >~ f, cf. [5]. Subsequently, we seek obstructions to the existence of a map g: X — B(m —r,1")
making the following diagram homotopy commutative.

B(m —r,17)
o
qu (12)
e TE b .
x = ) B(m,17)
As the main result of this section, we will use Proposition to compute the first Moore-Postnikov

invariant in the Moore—Postnikov tower associated to the lifting problem (12). Pictorially, we have

dm,r

W(m,r) —— B(m —r,1") - B(m,1") —%5 K(Z,2(m —r + 1))

]f:@,zl,...,m (13)
X

where we have used the fact that w41 (W(m,r)) = Z, for m > 0, is the first non-zero homotopy
group of W(m,r), see [10].

Proposition 5.2 (Primary obstruction). Let m > 1 be an integer. Let f = (£,¢1,...,4.): X — B(m,1") be
asin (11), and let
ky € HXm=m)(B(m,17); Z)

be the characteristic class in the fibration g, .. Then the primary obstruction to the lifting problem (12) is
the singleton set

O2(m77‘+1)(f7 Gmar ko) = {emr1(E—L® - ®L,)} C H2(m—7‘+1)(X;Z).

The proof of Proposition is a straightforward consequence of the following lemma, whose proof is
a modification of [5, pp. 269-270].

Lemma 5.3. Consider the fibration
W (m,r) — B(m —r,1") =" B(m,1").

defined as in (10) and let (Ey™", d.) denote the associated Leray-Serre spectral sequence. Then, the differen-
tial
d = doy—siya: B2y 0 — BSOS
satisfies
d(eam—2i+1) = Am—it1 = Cm—it1(Ym X 1" =1 x~{"),  fori=1,...,r.
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Proof. Let U = U;; U(j) be the infinite unitary group. We have a map (c.f. [5]) of homotopy fibrations

dm,r

wW(m,r) —— B(m —r,1") —— B(m,1")

lj lproj lh (14)

W(m—r) — BU(m—r) —— BU

where W(m — r) := U/U(m — r). Moreovey, q is the classifying map of the stable bundle +,,_,, and A is
the classifying map of the stable bundle ~,,, x 1*" — 1 x 7;". Finally, the map j: W (m,r) — W (m —r) is
induced by the inclusion of U(m) — U. We claim that j is (2m — 1)-connected, whence

i HW(m—r);Z2) — H" (W(m,r);Z)

is an isomorphism for * = 1,...,2m — 2 and a surjection for * = 2m — 1. To see this, consider the Thomas
diagram associated to (A):

QU/U(m)) * U/U(m)

| | |

W(m,r) —— BU(m —r) —— BU(m)

b e

W(m—r) —— BU(m —r) —~— BU

By Whitehead’s theorem, the map * — U/U(m) is homotopy equivalent to a fibration with fiber
Q(U/U(m)). Furthermore, by Lemma 4.2, j is homotopy equivalent to a fibration with fiber Q(U/U(m)),
which is (2m — 1)-connected. The claim follows.

Now equipped with a description of the relevant cohomology of W (m — r), we recall that the trans-
gression of

€2m—2i+1 € H2m_2i+1(W(m — 7“); Z)

in the Leray—Serre spectral sequence of the fibration ¢ is classically known to be the Chern class
Cm—i+1 € H*(BU, Z) = Z[Cl7027 .. .],

where |c¢,| = 2n. Finally, the claim follows by naturality of the transgression via the morphism induced
by (14), as illustrated in Figure 1, and the fact that h*(¢—it1) = am—i+1 € H* (B(m,17); Z). O

2m—1 Z‘\\\ 2m—1 :|\
2m—2r+3 j\\ ) - 2m—2r+3 3\ )

2m—2r+1

2m—2r+1

v .

2(m—r+1) 2(m—r+2) 2m 2(m—r+1) 2(m—r+2) 2m

v

FIGURE 1. An illustration of the morphism of Leray—Serre spectral sequences between ¢
and ¢y, induced by (14). Dashed differentials appear on later pages.

To conclude this section, Proposition follows immediately from Proposition
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6. TWO COMPLEX LINE BUNDLES: m ODD

In this section, we prove Theorem 3.2. Namely, let X be a 2m-dimensional CW complex with m > 3
odd. Given complex vector bundles

¢: X — BU(m) and {,0y: X — BU(1),

we wish to solve the lifting problem (12) for » = 2. Using Proposition 4.3, we construct the following
Moore-Postnikov tower of ¢,,, » on top of (13), namely

E[2]
lp2
B[] — 2 K(Z,2m)
P ~ lpl (15)
W(m,2) — B(m—2,12) % B(m,12) — K(Z,2m — 2)
(6:61.02)
X

where k; is the characteristic class in the fibration ¢;_; (with ¢y := ¢, 2), and each E[i] is constructed as
the homotopy fiber of k;.

6.1. The Primary Obstruction. Restating Proposition in this context, we have the following.

Lemma 6.1. Let all spaces and maps be as in (15). Then the primary obstruction
Ozmiz((&v élu 62)7 dm,2 kl) - H2m_2(X; Z)

to lifting (£, ¢1,{2) along g, 2 is the singleton set {c,,—1(§ — {1 & L2)}.

6.2. The Generalized Secondary Obstruction. Finally, Theorem is an immediate consequence of
the following.

Theorem 6.2. Let all spaces and maps be as in (15). Suppose that (£,01,03): X — B(m,1?) satisfies
Cm,1(§ — 1D 62) = 0.

(i) Suppose that H*™(X;7) = §Sq*ps H*™ (X 7). Then zero is an element of the generalized secondary
obstruction
O>™((&, €1, €2), gm. 2, ko) € H*™(X;7)

to lifting (&, ¢, (2) along g, .
(i) Suppose that H*™(X;Z) has no 2-torsion. Then the generalized secondary obstruction
O*™((&, 01, 2), qm,2, k2) € H*™(X;Z)
to lifting (&, ¢1,¢2) along gy, 2 is the singleton set {c¢,,(§ — {1 ® {2)}.

The rest of this section is dedicated to proving Theorem 6.2. We remark that the proof is a more
detailed generalization of the proof of [32, Theorem 3.5].

Suppose that the classifying map (&, ¢y, ¢2): X — B(m, 1?) satisfies ¢,,,_1(£ — 1 ® f3) = 0. Then by
Lemma there is a lift making the following diagram commute

B(m —2,1?)

-
- J/‘hn,?

x 8B B 12)
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if and only if
g* (ko) = 0 € H*™(X; Z)/Indet,

where g: X — E[1] is some lift of (&,¢1,¢2) to E[1], and Indet denotes the indeterminancy of such
lifts. Towards computing this indeterminacy subgroup, we have by [35, Lemma 4, p. 17] the following
homotopy commutative diagram:

K(Z,2m—3) K(Z,2m — 3)

l Lxar \) l (16)

K(Z,2m — 3) x B(m —2,1%>) —— K(Z,2m — 3)

[ [ Jpl

B(m —2,12) gm 2 B(m, 12)

Here pu: K(Z,2m — 3) x E[1] — FE]J1] is the principal action map associated to the principal fiber space
E[1]; the map v is defined to be the composition po(1x ¢;); and s is the canonical section of the projection
proj,. We also have by [35, Property 5 and Corollary 1] an exact sequence

 — H2M(E[1]) S H2™(K(Z,2m — 3) x B(m — 2,12)) s H2" Y (B(m, 12)) — ...,
where all cohomology groups have integer coefficients and 7; is the relative transgression (see [35, p.

16]). Since H*™ ! (B(m, 12)) = 0, the fact that v o 5 ~ ¢, gives rise to a surjection

v

ker(q}) N H2™(E[1]) = ker(5)* N H*™ (K (Z,2m — 3) x B(m —2,1)) 2 0. (17)

Also note that the intersection ker(q}) N H*"(E[1]) is infinite cyclic generated by k.
Corollary together with the Kiinneth theorem for cohomology yields the following.

Proposition 6.3. The group H*™ (K (Z,2m — 3) x B(m — 2,12);Z) is isomorphic to
H*™(K(Z,2m — 3;Z)) @ H(B(m — 2,1%); Z) @ H*(K(Z,2m — 3; Z) @ H*™(B(m — 2,1%); Z).
Moreover,
ker(5*) N H*™(K(Z,2m — 3) x B(m — 2,1%);Z) = H*™(K (Z,2m — 3;Z) @ H*(B(m — 2,1); Z).

Henceforth, we use the language of Proposition ©.3. The principal action map x has a right homotopy
inverse T': E[1] — K(Z,2m — 3) x E[1], i.e. poT ~ idgz,2m—3)xE[1)> see [25,35]. Standard arguments
yield that

/L*(kg) =1® ]CQ —+ Za]‘ [ bj € ker(E* o (1 X ql)*),
J
where a; € H*(K(Z,2m — 3);Z) and b; € H*(E[1]; Z), with |a;| + |b;| = 2m and |a;| > 0. Since ker(g}) N
H?™(E[1]) = Z{k,), we may abuse notation and write

v¥(ks) = Zaj ®b; € ker(s*) NH*™ (K (Z,2m — 3) x B(m — 2,1?)). (18)
J
We thus compute the image of ko under the principal action map as follows.
Lemma 6.4. Let ko € H2m(E[1]; Z) be as in (15). Further let
w: K(Z,2m — 3) x E[1] — EJ1]

be the principal action map associated to the principal fiber space E[1]. Then

15 (ko) = 1@ ko + 6Sq°p213,,_3 ® 1.
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Proof. It suffices to compute the intersection (13). As noted in Proposition 6.3, the degree 2m part of
ker(s*) is isomorphic to

H*™ (K (Z,2m — 3)) @ H'(B(m — 2,1)) = Z/2(88¢%3,,,_5 ® 1).
It follows from the exactness of (17) that v* (ko) = §Sq?:2,,_5 ® 1, which finishes the proof. O
Corollary 6.5. Let all maps and spaces be defined as in (15). Suppose that the classifying map
(&, 01, 02): X — B(m,1%)

satisfies c,—1(§ — €1 @ £2) = 0. Then the elements g*(kz), as g runs over lifts of (£, (1, l2) to E[1], live in a
single coset in H*™(X; Z) of the subgroup

Indet == §Sq¢%po H*"3(X; 7). (19)

Proof. Let g1, g2: X — E[1] be arbitrary lifts of (¢, ¢1,¢5): X — B(m,12). Then there exists a cohomology
class a: X — K(Z,2m — 3) such that the composition

X 25 X x X 2% K(Z,2m - 3) x E[1] —— E[1]

is homotopic to g, see [25,25]. By Lemma 6.4, we see that gj(k2) — gi(k2) = 3Sq¢?pea, for a €
H?"3(X;7Z), which finishes the proof. O

Now part (i) of Theorem follows directly from the discussion at the beginning of this section and
Corollary
To conclude, we now finish the proof of Theorem ©.2(ii). By assumption, H*™(X; Z) has no 2-torsion,
whence
Indet = 6S¢%p H*™3(X;Z) = 0.

In this case, there is a unique secondary obstruction to lifting (¢, ¢1, ¢2) along ¢, 2, which is identified in
the proceeding lemma. In the statement and proof of the result, we use Notation 4.9(v). Moreover, we
will denote by F/[1] the fiber of ¢; in (15) and by s1: F[1] — W (m,2) the map between the fibers of g,, o
and ¢; induced by p; .

Lemma 6.6. Let ky € H*™(E[1];Z) be the characteristic class in the fibration
F[1] — B(m —2,1%) 2 E[1]

as defined in (15). If H*™(X;Z) has no 2-torsion, then, given any lift g: X — E[1] of (£,41,0,) in (15),
g* (ko) vanishes if and only if ¢,,,(§ — {1 @ {3) vanishes.

Proof. Throughout the proof, we will consider only cohomology with integral coefficients. Consider the
following map of fibrations

F[1] — B(m—2,12) —%— E[1]

- | b

W(m,2) —— B(m —2,12) =% B(m, 1),

which is induced by (15). The diagram above induces a morphism of Leray-Serre spectral sequences of
¢1 and gy, 2. Applying the Lemma from below, the differentials (i.e. transgressions) on the 2m-th page
fit into the following commutative diagram:

2N (W (m, 2)) —2s B2 (F[1]) am—1 —— €am_1

oty ey

: %€2m71
H?>™(B(m,12)) —2— H>™(E[1]) A ———— pi(am) = 2ks.
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Here, 75, stands for the cohomological transgression in the fibration h. Therefore, every homotopy lift

E[]

-7

‘(i/’/ J{Pl

x s Bm1?),

of the classifying map f = (£, {1, {2) over p; satisfies
2g* (k2) = (p1 0 9)*(am) = f*(am) = cm(€ — €1 @ £y) € H*™(X).
Thus, the claim follows since H*™(X) has no 2-torsion by assumption. O

For the above proof, we made use of the following lemma. For an infinite cyclic group Z(e), we will
denote by Z(e/p) the non-trivial extension of Z/p by Z(e), for an integer p > 2.

Lemma 6.7. Let m > 3 be odd and s, : F[1] — W(m, 2) be the map induced by p, between the fibers of ¢, 2
and ¢y in (15). Then F[1] is (2m — 2)—connected and s, induces the inclusion

ST: Z<62m_1> = H2m71(W(m, 2)) — H2m71(F[1]) = Z<62m_1/2>7 €Com—1FH—> €2m—1.
Here es,_1 s as introduced in Proposition
Proof. By Lemma have that s; fits into the following homotopy commutative Thomas diagram asso-

ciated to (7).

evy

K(Z,2m — 4) * K(Z,2m — 3)
| l Js
F[1] ——— B(m—2,1?) — % E[1] (20)
I o
qm,2

W(m,2) —— B(m —2,1?) ——~— B(m,1?)

Here ev; denotes the path-loop fibration over K(Z,2m — 3) and ¢, 2 and ¢; are defined as in (15).
As before, all cohomology groups have integral coefficients. We consider the Leray-Serre spectral
sequence (E5",d,) of the homotopy fibration

K(Z,2m —4) — F[1] 2% W (m,2), (21)

which is the leftmost column in (20). Now F[1] is (2m — 2)-connected and since m is odd (see Table 5),
we have that
’/Tgm_l(F[l]) = 7r2m_1(W(m, 2)) = Z

Hence H*™~!(F[1]) = Z by the universal coefficient theorem. Therefore, the differential on the (2m — 3)-
th page
dom—3: Egins " = Llizm—1) — Llcam—3) = Eqp 3"

is an isomorphism.
For m > 3, according to Table 2, the only non-zero terms on the (2m — 1)-th diagonal are

EYP > 7/2(68¢%2,, ) and E3"0~Z(eg, ),

and the differentials coming both into and from the diagonal are trivial. See Figure 2(A) for illustration.
Therefore, H*"~!(F[1]) = Z is the non-trivial extension

0 — Zleam1) —s HZ"Y(F[1]) —> Z/2(65¢%2, ) — 0,

as claimed.
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2m—-3 2m-—1

(a)
FIGURE 2. A portion of the Leray-Serre spectral sequence with Z coefficients of s; from
(21) for (A) m > 3, and (B) m = 3.
Finally, for m = 3, we have that CP*° is a model for K(Z, 2), so the fibration (21) becomes
CP>™ — F[1] 2% W(3,2).
Let H*(CP>;Z) = Z[u], where |u| = 2 (so that ¢; becomes u). As already explained, we have that
ds: Ey” = Z{u) =, Zles) 2 ES°, ur—s e3,
is an isomorphism. Moreover, since the differential ds is a derivation, we obtain
ds: Bx™* = Z(u?) = Z(u®es) EY? u? v 2u®es.

After passing to the F4-page of the spectral sequence, we observe that the fourth diagonal is trivial, while
the non-trivial slots on the fifth diagonal

EY?>7/2(u®es) and E;° 2 Zes)
have only zero differentials emanating to or from them at any later page. See Figure 2(B) for illustration.

Therefore, we conclude that the fifth row remains unchanged until the E,-page and that H°(F[1]) = 7Z
is the non-trivial extension

0 — Zles) —1s H(F[1]) — Z,/2(u @ e3) —s 0.
Therefore, the claim follows in this case as well. O

This completes the proof of Theorem

7. TWO COMPLEX LINE BUNDLES: m EVEN

In this section we prove Theorem

Similarly as in Section 6, let X be a 2m-dimensional CW complex with m > 3 even. Given complex
vector bundles

¢&: X — BU(m) and ¢1,05: X — BU(1),
we wish to lift the classifying map (¢, ¢1,42): X — B(m, 12) of (11) along the fibration

W(m,2) — B(m —2,1%) 7% B(m,1?)
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defined in (10). To this end, we use Proposition to construct the following Moore-Postnikov tower of
dm,2,

]

a2 ] —* s K(2Z/2,2m — 1) (22)

e

W(m,2) —— B(m—2,12) 22, B(

i
|
i
|
B[

3
P3

9] —5 s K(Z®7/2,2m)
P2

1

p

(

12) M K(Z,2m - 2)

|
m
Teennea
X
where each k; is the characteristic class in the fibration ¢;_; (with gy = ¢,»,2), and each E[i] is constructed
as the homotopy fiber of ;.
7.1. The Primary Obstruction. By Proposition 5.2, we obtain the following result.

Lemma 7.1. Let all spaces and map be as in (22). Then the primary obstruction
0P 2((€, 1, 2), G2, k1) C H" (X 2)

to lifting (§,¢1,¢2) along g, 2 is the singleton set {cy,—1(€ — {1 @ {2)}.

7.2. The Generalized Secondary Obstruction. Throughout this section we will make use of Notation
(v) and Proposition (vi).

Lemma 7.2. Let all spaces and maps be as in (22). Suppose that the classifying map
(&,01,02): X — B(m,1?)

satisfies cp—1(§ — €1 & £2) = 0. If H*™ "1 (X;Z/2) = Sq?pa H*"*(X; Z), then the generalized secondary
obstruction
O*™ (€, 01, 62), G2, ko) € H™ (X 2/2)

to lifting (£, ¢4, {2) along g, 2 contains 0.

Proof. Throughout the proof, all cohomology will be assumed to be with Z/2 coefficients. Let the class
ko € H*™~1(E[1]) be as in (22).
First, we will compute H*™ ™! (E[1]) using the mod 2 Leray-Serre spectral sequence (E;*,d,) of the
fibration
K(Z,2m — 3) — E[1] 2% B(m, 1?). (23)

By construction, we get that

d2m72: Z/2<L%m73> = Eg;?_n;?’ — E22n7711:22,0 = H277L_2(B(m7 12))7 L%mfii — bmfl

Moreover, since the differentials are derivations, we observe that dy,,,_2: E3>"; % — Ear~ >0 satisfies
d 2 —d 2 —p E2m’0 ~ H?m B 12 2
2m—2(L3m 3 @ 1) = dom—2(L33)u = bm_1u # 0 € By 7y = (B(m,17)), 24)

for all u € H*(B(m, 12)), see Figure 2(A) for an illustration. In particular, we get E%2™~3 = (.
Next, by Kudo’s transgression theorem [19] and the Wu formula (see also Proposition (vi)), we
calculate that dy,,, : ES>™ ! — E3™0 satisfies

dom (SG% 02, _3) = S@*bym—1 = biby_1 + (m — 2)by, = 0 € B3 =2 H*™(B(m, 1))/ (bpu_1),  (25)
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due to m being even. Thus
Z)2(SqP19m _3) = Eg 2"t = EO2m—1

is the only non-zero term on the (2m — 1)-th diagonal, hence H*" 1 (E[1]) = Z/2(S¢%3,,_5).
Now, to show that k5 is the generator, we observe that the transgression homomorphism in the mod
2 Leray-Serre spectral sequence of the homotopy fibration

F[1] — B(m —2,1%) 2 E[1]
must be surjective since H*™ ' (B(m — 2,1?)) = 0. Subsequently,
= 55,5 € H"H(E1)), (26)

as claimed.

It remains to compute the indeterminacy of lifts to F[2]. The proceeding arguments are similar to
those in the proof of Theorem 6.2; accordingly, we will be less detailed in our arguments. To begin,
consider the following homotopy commutative diagram:

K(Z, 2m 3) K(Z,2m — 3)
K(Z,2m — 3) m
§(lpr0j1 lpl
B(m —2,12) gm 2 B(m, 12)

We also have an exact sequence

- — ker(g))NHZ Y (E[1]) -5 ker(5*)NH>™ (K (Z, 2m—3) x B(m—2, 12)) = H2™(B(m, 12)) — ...
Briefly, we wish to compute p*(ks) = 1 ® ks + v*(k2), where
v* (k) € ker(5) Nker(r) NH*" YK (Z,2m — 3) x B(m — 2,1%)).
By direct calculation, we see that ker(5) N H*™ ' (K (Z,2m — 3) x B(m — 2,1?)) is generated by
o 12, .®u,foralluc H*(B(m —1,1%)); and
e S¢%Lam-_3® 1.

To compute the action of the relative transgression on these elements, we use our recently acquired
knowledge of the mod 2 Leray-Serre spectral sequence (Ei™",d,) of p1: E[1] — B(m,1?) together with
properties [35, Property 1 & 2, p. 14] of the relative transgression 7;. Namely, combining (24) and (25),
we conclude that

ker(5) Nker(r) NH*™ (K (Z,2m — 3) x B(m — 2,1%)) =2 Z/2(S¢* 123 @ 1).

Finally, as in the proof of Corollary ©.5, we get Indet = Sq?py H*™~?(X; Z). The result follows. d

7.3. The Generalized Tertiary Obstruction. Now Theorem is an immediate consequence of the
following theorem.

Theorem 7.3. Let all spaces and maps be as in (22). Suppose that the classifying map
(&, 01,02): X — B(m,1?)
satisfies ¢,,—1(€ — €1 @ £2) = 0. Further suppose that all of the following conditions hold.
o H"7H(X;Z/2) = S¢?po H*" 73 (X Z);
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2m = %::: R

2m—1

2m—3

0 2 cee 2m—2 2m 0 2 cee 2m—1 2m+1

(a) (B)

FIGURE 3. A portion of the mod 2 Leray-Serre spectral sequence of (A) p; from (23),
and (B) py from (29), where dashed arrows represent zero differentials.

o H*™(X;7/2) = S¢> H*™ ?(X;Z/2); and
e H?™(X;Z) has no 2-torsion.
Then the generalized tertiary obstruction
O™ ((§,1,62), gm.2, ks) C H™ (X5 2.6 Z,/2)
to lifting (£,¢1,(2) along g, 2 is the singleton set {(c;, (& — €1 @ £3),0)}.

The rest of the section is dedicated to proving Theorem
By Lemmata and 7.2, there is a lift making the following diagram commute

B(m —2,1?)

-
- lq'mz

x OB B, 12)

if and only if

g*(ks) = 0 € H*"(X; Z)/Indety, & H*"(X;Z/2)/Indety s,
where g: X — E[2] is any lift of (¢, ¢1,/¢2) to E[2], and Indetr denotes the indeterminacy of such lifts
with respect to the coefficient ring R € {Z,Z/2}. Towards a proof of Theorem 7.3, we compute these
indeterminacy subgroups. Consider the usual homotopy commutative diagram:

K(Z/2,2m — 2) K(Z/2,2m — 2)

e S

K(Z/2,2m — 2) x B(m —2,12) —25 K(7/2,2m — 2) x E[2

(o lm

B(m —2,12) ” E[1]

In this section, we henceforth write K = K(Z/2,2m — 2) and B := B(m — 2,1?). We have an exact
sequence,

- — ker(q3) NH2™(E[2]) % ker(5°) N H2™(K x B) 5 > (B[1]) — ..., (28)
where all cohomology groups have Z @ Z/2 coefficients. By standard arguments,

v*(k) € ker(5*) Nker(m) NH*"(K x B);Z® Z/2).
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Thereupon, we wish to compute this intersection. As a first step, using the cohomological Kiinneth
formula together with Proposition and Serre’s classical computation of H*(K(Z/2,2m — 2);7Z/2)
[23, Theorem 3, p. 90], we obtain the following proposition.

Proposition 7.4. The cohomology of K x B satisfies the following.
(i) The group H*™(K x B;Z) is isomoprhic to H(K; Z) @ H*™(B; Z).
(ii) The group H*™ (K x B;7/2) is isomorphic to

H(K;7/2) ® H*™(B;Z/2) ® H*" *(K;Z/2) @ H*(B; Z/2) ® H*™(K;Z/2) ® H(B; Z/2).

Combining the above, we procure the following lemma.

Lemma 7.5. Let S be the canonical section of the projection proj,: B — K x B as defined in (27). Further
let T be the relative transgression of (28). Then

ker(3)* Nker(r;) NH*™(K x B);Z ® 7./2)
is generated by (0, Sq*kom—2 ® 1).
Proof 1t is straightforward to see that ker(5*) N H*™(K x B);Z @ 7/2) is generated by the elements
e (0,8¢*k2,_2®1), and
e (0, kam—2 ®@u), for all u € H*(B(m — 2,12);Z/2).
To compute the action of the relative transgression on these elements, consider the mod 2 Leray-Serre
spectral sequence (F.™*, d,) of the homotopy fibration

K(Z/2,2m — 2) — E[2] 2 E[1]. 29)

Using [35, Property 1 & 2], we compute the following, which is illustrated in Figure 3(B). Namely, by

construction, we have
0,2m—2 2m—1,0
dom—1: By By 1" Kam—2 — k.

From (26) and the properties of that spectral sequence it follows that ds,,,_1 : E;;?Ll”f 2 Eg::fﬂ 0 satisfies

dom—1(Kam—2 @ u) = ko — u = (quLgm_?)) —u#0¢€ HQ’"H(E[I];Z/Z)7

for all uw € H?(B(m — 2,1%);7Z/2), see Figure 3(A) for an illustration of the multiplicative structure of

H*(E[1]; Z/2). Finally, by Kudo’s transgression formula, we see that for da,,+1: Eg;i;”l — Eg;';ﬂo we get

d2m+1(Sq2’£2m—2) = SqZSq2L§m,—2 =0¢€ E;£+17
since Sq2S5¢%.3,, 5 = Sq¢®>Sq i3, 5 = 0. Thus 71(Sq¢?*kam—2 ® 1) = 0. The result follows. O

Using Lemma 7.5, we compute the image of k3 under the principal action map.
Corollary 7.6. Let ;1: K(Z/2,2m —2) x E[2] — E[2] be the principal action map associated to the principal
fiber space E[2]. Let ks € H*™(E[2];Z ® Z./2) as in (22). Then
1 (ks) = 1@ ks + (0, S¢*Kom—2 ® 1).
Finally, Theorem follows immediately from the proceeding lemma.

Lemma 7.7. Let all maps and spaces be as defined in (22). Suppose that the classifying map (£, 01,42): X —
B(m — 2,12) satisfies ¢,,—1(£ — €1 @ ly) = 0. Then, as g runs over lifts of (£, 41, {2) to E|[2], the integral part
of all the pullbacks g*(k3) are the same element in H*™ (X ; Z) with zero indeterminacy. Moreover, the mod
2 part of the pullbacks g*(ks) is contained in a single coset in H*™(X;Z/2) of the subgroup

Indetz/, = Sq° H*"2(X;Z/2).
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Proof Let g1,92: X — E[2] be two lifts of (£,¢1,¢2) to E[2]. Then there exists an element o €
H?"~%(X7/2) such that the difference

95(ks) — g5 (ks) € H*™ (X3 Z & Zo) = H*™ (X Z) © H*™(X; Z/2)
is (0, Sqa). The result follows. O

Since Indety = 0, there is a unique integral tertiary obstruction to lifting (¢, ¢1,¢2) along g,, » which
is identified in the proceeding lemma. To state the result, we use Notation ).

Lemma 7.8. Let k3 € H*™(E[2];Z @ 7./2) be the characteristic class in the fibration
q2: B(m —2,1%) = E[2]

as defined in (22). Suppose that H*"(X; Z) has no 2-torsion and that H*™(X;Z/2) = Sq* H*™*(X;Z/2).
Then, given any lift g: X — E[2] of (€, 41, £2) in (22), g*(k3) vanishes if and only if ¢,, (£ — €1 & {2) vanishes.

The proof of Lemma is similar to the proof of Lemma 6.6, hence we omit the details for brevity.
This completes the proof of Theorem 7.3, which in turn completess the proof of Theorem

8. THREE COMPLEX LINE BUNDLES: m EVEN
In this section we prove Theorem
Let X be a 2m-dimensional CW complex with m > 5 even. Given complex vector bundles
&: X — BU(m) and ¢,45,03: X — BU(1),
we wish to lift the classifying map (¢, 41,02, 43): X — B(m,13) of (11) along the fibration
W (m,3) — B(m — 3,1%) 2% B(m, 1%

defined in (10). Using Proposition 4.8, we construct the following Moore—Postnikov factorization of ¢, 3,

g3 lpz (30)
g2 E[l] — K(Z,2m —2)
/ -
a1 p1
Ce ]

(§:81,82,43)

X

where each k; is the characteristic class in the fibration ¢;_; (for go = ¢,»,3); and each Ei] is the homotopy
fiber of k;. Lastly, recall that 7o,,—o = mam—2(W(m, 3)) satisfies Table

8.1. The Primary Obstruction. Applying Proposition 5.2, we procure the following result.

Lemma 8.1. Let all spaces and maps be as in (30). Then the primary obstruction
O™ (€, 61, £, €3), .3, k1) € H" (X Z)

to lifting (£, 41,02, l3) along g, s is the singleton set {c,,—2(§ — {1 B {3 & l3)}.
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8.2. The Generalized Secondary Obstruction. By similar arguments to the proof of Theorem 3.2, mu-
tatis mutandis, we achieve the following result.

Lemma 8.2. Let all spaces and maps be as in (30). Suppose that the classifying map
(&, 01,02, 03): X — B(m,1°)
satisfies ¢;p—2(§ — €1 ® la) = 0.

(i) Further suppose that H*™ (X ;7Z) = §S¢*p, H*™°(X;Z). Then zero is an element of the generalized
secondary obstruction

O*"2((&, 1,02, 03), g 3, ko) € H?"3(X;Z)
to lifting (£, 41,42, l3) along g, 3.
(ii) Further suppose that H*™ 2(X;7Z) has no 2-torsion. Then the generalized secondary obstruction
O™ 72((€, 01, L2, £3), G 3, k2) € H™ (X Z)
to lifting (€, (1, l2,(3) along ¢y, 3 is the singleton set {c,,—1(§ — {1 & lz & l3)}.
8.3. The Generalized Tertiary Obstruction. Next, assuming that zero is and element of both
O*™ (&, €1, €2, 43), .3, k1) and 0P 2((€,01, £, L3), g 3, k),

we will determine the generalized tertiary obstruction to lifting.

Lemma 8.3. Let m > 5 be an even integer and let all spaces and maps be as in (30). Suppose that
Cm—2(& — ¢1 ® £y) = 0 and that condition Lemma (i) or Lemma (ii) is satisfied. If any one of the
following conditions (i)—(iv) hold, then zero is an element of the generalized tertiary obstruction

0¥ (&, tr, b2, L), G 3, ks) © H2™ (X5 7o —2).

(i) m =0mod 8 and H*" 1 (X;Z/4) = 0;

(i) m =2 mod §;
(iii) m =4 mod 8 and H*" ' (X;Z/2) = 0; or

(iv) m = 6 mod 8.

The rest of this section is dedicated to proving Lemma
Determining the Moore-Postnikov invariant. Towards a proof of Lemma 8.3, we compute the degree
(2m — 1) Moore-Postnikov invariant k3 € H*™ ' (E[2]; wa,,_») as follows.
Proposition 8.4. Let k3 € Hzm_l(E [2]; T2m—2) be as in (30). Then the mod p part of ks is equal to
Sq*i2,, s p=2and m = 4 mod 8

03Sq*3,,_s p=4and m =0mod 8
0 p =3 and m = 0 mod 3.

Proof. We study the Leray-Serre spectral sequence (E:"", d,) with Z /p coefficients of the homotopy fibra-
tion
F[2] — B(m —3,13) 25 E[2].

Recall that the fiber F'[2] is (2m — 3)-connected. The differential
dom—1: B 2(F[2; Z/p) = Egp™* — B =" = ™ 1(E[2]; Z/p)

on the (2m — 1)-th page of £ , has to be surjective, since H>""Y(B(m — 3,1%); Z/p) = 0. Thus, the mod
p part of ks is the generator of H*™ ' (E[2]; Z/p) and the claim follows from Lemma &.5. O
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2m—1
2m—3
2m—4
2m—3

2m—6

2m—2 2m

(a) (B)

[

m—>5 2m—3

FIGURE 4. A portion of the mod 2 Leray-Serre spectral sequence of (A) py from (31),
and (B) s; from (33), where dashed arrows represent zero differentials.

Lemma 8.5. Let F[2] be as in (30). Then

7)2(Sq*2,, 5 p=2and m =4 mod 8
H*™ Y (B[2;Z/p) = { 2/2(035¢*2,, 5) p=4andm =0mod 8
0 p=3and m = 0 mod 3,

where 03 is the coefficient homomorphism induced by the inclusion Z/2 — 7./4 as in Notation

To prove Lemma ©.5, we will argue that it suffices to compute H*™ ' (E[1]; Z/p), where p = 2,3 or 4
are as in the statement of Lemma 8.5. To do this, let us look at the mod p Leray—Serre spectral sequence
(Ex", d,) of the fibration

K(Z,2m — 3) — E[2] 2 E[1]. (31

Since H*" (K (Z,2m — 3); Z/p) = 0 (see Table 3), we observe that the slot
Efm—l,O ~ H2m_1(E[1]; Z/p)

is never hit by a differential—see Figure 4(A) for illustration.
Next we consider the ideal in H*(E[1]; Z/p) generated by the image of the differential on the (2m —2)-
th page. Namely, we claim that

dom—o: H3(K(Z,2m — 3); Z/p) = B3> 3 — B3 20 ~ H2™=2(E[1]; Z/p)

m—2

satisfies the following rule:

Sq®13,, s, for p = 2,
d2m—2(527n—3) = 0§Sq3L§m_57 fOI'p =4, (32)
bs)_l, for p = 3.

This implies E22m=3 = (.

Proof of (32). Let p = 2 and consider the mod 2 Leray-Serre spectral sequence (F,"*, d,) of the fibration
K(Z,2m — 6) — F[1] 2% W(m, 3), (33)

see Figure 4(B) for an illustration. It is straightforward to see that

d2m—5: Z/2<L§’rn—6> = F2071nz,7—n5_6 — FQQTZL—_SS) = Z/2<f2m—5>7 L%’m—ﬁ — f2m—5-
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Ergo, by Kudo’s transgression theorem and the action of the Steenrod squares detailed in Proposition

(v), we deduce that dy,,_5: FO2m % — F2m=30 satisfies
2m—3 2m—3

dom—3(S0%13_6) = SG fom—5 = fom—3 € FQQZ,?:S’O = 7/2( fom—3),

thus F2—30 = (. Passing to the next page, since m > 4, the only non-zero term on the (2m — 3)-rd

diagonal is Fiy>™ % =~ F)™~3 However, all the differentials emanating from it land in trivial groups, so

this slot remains until F.,-page. Hence
H*"3(F(1);2/2) = Z/2(S¢* 5, —)-
By similar arguments, using the Leray—Serre spectral sequence of the homotopy fibration
K(Z,2m —5) — E[1] 2% B(m,1?)
one calculates
H*"2(E[1);2/2) = 2/2(S 5, _5) © (H"(B(m,1%))/ (b—2, b —1)) *" 72

This is effectively shown in the proof of Lemma 8.6, where all the differentials are calculated, see Figure
(A) for illustration. Lastly, it follows from the spectral sequence associated to

F[1] — B(m —3,1%) 2% E[1],
that the generator S¢:3,, ¢ € H*™ 3(F[1];Z/2) transgresses to the nontrivial element
S 1om_5 € H*™2(E[1];2/2).

This is because S¢®19,_5 € ker(¢}) NH*™2(E[1]; Z/2) and H*™3(B(m — 3,13); Z/2) = 0.

Combining the above yields the claim when p = 2. Furthermore, the inclusion 03: Z/2 — Z/4 induces
a map of spectral sequences by which the claim follows for p = 4. Similar arguments yield the claim
when p = 3, which we omit. O

We now return to the proof of Lemma &.5. By Kudo’s transgression theorem and the Adem relation
Sq?Sq® = S¢° + Sq*Sq', we see that the differential

dam: B2 (K (2, 2m — 3); Z/p) = ES2"~" — B2 = H2™(E[1]; Z/p)

m

in the spectral sequence of (31) maps da,,(S¢%(3,,_3) = S¢°(3,,_5 # 0, for p = 2; and da,,, (035¢%(3,,,_5) =
025¢5.2,, 5 # 0, for p = 4. Additionally, when p = 3, we have ES>"~! = 0. Altogether, in the mod p

spectral sequence of (31), we conclude that E%:?*™~1 = 0, for p = 2, 3, 4.
Combining the above, the only slot on the (2m — 1)-th diagonal on the E,-page is

H2m71(E[1]; Z/p) ~ E22m—1,0 — Egomfl,() o~ H2m71(E[2L Z/p)
Hence Lemma follows by Lemma below.

Lemma 8.6. Let F[1] be as in (30). Then

7)2(Sq%3,,_5)  p=2and m =4 mod 8
H*" Y E[1];Z/p) = { Z/2(035¢*3,, 5) p=4andm =0mod 8
0 p=3and m = 0 mod 3,

where Sq*i3,, _ (resp. 03Sq*2,, ) is a class which restricts to the fourth Steenrod square of the fundamen-
tal class along the fiber inclusion K(Z,2m — 5) — EJ[1] from (30) with Z/2 (resp. Z/4) coefficients.
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Proof. Let us split the proof with respect to p. In each case, m will be assumed to be of the corresponding
divisibility. In all of the cases, we will consider the fibration

K(Z,2m —5) — E[1] 2% B(m,1®) (34)

as defined in (30). Using Corollary 4.5, we study the Leray-Serre spectral sequence (E;"", d,) of p; with
mod p coefficients. Specifically, we will look at the (2m — 1)-th diagonal of the E.-page.
Case I. Let first p = 2. Then the differential on the (2m — 4)-th page satisfies

Q- 1(3m_s) = b € ERn~H0 = H2"=4(B(m, 1%); Z/2).
Since ds,,, 4 is a morphism of H*(B(m, 1%); Z/2)-modules, we obtain
dom—4(13n—5 @ @) = bz # 0 € B30 = H™(B(m, 1%);Z/2),
for any nonzero = € H*(B(m, 1*); Z/2). Therefore, E4?>"~5 = E3""% = ( and
E;%gfa = E;;Sﬂ =~ H*(B(m, 1°); Z/2) /(bm—2).

Additionally, by Kudo’s transgression theorem, the differential on the (2m — 2)-th page, satisfies

m—4 m—3
d2m72(5q2bgm75) = 5¢%by_o = ( 0 )blme + ( 1 )bobml = bibm—2 + bm_1, (35)

which is non-zero in E}° , because by,...,b,, are algebraically independent. It also follows that
E%2m=3 = 3™ % = 0 and
E;;”S,—l = H* (B(mv 13)7 Z/Q)/(b'm—% bm—l)-

Now the differential on the (2m — 1)-th page is trivial, because, similarly as before, we have
dom—1(5¢%3,,_5) = S¢*b,,_2 = 0. As for the differential on (2m)-th page, we use Wu’s formula and
the fact that m is divisible by 4 to compute

_ _ 4 _
dQTTL(Sq4[’§m—5) = Sq4bm—2 = <m0 5) b2bm—2 + <m 1 )blbm—l + (m2 3) bOb'rn = bem—Q-

However, this is zero in E;;S, SO
0,2m—1 _ 1:02m—1 _ 4,2
E2m - Eoo - Z/2<Sq L2m—4>'

Finally, since the only non-trivial term on the (2m — 1)-th diagonal is E%?™~!, we glean the conclusion
of the lemma in this case, see Figure 5(A) for an illustration.
Case II. Observe that §: H*(—;7Z/2) — H*(—;Z/4) satisfies the following formula:
For any « € H*(—;Z/2) and y € H*(—; Z), we have that 6(x — pay) = 6(z) — ps(y).

Using this formula, the case that p = 4 follows from similar arguments to the case that p = 2. We omit
the details for brevity.

Case III. Let p = 3. Analogous to the above, we study the mod 3 spectral sequence of the same
fibration, see Table 3. Namely, the differential

dom—a: B (K (Z,2m = 5);2/3) = Egyn"5° — B3 =y = B~ (B(m, 1%); Z/3)
is defined by d(:3,,_5) = bm_2. Therefore, E2~54 = E2"~ 5% — () and
B30y = = B3 2 H'(B(m,1%); 2/3) (b-s).
By [2, Thm. 11.3 & Ex. on page 429] and Kudo’s transgression formula for Steenrod powers, we get
dom (P3(i3,,_5)) = P3(bym—2) = b2bym_o — 2bobpy_o — biby_1 + mby, # 0 € E3°,

because b1b,,—1 + mby, = b1bm—1 ¢ (bm—2) due to algebraic independence of b;’s (and the fact that m is
divisible by 3). Therefore, since all of the slots on the (2m — 1)-th diagonal on the E . -page are zero, we
procure the claim in this case. See Figure 5(B) for an illustration. O
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2m—1 } 2m—1

2m—2

2m—3

m
2m—>5 2m—>5
I
‘ 0
0 2 4 coo 2m—4 2m-—2 2m 0 2 4 e 2m—4 2m-—2 2m
(a) ()

FIGURE 5. A portion of the Leray—Serre spectral sequence of homotopy fibration p; from
(34) with (A) Z/2, and (B) Z/3 coefficients.

Computing the indeterminacy of lifts. Let 75, o be as in Proposition 4.8. Further let the assumptions
of Lemma be satisfied. Then there is a lift of (§,¢1,¥2,¢3) to E[3] if and only if ¢*(ks) = 0 in
H?""Y(X; mop_2)/Indet where g: X — E[2] is any lift of (£, ¢y, (5, £3) to E[2] and

Indet C H*™ V(X mom_2)

denotes the indeterminacy of such lifts. In this section, we calculate this indeterminacy. Note that
Tom—2 = Z/p(m) @ Z/q(m) for some numbers p(m), ¢(m) that depend on the value of m mod 24. We
write Indety ;. for the Z/k part of the indeterminacy subgroup.

Lemma 8.7. Let all spaces and maps be as in (30). The indeterminacy Indet of lifts of (&, £1, €2, ¢3) to E[2]
satisfies the following.

(i) Let m # 0 mod 3 and m = 2,6 mod 8. Then Indet = 0.
(ii) Let m = 0 mod 3. Then Indetz,3 = 0.
(iii) Let m =4 mod 8. Then Indetz,, = 0.
(iv) Let m = 0 mod 8. Then Indetz,4 = 0.

Proof. Point (i) follows immediately from Proposition since ma,,_2 = 0 in this case. Point (ii) follows
immediately from Lemma 8.5. It remains to check points (iii) and (iv). To this end, we have the following
homotopy commutative diagram

K(Z,2m — 3) K(Z,2m — 3)

| ” |
K(Z,2m — 3) x B(m _m B[]
s [pron lpl

B(m —1,13) = B[]

and an exact sequence
o — ker(q3) NHZH(E[2]) 5 ker(5Y) NH2 V(K (Z,2m — 3) x B(m—3,13)) 2% H*™(E[1]) — ...,

where all cohomology groups have m,, o coefficients. By abuse of notation (as previously explained),
w*(k3) =1® ks + v*(ks), where

v*(k3) € ker(5) Nker(r) NH*" (K (Z,2m — 3) x B(m — 3,1%)).
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(iii) Let m = 4 mod 8. By direct calculation, one sees that ker(5) "H*""~ (K (Z,2m —3) x B(m—3,1%;Z/2)
is generated by elements of the form

e 13, 5 ®u, forall u € H*(B(m — 3,1%);Z/2); and
o S¢%3,, s ®1.
To calculate the action of the relative transgression on these elements, consider the mod 2 Leray-Serre
spectral sequence (E.", d,) associated to the homotopy fibration
K(Z,2m — 3) — E[2] 2 E[1].

Then by (32) we have
0,2m—3),(2m—2,0
dém72 M )(Lgmfd) = Sq3bgm75'

Using the fact that the differentials are derivations, we see that
ker(ry) NH?™(K(Z,2m — 3) x B(m — 3,1%))

contains no linear combination of elements (3, ®u, for u € H*(B(m—3,1%); Z/2). Moreover, by Kudo’s
transgression theorem and Wu’s formula, we compute

d(0’2m71)’(2m’0)(SqQLQm_3) = 8¢*S¢®2,, 5 =S¢°2, s#0e E;Y.

2m

Hence, Sq¢?:3,, 5 ® 1 is not an element of ker(r;) N H*™ (K (Z,2m — 3) x B(m — 3,1%)). Subsequently,
p*(k3) = 1 ® ks, from which Indetz /5 = 0.

(iv) Let m = 0 mod 8. Similar arguments yield that Indet;,4 = 0. |

8.4. The Generalized Quaternary Obstruction. Finally, the proof of Theorem follows immediately
from the proceeding theorem.

Theorem 8.8. Let m > 5 be an even integer and let all spaces and maps be as in (30). Suppose that the
conditions of Lemma are satisfied. Futhermore, if H*™(X;Z) has no n-torsion, where n = 12/|mom_s|
(see Table 7), then the generalized quaternary obstruction

O (&, £1,02,03), qm 3, ks) € H*™(X;Z)

is the singleton set {c,,,(§ — {1 ® 5 @ {3)}.
The rest of the section is dedicated to proving Theorem

Computing the indeterminacy of lifts. Let the assumptions of Theorem be satisfied. By Lemma 8.3,
we know that there is a lift of (£, 41, £, (3) along q,, 3 if and only if g*(k4) = 0 in H*"(X; Z)/Indet, where
g: X — E[3]is any lift of (£, ¢1, {2, ¢3) to E[3] and Indet denotes the indeterminacy of such lifts. We first
demonstrate that Indet = 0.

Write K := K(mo;m—2,2m — 2), where the group mo,,—2 = mom—_2(W(m, 3)) satisfies Proposition
Then we have the following homotopy commutative diagram

K K

K x B(m —3,13) —= K x E[3] — E[3]

i !

B(m —3,13) 2 E[2]

3

and an exact sequence

o — ker(ql) NH2™(E[3]) %5 ker(5%) N H2™(K x B(m — 3,13)) =% H2H(B[2]) — ...,
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where all cohomology groups have integer coefficients. By standard arguments, p*(k4) = 1 ® kg + v*(k4)
(by abuse of notation), where

v*(ky) € ker(5) Nker(m) NH*™ (K x E[3)).
But it follows from Proposition 4.7 that H*™?(K;Z) = H*™(K;Z) = 0, whence
ker(5) N H*™(K x F[3]) 0.
Subsequently, v*(k4) = 0 and
p(ks) =1Q k. (36)

Now let g1,92: X — E[3] be two lifts of (£,/1,02,¢3): X — B(m,1%) in (30). Then there exists a
cohomology class a.: X — K such that the composition

axgi

X 2 X x X Y4 K x B3] 2 E[3]
is homotopic to go. From (36) we see that g5 (k4) — g7 (k4) = 0, whence Indet = 0, as required.

Accordingly, there is a unique quaternary obstruction to lifting (¢, ¢1, {2, ¢3) along ¢, 3. It remains to
identify this unique obstruction. To this end, recall that k, € H*"(E[3];Z) is the characteristic element
in the fibration

F[3] — B(m —3,1%) £ E[3].

Further recall that the fiber F[3] is (2m — 2)-connected and ma,,—1(F[3]) & mopm—1(W(m, 3)) = Z. Thus,
by universal coefficient theorem, we have

"N F[3);,Z) = Z.

For each ¢ = 1,2, 3, let us denote by s,: F[i] — F[i — 1] the induced map between homotopy fibers of
maps p;: E[i] — E[i — 1], where F[0] = W(m,3), E[0] = B(m,1%) and ¢y = ¢yn3, c.f. Lemma 4.2. Set
s:=s10s30s3andp:=p;op;op;.
We also recall
H*(W(m,3); Z) = Azleam—s, €2m—3, €2m—1],

with |e;| = i, see Proposition

Lemma 8.9. Let ¢ := ey, 1 be the generator of H*™ ' (W (m,3)). Then, the map s: F[3] — W (m,3)
induces an inclusion

s*: H2" "YW (m, 3);Z) 2 Z(e) — Z(e/n) = H* Y (F[3;Z), e —> e,
for an integer n which satisfies |n| = 12/|mom—2|-

Proof. All cohomology groups throughout the proof have integer coefficients. By Lemma 4.2, we have
the following homotopy commutative Thomas diagram associated to (1).

evy

K(Z,2m — 6) * K(Z,2m —5)
| ! |
F[1l] ——— B(m—3,13) — 2 E[1]
SIJ/ id H (1) J{Ih

W(m,3) ——— B(m —3,1}) ——— B(m,13)

Let us consider the Leray-Serre spectral sequence for the homotopy fibration s; converging to H*(F'[1]).
Since m > 4 even, there are no nontrivial terms on the (2m — 4)-th, (2m — 2)-th and 2m-th diagonals.
Therefore, H*""(F[1]) = 0, and the only two non-trivial terms on the (2m — 1)-th diagonal fit into the
short exact sequence

0 — Z{e) 1y H2mL(F[1]) — Z/6 — 0.
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For a prime number p, we have that Z(e) & Z/p and

0 —s Zle) — Zle/p) L225 7p — 0, fori=1,...,p—1,

are all possible extensions of Z/p by Z. Therefore, since Ext-functor is additive on the first entry,
Ext;(Z/6,7) = Ext},(Z/2, 7) x Ext},(Z/3, Z), we obtain

H>" Y (F(1)) € {Z(e/6) ,Z(e/3) ® Z/2, 7 (e)2) ® Z/3,L{e) & Z/6} . 37)

Moreover, in each case, s7 is the standard inclusion from Z{e).
Again by Lemma 4.2, we have the Thomas diagram associated to ({1).

K(Z,2m — 4) - o K(Z,2m — 3)
| | |
F[2] ——— B(m—3,13) — £ E[2]

Sal id (11) lm

F[1] ——— B(m —3,1°) ——— E[1]

We may now consider the Leray—Serre spectral sequence of so. Here also, the (2m — 2)-th and 2m-th

diagonals are trivial, so H*™(F[2]) = 0. Additionally, the only two non-zero terms on the (2m — 1)-th
diagonal fit into a short exact sequence

0 — H2Z™Y(F[1]) <25 H2mL(F[2)) — Z/2 — 0.

Checking all H*™~!(F[1]) as enumerated in (37) and using the fact that functor Ext}(Z/2,-) respects
products, we have the following possibilities:

o if H*" (F[1]) = Z (¢/6), then
H?>™Y(F[2)) € {Z (e/6) ® 22,7 (e/12)} ;
o if H*Y(F[1]) = Z (¢/3) ® Z/2, then
H*" Y (F[2]) € {Z(e/3) ® Z/29%,Z(e/6) B L/2,Z (e/3) & L[4} ;
o if H*"Y(F[1]) = Z (¢/2) ® Z/3, then
H*"Y(F(2]) € {Z (e/2) ®Z/6,Z (e/4) ®Z/3};
o if H*""Y(F[1]) = Z{e) ® Z/6, then
H?""Y(F[2]) € {Z (e/2) ® Z./6,7(e) ® 7/12} .
We may abstract the following general form for H*™ ! (F[2]). Namely, we have
H*""Y(F[2]) = Z (e/n) & =, (38)
where 7 € {0,Z/2,2/2%2,7/3,2/4,7./6,7/12} and n = 12/|x|. We note that the free part of

H?"~!(F[1]) includes in the standard way via s} into Z (e/n).
Next consider the Thomas diagram associated to (i 1 1).

K(7T2m,2,2m — 3) Jﬂi o K(ﬂ'gm,272m — 2)
F[3] ——— B(m—3,13) — 2 FEJ[3]

SSl id €22)) lm

F[2] ———— B(m—3,1°) ————— E[2]
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We may consider the Leray-Serre spectral sequence (E;"", d,) of s3. Recall that, due to Table 1, we have
E92™ 1 = HP™ 2 (K (mom—2, 2m — 3)) =2 EXty(Tom—2,Z) = Tom—2,

since oy, _o is a finite torsion group described in Proposition 4.8. The only differentials mapping into the
(2m — 1)-th diagonal are

dom—1: Tom—2 = By 2 — Byt = H1(F[2))

,
m—1

on (2m—1)-th page, while there are no non-trivial differentials mapping out from the (2m—1)-th diagonal.
Recall that F'[3] is (2m — 2)-connected and

Tom—1(F[3]) = mom—1(W(m, 3)) = Z,

so the universal coefficients theorem gives that H*™ ! (F[3]) = Z. Therefore, da,,_; is a monomorphism
and since there is no extension problem on the (2m — 1)-th diagonal, we conclude that

sy: B TH(F[2]) — B2 7H(F(3]) 2 B2 7Y (F(2)) /mam-2

is the quotient map. However, Ext}(Z,-) = 0 implies that H*" ' (F[2]) 2 Z @ 7y, _». Finally, it follows
from (38) that
H*"Y(F[3]) 2 Z (e/n),

where again n = 12/|mg,,—2|. This finishes the proof. O

Next consider the map between homotopy fibrations

F[3] —— B(m—3,1%) —2— E[3]

| H L\

qdm,3

W(m,3) —— B(m —3,13) —— B(m,13)

and the induced map between Leray-Serre spectral sequences. Expressly, by Lemma (see also the
notation therein), we have the following commutative diagram of the corresponding transgressions,

H>" YW (m,3)) —— H>"'(F[3)) Cam—1 ——> Com_1 =N Legn
J{Tqm,?, J{qu 1 I
H>™(B(m, 13)) —2— H2™(E[3)) > p*(am) = nks.

Therefore, every homotopy lift

2

X Bm,13),

of the classifying map f = (&, {1, {2, ¢3) over p satisfies
ng*(ks) = (po 9)*(am) = f*(am) = cm(€ — €1 O Ly ® £3) € H*™(X).
The claim follows, which completes the proof of Theorem
9. THREE COMPLEX LINE BUNDLES: m ODD

In this section we prove Theorem

Let X be a 2m-dimensional CW complex with m > 5 odd. Fix complex vector bundles ¢ : X — BU(m)
and /1, (s, 03: X — BU(1). We wish to lift the classifying map (&, £1,¢2,/3): X — B(m,13) of (10) along
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qm,3

the fibration W (m, 3) — B(m—3,13) =% B(m, 13) defined in (1 1). We use Proposition 4.5 to construct
the following Moore—Postnikov factorization of ¢, 3.

E[5)

%

B[] —* 5 K(Z,2m)

/ —> K(ﬂ'gm_g, 2m — 1)
/
/

K(Z®7/2,2m —2) (39)

— " K(Z/2,2m - 3)

/ pl
k1

W(m,3) —— B(m—3,13) 2% B(m,13) —2— K(Z,2m — 4)
(§:01,62,L3)

X

Here each k; is the characteristic class in the fibration ¢;_; (with ¢y = ¢,,,3); and each E[i] is the
homotopy fiber of k;. Lastly, recall that ma,, 2 = ma,,—2(W(m, 3)) satisfies Table

Remark 9.1. In spectral sequence calculations throughout this section, we will use that m > 5. Minor
modifications to the arguments yield the same statements when m = 5, but we omit these details for
readability.

9.1. The Primary Obstruction. By Proposition 5.2, we obtain the following result.

Lemma 9.2. Let all spaces and maps be as in (39). Then the primary obstruction
02m74((£7 617 ‘627 63)7 qm,3, kl) - H2m74(X; Z)

to lifting (€, 41,42, ¢3) along g, 3 is the singleton set {cy,—2(§ — €1 ® {2 @ l3)}.

9.2. The Generalized Secondary Obstruction. By similar arguments to the proof of Lemma /.2, one
demonstrates the following.

Lemma 9.3. Let all spaces and maps be as in (39). Suppose that H*"~3(X;Z/2) = Sq?p, H*™°(X; 7).
Then zero is an element of the generalized secondary obstruction

Ozmig((ﬁv élu 527 63)7 dm,3, k2) g H2m_3(X; Z/?)

to lifting (&, 41,42, ¢3) along qm 3.

9.3. The Generalized Tertiary Obstruction. Appropriate modifications to the proof of Theorem
yield the following result.

Lemma 9.4. Let all spaces and maps be as in (39). Suppose that the classifying map
(€, 41,02, 63): X — B(m,1%)
satisfies ¢;—o2(€ — €1 ® lo @ ¢3) = 0. Further suppose that
o H"3(X;72/2) = Sq?ps H*"°(X; Z);
o H*"%(X;7/2) = S¢> H*" *(X;Z/2), and
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e H?"?(X;Z) has no 2-torsion.
Then the generalized tertiary obstruction
OF" (&, 41, L2, £3), 4,3, ks) C " H(X; Z 0 2/2)

to lifting (€, 41,2, ¢3) along ¢y, 3 vanishes if and only if ¢,,—1(§ — €1 S U3 @ {3) = 0.
9.4. The Generalized Quaternary Obstruction.

Theorem 9.5. Let m > 5 be an odd integer and let all spaces and maps be as in (39) Suppose that the
conditions of Lemma are satisfied and that c,,—1(§ — {1 @ {5 ® £3) = 0. Further suppose that

o H?""Y(X;7) is finite abelian with no 2-torsion; and
e H?"(X;7) is torsion free.
Then the generalized quaternary obstruction
Ozmil((f,ghgz,&)&m,&k4) CH (X Tom—2)

is the singleton set {0}, where may,_2 = Tam—_2(W (m, 3)) satisfies Proposition
In the rest of the section, we provide the details to the proof of Theorem

Determining the Moore-Postnikov invariants. We compute the degree (2m — 1) Moore-Postnikov in-
variant ky € H*™ 1 (E[3]; Tam_2) as follows.

Lemma 9.6. Let k4 € HQW*I(E[3]; Tom—2) be as in (39). Then the mod p part of k4 is equal to
S¢?Kom—_3 p=2and m = 1,5 mod 8§,
035q¢*k2m_3 p=4and m =T mod 8,

035¢*kom_3 p==8and m =3 mod 8,
0 p =3 and m = 0 mod 3,
where o, 3 € H*™ (K (Z/2,2m — 3);Z,/2) is the mod 2 fundamental class and 65 is the homomorphism
induced by the inclusion 7./2 — 7./2F, see Notation
We divide the proof with respect to p, where we assume that m has the corresponding value mod 8.
In fact, we will only prove Lemma for p = 2 and p = 3. We omit the details of the proof in the case

*, %

that p = 4,8 and leave the proofs to the reader. Moreover, for a spectral sequence (Ex"™,dy™), we will
denote by
d@:a),(p+rg—r+1). pp.a __, pptrg—r+l

the differential in order to emphasize both its domain and the codomain.

Proof of Lemma for p = 2. Let all maps and spaces be as in (39). Further let p = 2 and m = 1 mod 4.
In this section all cohomology groups have mod 2 coefficients.

Lemma 9.7. Let m > 5 be an odd integer, and let the fibration
F[1] — B(m —3,1%) %5 E[1]

be as defined in (39). In the mod 2 Leray-Serre spectral sequence of qi1, the images of the first four last-chance
differentials satisfy the following:

(@) Im(dyy”" P20 = 2/2(S¢%03,,_5); and
(i) (a0 B0 = Z/2(by1) @ Z/2(S6% 3 _g);

(iii) Tm(d:2m=2-CGm=L0)y — o and
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2m—1
2m—2
2m—3
2m—4

2m—6

2m —5 2m—3 2m—1

FIGURE 6. A portion of the Leray—Serre spectral sequence of the fibration K (Z, 2m—6) —
F[1] — W {(m, 3) with mod 2 coefficients.

(V) Tm(dyy?" Dm0 = 7/2(8¢%.3,, ;).

Proof. Throughout, all cohomology groups have mod 2 coefficients. To begin, we compute the relevant
portion of H*(F[1]; Z/2). To this end, consider the mod 2 Leray-Serre spectral sequence (E;"", d.) asso-
ciated to the fibration

K(Z,2m — 6) — F[1] 2% W (m, 3). (40)
By construction, the differential
TS0 I (K (2, 2m — 6)) 2 2/2(3, ) = Z/2(fam-5) = H (W (m, 3))

is an isomorphism defined by day,—5(:3,,_¢) = f2m—5. Moreover, using Kudo’s transgression theorem and
Proposition (v), we compute

o dyyZmEmTSO(9g22 o) =S¢ fom 5 =0 and

o d02m=2:CGm=L0) (g4 = Sgdfy o = fom_1, since m = 1 mod 4.
See Figure © for illustration. Consequently, since m > 5, we compute the following groups.
(@) H*"(F[1]) 2 Z/2(S¢° 3, )3
(b) ™ 3(F[1]) = Z/2( fam—3) ® Z/2(S¢3,,,_¢);
() H*™ 2(F[1]) =0;
() B> Y(F[1]) = Z/2(S¢°3,,—g)-
By similar arguments to the ones in the proof of Lemma 8.6, we compute the following.
(&) H™*(E[1]) = Z/2(S¢* 3, 5);
(O B2 72(B[1) 2 Z/2(5¢%03,,_5) ® (B (B(m, 1))/ (b —2)) *™ s

() H*"1(B[1]) 2 Z/2(Sq¢°3,,_5) © H(B(m, 1%));

(h) H*™(B[1]) 2 Z/2(S6°3,,_5) ® (H*(B(m,1%))/ (b2, bm—1b1 + by )) ™
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By considering the Thomas diagram associated to (x),

K(Z,2m — 6) * K(Z,2m —5)
| | |
F[1] ——— B(m —3,13) — 2 E[1]
| | o b

W(m,3) ——— B(m —3,13) —=° 5 B(m,13)

the claim follows by naturality of spectral sequences. O

Lemma 9.8. Let m > 5 be an odd integer, and let the fibration
F[2] — B(m —3,1%) 2 E[2]
be as defined in (39). Then the images of the first three last-chance differentials satisfy the following.
@ Im(dy 20 = 2/2(by 1) © Z/2(SqPKama);
(ii) Im(dé?,’fﬁ_m’(zm_l’o)) = 7Z/2(Sq® Kam—4);

(i) Tm(d2m =m0y = 7/2(Sq* kam -4, SE3Sq  Kam—4).

2m

Proof. First, we compute the relevant portion of H* (F'[2]). Consider the mod 2 spectral sequence (E;"", d..)
associated to the fibration
K(Z/2,2m —5) — F[2] — F[1]. (41)

By construction, the differential
Ay =PhEm=L0) g2m5 (K (7,/2,2m — 5)) —s H24(F[1])

. . . ) 2m— _
is an isomorphism defined by da,, —4(k2m—5) = Sq*i3,,_, Whence Eg;nTg 5 E%:2m=5 = (. Moreover,

0,2m—4),(2m—3,0
A2 Cm=80) (gl 5) =S¢ SqP 6 = STPEm 6,

so that Ey2™y % = E%2m=5 — (), But since Sq*Sq® = 0, Kudo’s transgression theorem yields that

= Z)2(S¢%kom_5) = EQXM % = EO2m—3
Noting the Adem relations
e S¢*Sq¢* = 0; and
» S¢°Sq'Sq* = Sq° + Sq¢*Sq’,
we compute

. d;f;n:f’o)’(ogm_l)(Sq3/i2m,5) =0, and

hd déﬁ_}lo)v(oszl) (SqQSql'%Qm—S) = qubgm—ﬁ'

Lastly, since S¢*Sq? = 0 and S¢®Sq'Sq¢? = S¢3Sq® = S¢°Sq', we see that the differential

dZm =10 02m) 2w (gr(7,/9 9m — 5)) — H2(F[1))

2m
is trivial.
Thusly, we obtain the following.

(a) H2m—3(F[2]) o~ Z/2<f2m—3> (&) Z/2<Sq2/€2m—5>;
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(b) H*" %(F[2]) = Z/2(S¢kom_3); and
(© H*™ YF[2]) = Z/2(fom—1) © Z/2(Sq* Kam 5, Sq>Sq  Kam_4).

Second, by similar arguments applied to the Leray-Serre spectral sequence of the fibration ¢»: E[2] —
E|[1], one calculates that

() B *(B[2]) = B *(B(m, 1))/ (bm—2) ® Z/2(S¢*K2m-a);
(e) B> Y(E[2]) = Z/2(S¢*kam_4); and
(O H*™(E[2)) = H>™(E[1])/(S¢%3,,_5) ® Z/2(Sq¢*Kom 4, S¢>Sq" Kom_4).

Finally, using Lemma 9.7, we study the map of spectral sequences induced by the Thomas diagram
associated to (xx).

K(Z/2,2m — 5) % K(Z/2,2m — 4)
F[2] ——— B(m—-3,13) — 2 E[2]
| Il
F[1] ——— B(m—3,13) — 2 E[1]
The claim follows by the naturality of spectral sequences. |

Lemma 9.9. Let m > 5 be an odd integer;, and let the fibration q3: B(m — 3,13) — E|[3] with fiber F[3] be
as defined in (39). Then Sq?ka,,—3 is the characteristic class of qs.

Proof. To begin, consider the mod 2 Leray-Serre spectral sequence (E;"", d,) of the fibration
K(Z®7Z/2,2m —4) — F[3] — F[2].
Then the differential
d{2m= . Gm=30) y2med ()7, 7,2 2m — 4)) = Z/2(3,, ) & Z/2(Kam—4) — B3 (F[2]),
is an isomorphism defined by
dom—3(15,—a, K2m—1) = (fam—3, SC*Kam—s5)-

Hence ES;ET{ 4= E%2m—4 — ),
Moreover, it follows from Kudo’s transgression theorem and the Adem relations

e Sq'Sq? = S¢3; and
o S¢*Sq® = S¢*Sq’;

that the differential d{:*"s*>™~2% js nontrivial and

dé?;?_”’i_2)7(2m_170) (Sq2[’§m—47 Sq2KQWL—4) = (f2m—17 O)
Hence E9*™=3 = 0 and E%?"~2 = Z/2(S¢*kom_4). Moreover, since E2?"~2 is the only nontrivial term
on the (2m — 2)-th diagonal on the E.-page, it follows that H*"~2(F[3]) = Z/2(S¢*kam_4).

Similar arguments applied to the fibration

K(Z&17,/2) — E[3] — E[2]
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demonstrate that Z/2(Sq?ko,,_3) € H*™ *(E[3]). To conclude, we study the map of spectral sequences
induced by the Thomas diagram associated to (x x )

K(Z®7)2,2m — 4) x K(Z& 7/2,2m — 3)

| ! |

F[3) ——— B(m—3,13) — % E[3]

! H P

F[2] ———— B(m—3,13) — %~ E[9]

from which the result follows. O

Proof of Lemma for p = 3. Let all maps and spaces be as in (39). Further let p = 3 and m = 0 mod 3.
In this section, all cohomology groups have mod 3 coefficients. By similar arguments to Case III of
Lemma 2.6, we see that H*"~!(E[1]) = 0. Moreover, it follows from the mod 3 Leray-Serre spectral
sequence of the homotopy fibration K(Z/2,2m — 4) — E[2] — E[1] that H*"~!(E[2]) = H*"?(E[1)).
Indeed H' (K (Z/2,2m — 3)) = 0, for i = 2m — 4,2m — 3,2m — 1, so there are no non-trivial terms on the
(2m — 1)-th diagonal on the E..-page.

Finally, consider the mod 3 Leray—Serre spectral sequence of the homotopy fibration

K(Z®Z/2,2m —3) — E[3] — E[2].
Now H>"3(K(Z ® Z,/2,2m — 3)) = Z/3(13) and it is straightforward to see that ¢y, 3 transgresses to
b1 € H*"72(E[2]) 2 H*" %(B(m, 1%))/(bm—2).

Furthermore H*" (K (Z ® Z/2) = 0, whence there are no nontrivial terms on the (2m — 1)-th diagonal
on the E.-page. In conclusion, H*™~!(E[3]) = 0 and the result follows.

Computing the indeterminancy of lifts. Recall that the group ma,,—2 = mo,m—_2(W(m, 3)) satisfies Propo-
sition 4.8. Let all the assumptions of Theorem be satisfied. Then there is a lift of (£, ¢, {2, {3) to E[4]
if and only if g*(k4) = 0 in H*"™~*(X; 72, _2)/Indet, where g: X — F[3] is any lift of (¢, ¢y, (2, (3) to E[3]
and Indet C H2m*1(X ; Tom—2) denotes the indeterminacy of such lifts. We will briefly sketch the reason
that Indet = 0.

Write K := K(Z ® Z/2,2m — 3). We have the following homotopy commutative diagram

K

K
| _—— |
"3 B3]

K x B(m —3,1%) —% K x E[3] —3

LI b

B(m —3,13) e E[2)

and an exact sequence
c— ker(ql) N2 Y(E[3]) 5 ker(57) NH2 YK x B(m — 3,1%)) 75 H2™(E[2]) — ...,
where all cohomology groups have s, _o coefficients. As usual, we write p*(ky) = 1Q ks +v*(k4), where
v*(ky) € ker(5) Nker(m) NH*™ (K x B(m — 3,1%)).

But by direct calculation using the proof of Lemma 9.9, one sees that the group ker(s) N ker(r) N
H*" (K x B(m — 3,1%)) is trivial, whence v*(k4) = 0. Thus *(k4) = 1 ® kg4, from which it follows that
Indet = 0, as required.
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Conditions for the vanishing of the generalized quaternary obstruction. Finally, we finish the proof
of Theorem
Supposing that the conditions of Lemma are satisfied, we can consider a lift g: X — FEJ[3] of
(&, 41,02,03). The triviality of the indeterminacy subgroup computed in Section yields that the ob-
struction set
O*™ (&, 01, 09, 03), Gm.3, ka) C HP (X oy _a)

is the singleton {g*ks}. Moreover, by Lemma 9.6, any Z/3 part of k4 is zero. Thus, we require
g ks € H2m_1(X ;Z/p) to be trivial, for p = 2,4,8. From the description of k; in Lemma 9.6, there
is no simple way to relate g*k, with characteristic classes of the bundle (¢, ¢, ¢2, ¢3). Instead, we impose
that H*"~(X;Z/p) = 0, for p = 2,4, 8. Theorem now follows from the universal coefficient theorem
for cohomology [2.8, Theorem 10, p. 246].

9.5. The Generalized Quinary Obstruction.

Theorem 9.10. Let m > 5 be an odd integer and let all spaces and maps be as in (39). Suppose that the
conditions of Theorem are satisfied. Then the generalized quinary obstruction

O>™((€,01,09,€3), gm 3, ks) C H™(X; Z)

is the singleton set consisting of a nongzero rational multiple of ¢, (§ — {1 @ {2 @® ¢3). Hence
O™ ((&,£1,02,03), gm.3, ks) = {0} if and only if ¢, (€ — 01 ® Ly @ £3) = 0.
The rest of the section is dedicated to the proof of Theorem

Let all maps and spaces be as defined in (39). Further let the assumptions of Theorem 9.5 be satisfied.
Then there is a lift of (¢, ¢1, {2, ¢3) along ¢y, 3 if and only if there exists a lift g: X — E[4] of (&, (1,42, {3)
such that g*k, = 0 in H*™(X;Z)/Indet. By virtually identical arguments to the proof of Theorem &.2,
one checks that Indet = 0. We omit the details for brevity.

Now since Indet = 0, there is a unique quinary obstruction to lifting (&, ¢4, ¢, ¢3). It is possible that
methods analogous to those in Section may apply here; however, since H*"(X;Z) is torsion free by
assumption, we may ignore torsion and use basic tools of rational homotopy theory to determine this
obstruction. Henceforth, all cohomology groups have rational coefficients unless otherwise indicated.

Recall that since the rationalization functor (—), is a Q-localization, it is exact [1, Proposition 3.3]
and preserves pullbacks [4, Exercise 4.10]. Applying the functor (—), to the Moore—Postnikov tower
(39) for the fibration ¢y, 3: B(m — 3,1%) — B(m, 13) yields the following Moore-Postnikov tower of the
rationalization of ¢, 3:

E[5]o

|@e
E[4]o
J@ia
E[3]o

l(m)o

@/ B2 2% K(Q,2m —2)

BEQ L K(Q,2m)

ka®Q 0

/ (42)
(QS)O/ J{(m)o
/
(@)o B[]y — 2% 49
T
4(‘11)0 J{(m)o

(gm,3)0 k1®Q
o

W(m,3)o — B(m —3,1%)g B(m,13)y —— K(Q,2m —4)
(€,1,€2,£3)0

Xo
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Now ks € H*™(E[4]; Z) is the characteristic element in the fibration
F[4] — B(m —3,13) 25 E[4).

Moreovet, F[4] is (2m—2)-connected with H*™ ! (F[4]) = Q. As in Section 2.4, for each i = 1,2, 3,4, let us
denote by s;: F'[i] — F[i— 1] the induced maps between homotopy fibers of the maps p;: E[i] — E[i—1],
where F[0] = W(m,3), E[0] = B(m,1%), and qo = ¢ 3, c.f. Lemma 4.2. Set s := s1 0 53 0 53 0 54 and
p = p1 0 pa 0 p3 o p4. We also recall that

H*(W(m,3)) = Aglezm—5, €2m—3, €2m—1],

with |e;| = 4, and
H*(BU(n)) 2 Qlei, - - -, ¢l

with ‘Cj‘ = 2j.
Then it is straightforward to establish the following lemma.

Lemma 9.11. The map sq: F[4]o — W (m, 3), induces an isomorphism
sg: H YW (m, 3)) — H>™ 1 (F[4]),
in rational cohomology.
Finally, consider the map between homotopy fibrations

Fl4ly —— B(m—3,1%), — ™, g,

I | b

W(m,3)o —— B(m —3,1%)0 % B(m,13),

and the induced map between rational Leray—Serre spectral sequences. The image of the transgression
in the bottom homotopy fibration on the 2m-th page

dom: Zleam—1) = E92" "1 — B30 = H*™(B(m, 1%))

is generated by €2, 1 — @ = Con (Y X 173 — 1 % 753). By the naturality of spectral sequences and
Lemma , we conclude that on the 2m-th page of spectral sequence of ¢, the element

st (e2m—1) € H*™ 1 (F[4])
transgresses to
Pi(am) = ka @ Q € H*™(E[4]).

Finally, due to the homotopy commutativity of lifts

E[4]
/ lp
X~ B(m,1?)
(&,£1,€2,¢3)

it follows that
em(E— b ®Ll@ls) = (pog)(am) = g" (ks ® Q) € H*™(X;Q).

In conclusion, for any lift g: X — E[4] of (&, 41, {5, ¢3), the virtual Chern class ¢,,,(§ — €1 ® {2 ® {3) is
an integer multiple of the quinary obstruction g*(ks) € H*™(X;Z). But since H*™(X;Z) is torsion free,
g*k4 = 0if and only if ¢, (£ — ¢1 @ l2 ® ¢3) = 0. This completes the proof of Theorem
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